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|] Welcoming Message to Grade 11 Students 

Dear students, you are welcome to Grade 11 mathematics educations. This is 

a golden opportunity in your academic career. Joining this grade level is a 

new experience and a transition to Grade 12 mathematics educations. At this 

grade level, you are expected to receive new and advanced opportunities that 

can help you learn and grow in the field of Mathematics, in life and work. 

Enjoy it! 

|| Introduction about the Students’ Textbook || 

Dear students, this textbook is organized in such a way that there is an 

introductory remark about how to use the textbook, some suggestions about 

how to care the textbook so that it will serve for many beneficiaries for a long 

period of time, and basic units are addressed after the introduction section. 

The Grade 11 textbook is organized having 8 units. The units include: 

Relations and Functions, Rational Expressions and Rational Functions, 

Matrices, Determinants and their Properties, Vectors, Transformation of the 

Plane, Statistics, and probability. Each unit is composed of an introduction, 

learning outcomes, key words, lessons, and summary and review exercise. 

In a unit, a brief introduction about the unit is provided. Following a brief 

introduction of a unit, the expected learning outcomes are presented. Once 

the objectives are communicated, the different lessons of the unit are 

presented. In the end, summary and review exercise are packed, respectively. 

As mentioned earlier, a unit in the textbook is divided into different lessons. 

In every lesson of each unit, you learn about mathematics frequently through 

five components. That is, structurally, the lessons in this textbook usually 



have five components; namely, Activity, Definitions/Theorems/ Notes, 

Examples and Solutions, and Exercises. 

The most important part in this process is to practice problems by yourself 

based on what your teacher shows and explains. Your teacher will also give 

you feedback and assistance, and facilitate further learning. In such a way, 

you will be able not only to acquire new knowledge and skills but also to 

develop them further. Herewith, a brief explanation of each sub-component 

of a lesson is forwarded. 

This part of the lesson requires you to revise what you have learnt at 

different stages of your mathematics education and reflect on the topic under 

discussion by using this background knowledge. The activity also introduces 

you to what you are going to learn in the respective new lesson or topic. 

[| Definition/Theorem/Note || 

This part of the textbook presents and explains new  concepts/ 

definitions/theorems. 

|| Example and Solution || 

Here, the textbook provides you specific examples and thereby helps you to 

improve your understanding of the new content. In this part, your teacher 

will give you explanations and/or solutions and you are, therefore, advised 

to listen to your teacher’s explanations very carefully and participate actively 

in the process. You are also required to refer to the solution part of the 

textbook for your review and self-learning. In this sub-section, a student is 



further expected to study on the remaining examples that a classroom 

teacher will not explain during his/her classroom instruction. 

|| Exercise || 

Under this part of the textbook, you will be required to solve the problems or 

questions that are given as exercise individually, in pairs or groups so as to 

further practice what you have learnt in the examples. That is, a teacher may 

provide selected exercise questions for you as class work, homework or 

project work. When you are doing the exercises either individually, in pairs 

or groups, you are expected to share your opinions with your friends, listen 

to others’ ideas carefully and compare your ideas with others. However, it is 

always advisable to make some efforts individually before working in pair or 

groups in order to have a better understanding and input in the process. 

In some of the cases, some exercises may not be covered by a classroom 

teacher. In that case, a student is expected to study the remaining items of the 

exercise a teacher will not cover during classroom instruction. A teacher will 

provide the possible answers for those items in the exercises after completing 

your study, and you are expected to check what you will do against the 

p , 
respective teacher’s answers. 

[| Checking in every step |_| 

Throughout a lesson, students shall check their progress and the respective 

teacher should do the same. It is also true that students are required to check 

the correct answers and solutions for the exercises at the end of each unit. If 

you want to practice more, therefore, you need to go to the review exercises. 

Doing the Review Exercises is always recommended since they help you 

develop a concrete view of the lesson contents. 



Generally, students are advised to practice, drill and exercise each activity, 

example, and exercise on a daily basis as mastering mathematical skills take a 

long period of time and frequent practice to be second nature. You are also 

requested to read the notes with deep understanding. 



RELATIONS AND FUNCTIONS 

Unit Outcomes 

By the end of this unit, you will be able to: 

* Generalize patterns using explicitly defined and recursively defined 

functions. 

Know the inverse of a given relation. 

Know types of functions. 

Recognize real valued functions. 

Know how to find compositions of functions. 

Recognize inverse of a function. 

Sketch the graph of the inverse function. 

* * eK KH KH K Understand how to apply relation and function in real life situations. 



~ Unit 1: Relations and Functions 

Unit Contents 

1.1 Relations 

1.2 Inverses of Relations and Their Graphs 

1.3 Types of Functions 

1.4 Composition of Functions 

1.5 Inverse Functions and Their Graphs 

¢ composition of functions e¢ domain 

Words e function ¢ greatest integer (floor) 

function 

e identity function e inverse function 

¢ modulus © power function ° range 

e relation ¢ signum (sgn) function ¢ vertical line test 

Introduction 

In your daily life, you come across many patterns that characterize relationships 

between individuals such as brother and sister, father and daughter or son, teacher 

and student, etc. In mathematics also you come across many relationships such as a 

line | is perpendicular to line m; a number a is less than a number b; a number c is a 

factor of a number d, etc. 

In this unit, the concepts about relations and functions that you have learned in Unit | 

of Grade 10 will be revised and some special types of functions such as power 

functions, absolute value functions, signum functions and the greatest integer 

functions and their properties will be discussed. Furthermore, some applications of 

relations and functions will also be considered. 

gy —__— 



Unit 1: Relations and Functions 

Relation: Domain and Range 

In this section, we will revise about the concept of a relation and determine domain 

and range of relations. Graphs of relations that are defined using numbers in the 

coordinate plane will also be considered. 

Activity 1.1 

1. Mention at least five different relationships between family members of a 

certain family. 

2. Let A={1,2}and B= {a,b}. 

a. Find all subsets of AxB. 

b. Find the set of the first and the set of the second coordinates of all 

members of the sets in (a). 

From your responses in Activity 1.1, observe that relationships between individuals 

form a set of ordered pairs of individuals and all the nonempty subsets of A x B are 

sets of ordered pairs. 

Note 

any set of ordered pairs is a relation. 

Definition 1.1 

Given two sets A and B, any set R of ordered pairs (x,y), where x € A and 

y €B, is called a relation from A to B and for (x,y) € R, x is called the first 



Unit 1: Relations and Functions 

Given a relation R from A to B; 

Find the domain and range of the relation R = {(45, 65), (48, 68), (41, 62), (46, 66), 

(50, 70)}. 

Solution 

Dom(R) = {41, 45, 46, 48, 50}, the set of all the first coordinates. 

Ran(R) = {62, 65, 66, 68, 70}, the set of all the second coordinates. 

Note 

i. Given an ordered pair(x,y), x is called the first component or the first 

coordinate of the given ordered pair and y is called the second component or 

the second coordinate of the ordered pair (x, y). 

ii. For an ordered pair(x, y), order is important; that is, (x, y) =(y,x) only when 

x=y. 

iii. For two ordered pairs (a,b) and(c,d); (a,b) =(c,d) if and only if a=cand 

b=d. 

Qe 



Unit 1: Relations and Functions 

In a certain school, there are four sections of Grade 11 and each section is related 

with the number of students in the given section as in Table 1 below. 

Table 1 

Section 1 49 

Section 2 51 

Section 3 48 

Section 4 50 

a. Find the relation R defined by Table 1. 

b. Find the domain and range of the relation defined by Table 1. 

Solution 

a. The information given in Table 1 can be represented as a set of ordered pairs. In 

this case, the first component represents the section and the second component 

represents the number of students in the given section. The ordered pairs (Section 

1, 49), (Section 2, 51), (Section 3, 48) and (Section 4, 50) define a relation 

between a section and the number of students in the given section. This 

information is given as a set of ordered pairs by: 

R={(Section 1, 49), (Section 2, 51), (Section 3, 48), (Section 4, 50)}. 

Domain of R is given by Dom(R)={Section 1, Section 2, Section 3, Section 4}, 

which is the set of all the first components or coordinates of the elements of R 

and the range of R is given by Ran(R) = {49,51,48,50} , which is the set of all 

second components or coordinates of the elements of R. 

ss ° Sa 



Unit 1: Relations and Functions 

Given a relation R = {(x, y) :y=x’ andx € {-2,-1,0,1, 2}. 

a. list all the elements of R; 

b. find the domain and range of R. 

Solution 

a. When x=-2,y= (-2)° =4, when x=-l,y= (-1) =1, when x=0, y=0° =0, 

when x=1,y=1? =1 and when x=2,y=2’ =4. 

Thus, R = {(-2,4),(-1,1), (0,0), (11), (2, 4)}- 

b. Dom(R) = {—2, —1,0,1,2}, the set of all the first coordinates of the elements of R 

and Ran{R}={0,1,4}, the set of all the second coordinates of the elements of R. 

1. Let R={(1,1),(2,-2),(10, 20),(5,25), (10,100)} . Find the domain and range of R. 

2. Table 2 gives the marks of a certain student in four subjects out of 100. 

Table 2 

Subjects Marks (out of 100) 

English 89 

Mathematics 91 

Physics 88 

Chemistry 90 

a. List all the elements of a relation R defined by Table 2. 

b. Find the domain and range of R in (a). 

3. Let R be a relation defined by R= {(x,y) ty =x’ —2and x € {0,1,2,3,4,5}}. 

a. list all the elements of R; 

b. find the domain and range of R. 

i ° San 



Unit 1: Relations and Functions 

Representations of Relations (1) 

A relation may consist of a finite set of ordered pairs or an infinite set of 

ordered pairs. Furthermore, a relation may be defined by several different 

methods, such as: 

a. aset of ordered pairs; 

b. a correspondence between domain and range; 

c. a graph; 

d. an equation; 

e. an inequality or a combination of these , and so on. 

Example 4 

Given R= {(1, 2), (3, 4), (4, 4), (5, 6)}. Find the domain and range of R. 

Solution 

R is defined by a finite set of ordered pairs. 

¢ Dom(R) = {1,3,4,5}, the set of all the first coordinates of the elements of R and 

e Ran(R) = {2,4,6}, the set of all the second coordinates of the elements of R. 

A relation R is defined by a diagram in Figure 1.1 below. Find the domain and range 

of R. 

Figure 1.1 

——-g—_—__ 



Unit 1: Relations and Functions 

Solution 

R, as a set of ordered pairs, is given by R={(1,2),(1,4),(L—4), (2.4), 3.4}. 

Then 

a. Dom(R) ={-2,1,3}, the set of all the first coordinates of elements of R; 

b. Ran(R) ={-4,2,4}, the set of all the second coordinates of elements of R. 

Example 6 

Find the domain and range of the relation R e 4 

defined by the graph given in Figure 1.2. 3 

2 

p14 |]04 29 3x 

-2 

“3 

-4 e 

Figure 1.2 

Solution 

R as a set of ordered pairs is given by R= {(-2,4), (1,4), (1,2), (1,4), (3,4)}. Then 

a. Dom(R) ={-2,1,3}, the set of all the first coordinates of elements of R 

and 

b. Ran(R) ={-4,2,4}, the set of all the second coordinates of elements of R. 

—_—-g—_ 



Unit 1: Relations and Functions 

1. Find the domain and range of the relation 

R ={(-2,-5),(-1,-3),(0,—1),(1,1), (2,3)}. 

2. List all the elements of the relation R defined by 

Figure 1.3 and find its domain and range: 

Figure 1.3 

3. Find the domain and range of the relation R given in Figure 1.4. 

y 

@ 

p a 2 
¢—_|e—_:_- 

@ e 

Figure 1.4 

4. Find the domain and range of the relation, R = {(x,y):x,y € Rand y = x7}. 

Representations of Relations (2) 

Example 7 

A relation R is defined by R = (x,y) :xeR,yeRandy=2x}. 

Find the domain and range of R. 

a ° Se 



Unit 1: Relations and Functions 

Solution 

R is defined as an infinite set of ordered pairs. From the definition of R, the 

first coordinate which is in the domain of R can be any real number and also 

the second coordinate which is in the range of R can be any real number, 

because for any yeR, youhave x= 5 e Rand (x,y)eR. 

Thus, 

a. the domain of R is the set of all real numbers, R and 

b. the range of R is the set of all real numbers, R . 

Ay 

Figure 1.5 

Example 8 

Draw the graph of the relation R given by 

R= {(x,y) |jxyeR,ysx+landy+x< 2}. and find the domain and range of R. 

ss ' Se 



Unit 1: Relations and Functions 

Solution 

First draw the lines y=x+land y+x=2 in the coordinated plane. Here, you can use 

a table of values. Then, the two lines divide the coordinate plane into four regions 

and by taking a point on each of the four regions, we can determine the region(s) that 

represents the graph of R as given in Figure 1.6 and from the graph; 

a. Dom(R)=R; b. Ran(R)= (-.3] . 

Figure 1.6 

1. Find domain and range of the relation R = {(x,y) :x,yeR andy=x°}. 

2. Draw the graph of the relation R given by 

R={(x,y): x,y €R,y <x—land y+.x > 3} and find the domain and range of R. 

—_— —g—_— 



Unit 1: Relations and Functions 

Inverse of Relations and Their Graphs 

Inverse of Relations 

Activity 1.2 

Consider the relations R ={(a,1),(6,2) 4(c,3), (d.4)} and 

S={(1,a),(2,b),(3,c),(4,d)}. 

a. Interchange the order of the first and the second components of the ordered 

pairs in R and obtain a new relation. 

b. Interchange the order of the first and the second components of the ordered 

pairs in S and obtain a new relation. 

From Activity 1.2, observe that from a given relation you can form another relation 

by interchanging the order of the first and the second components of the ordered 

pairs in the given relation and these two relations are called inverse relations of 

each other. 

Definition 1.2 

The inverse of a relation is a relation formed by interchanging the order 

components of each of the ordered pairs in the given relation. 

Let R = {(1,3),(2,5)(3,7),(4,11),(5,23)}. Then, find R™. 

Solution 

The elements of R~* are given by interchanging the order of the components of the 

elements of R. That is, R™' = {(3,1),(5,2)(7,3),(11,4), (23,5)}. 

es ne 



Unit 1: Relations and Functions 

Table 3 below gives a relation R between a person’s age and the person’s 

maximum recommended heart rate. FindR™. 

Table 3 

20 200 

30 190 

40 180 

50 170 

60 160 

Solution 

The relation R is given as a set of ordered pairs by: 

R= {(20,200),(30,190),(40,180),(50,170),(60,160)}. 

Then, the inverse of R is given by interchanging the order of the first and the 

second coordinates of ordered pairs of R; that is, 

R™ ={(200,20), (190,30), (180, 40), (170, 50), (160,60) . 

For the relation R defined by the diagram in Figure 1.7, findR™. 

Figure 1.7 

—_ — __ 



Unit 1: Relations and Functions 

Solution 

The relation R is defined by a diagram and from the diagram in Figure 1.7 R is 

given byR ={(I,a),(1,c), (2,a), (2,5), 3,¢), 4, a)}. 

Then, R™ = {(a,1),(c,1),(a,2).(b,2),(c,3), (a,4)} . It is obtained by 

interchanging the order of the first and the second components of all the 

ordered pairs in R. 

Example 4 

Let R={(x,y):x4yeR and y =3x-5}.. FindR”. 

Solution 

Ro =((uy)iyeR andx=3y-3}=((a,y)inyeR andy ="), 

Find the inverse of each of the following relations. 

1. R={(11),(2,4),(3,9),(4,16),(,25)}. 

2. Ris defined by the diagram given in Figure 1.8. 

Figure 1.8 

3. R={(x,y):x,y ¢ Randy =4x+2} 

+I 



Unit 1: Relations and Functions 

Domain and Range of Inverse Relations 

Activity 1.3 

Consider R = {(2,20),(3,19),(4,18),(5,17),(6,16)} . 

a. Find R71 

b. Find the domain and range of R. 

c. Find the domain and range of R7* 

From Activity 1.3, observe the following results for the given relation R. 

a. Domain of R™ = Range of R; 

b. Range of R™' = Domain of R. 

As relations are often specified by expressions involving first component, say x, 

and a second component, say y, it is natural for us that we want to work with 

the concept of the inverse relation in that setting. The inverse relation can be 

formed by interchanging the roles of x and y in the defining expression. 

That is, given a relationR = {(x, yl y)e R}, we have two ways of defining 

R7; 

a. interchanging x and y in the ordered pair (x, y) and keep the relation; that 

is, 

R” ={(y,x):(%,y) ER}. 

b. keep the ordered pair (x, y) as it is and interchange the roles of x 

and y in the relation; that is, R™ = {(x, y) :(y,x)ER}. 

Let R = {(-3,2),(-2,3),(-1,4),(0,5),(1,6),(2,7).@,8)}. Then find the 

domain and the range of R"'. 

—_— @—__— 



Unit 1: Relations and Functions 

Solution 

R7* is obtained by interchanging the order of the components of 

each of the ordered points in R. 

That is, R™ = {(2,-3),(3,-2),(4,—1),(5,0),(6,1),(7,2),(8,3)} and then, 

i. the domain of R™ is Dom(R™) = {2,3,4,5, 6, 7,8} and 

ii, the range of R'is Ran(R™)={-3,-2,-1,0,1,2,3}. 

Example 6 

Given R={(x,y)|x,y eR and y=3x+6}. 

a. Find the inverse of R. b. Find the domain and range of R™. 

Solution 

a. First interchange variables x and y in the equation y=3x+6 to obtain 

x =3y+6. Then solving for y in terms of x gives you y = zen? 

Thus, R™ ={(s)lny eR andy = 1-2}, 

R7 ‘can also be written as R' = {(».x) |x,y€Randy= 3x+6}, 

Observe that the two expressions of R™' define the same relation. 

b. Dom(R)=R=Ran(R™)andRan(R)=R=Dom(R"). 

Example 7 

Find the inverse of R ={(x.y)|xyeR,y2x—3andy<x+5}. 

+g 



Unit 1: Relations and Functions 

Solution 

RT ={(x,y)|xyeR, x> y—3andx< y+5} 

={(x,y)| x,y ¢R,-y 2-x-3 and—y<-x+5} (Solving for y in terms of x). 

={(x.y)|xyeR, y<x+3 andy >x-5}. 

That is, R™ ={(xy)|xyeR, ysx+3 and y > x—5} 

Find the inverse and also the domain and range of the inverse of each of the 

following relations. 

a. R={(,3), (2,4), G,9)} 

b. S= {(x,y) |x,» R and y = 2x—-4} 

c. T={(x, y) |x, yeR,y 22x+1 andy <x-2} 

Graphs of Inverse Relations 

Activity 1.4 

Consider the ordered pairs (1,2),(-3.1), (-2,-4) and(2,-3). 

1. Plot the given points on the coordinate plane; 

2. Find the image of each of the ordered pairs given with reflection of 

the coordinate plane on the line y= x. 

From your responses in Activity 1.4, observe that the image of any given 

ordered pair (a, b) with respect to the reflection of the coordinate plane on the 

line y = x is (b, a). 

The graphs of relations and their inverses are related in an interesting way. 

First, note that, in the coordinate system ordered pairs (a, b) and (b, a) are the 

“gy — __ 



Unit 1: Relations and Functions 

images of each other with respect to the reflection of the coordinate plane on the 

line y=x. 

(a,b) 

Figure 1.9: Image of (a,b) with respect to the reflection on the line y = x. 

Therefore, the graph of the inverse of a given relation is the image of the graph 

of R with respect to the reflection of the coordinate plane on the line y = x. 

Example 8 

Given R = {(0,0),(1,2),(2,4),@,6)} , plot the graphs of R and R™ on the same 

coordinate plane. 

Solution 

First let us find R~*by interchanging the order of the components of the ordered pairs 

of R and obtain R™ = {(0,0),(2,1),(4,2),(6,3)}. 

Then, plotting each of the ordered pairs in both R and R“! gives us the following 

figure. 

+ e-—_— __ 



Unit 1: Relations and Functions 

Figure 1.10: Graphs of R and R™ 

In Figure 1.10, the points E, F G and H are images of the points A, B, C and D after 

they are reflected with respect to the line y =~. 

Example 9 

Draw the graph of the inverse of the relation, R={(x, y) |x, y €R and y=3x+6} in 

the coordinate plane. 

Solution 

First R" = (xy) |x,y €R andx =3y+6} and solving for y in terms of x gives 

you 

R! ={(s.9)hny eR andy =3s-2}, 

First, draw the graph of R and reflect it with respect to the line y = x and obtain 

the graph of R™ as in Figure 1.11. 

+ y—_— 
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fy 

6 5 4 -3 /2 - ee ee 6% 

Figure 1.11: Graphs of y=3x+6 andy = 5x72. 

Example 10 

Graph R = {(x, y)|x,y eR andy =x —4} and its inverse in the same coordinate 

plane. 

Solution 

First, let us findR™. 

Thus, R7™ ={(x,y) |xyveR andx = y—4} = {(x,¥) | ey eRandy =x+4} . Then, 

we draw the graph of R in the coordinated plane and reflect it with respect to the line 

y = x to obtain the graph of R™ as in Figure 1.12. 

+ g—_— __ 
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Figure 1.12: Graphs of y=x+4 andy=x-4, 

Draw the graph of the given relation and its inverse on the same coordinate plane for 

each of the following relations. 

a. R= {(2,4), (3,9), (4,16)} . 

b. T={(x,y)bx,y €R andy=x-+5}. 

c. S={(x,y)|x,y eR andy =2x—2}. 
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Types of Functions 

In this section, you will be introduced with special types of relations called functions. 

Some special types of functions: power functions, absolute value functions, signum 

functions and the greatest integer function will be considered. 

Functions 

Activity 1.5 

What differences do you observe between the relations Rj and R> given in Figure 

1.13? 

Figure 1.13 

From your responses in Activity 1.5, observe that: 

i. there are relations in which one first component is related to two or more 

different second components. 

ii. there are relations in which every first component is related to only one 

corresponding second coordinate. 

Relations of the second type are called functions of which its formal definition is 

given as follows. 

Definition 1.3 

A relation in which each object from the set of the first components of ordered 

pairs of the relation is related with exactly one object from the set of second 
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Determine if R = {(-1,0), (0, -3),(2, -3),(3,0),(4, 5)} is a function. 

Solution 

From the ordered pairs in R, you can see that every first component is related to 

exactly one second component; that is, —1 is related with 0 only, 0 is related with —3 

only, 2 is related with only —3, 3 is related with 0 only and 4 is related with only 5. 

Therefore, R is a function. 

Determine if R = {(6,1),(7,3),(0,2), (6, 4)} is a function. 

Solution 

Dom(R) = {6,7,0} and Ran(R) = {1, 2, 3, 4}. 

From the set of first components, you can see that, the relation has two ordered pairs 

with 6 as a first component: (6,1) and (6,4), butl #4. 

Therefore, the relation R is not a function. 

Show that the relation R = {(x, y)iy= x+l} is a function. 

Solution 

For any given variable x, there is only one variable y = x + 1. That is, if (x,y) and 

(x,z) are in R, then y=x+1 and z=x+1. This implies, y = z. 

gy 
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Example 4 

Let R= {(x,y) x,y €R and x’ — y’ =0}. Show that R is not a function. 

Solution 

(1,—1) and (1,1) are both in R, because 1? -(-1) =1-1=0 andl’ -1° =1-1=0, but 

—1+#1. Thus, R is not a function. 

Which of the following relations are functions? 

a. R,={(11),(2,3).(3,4).(5,5)} b. R, ={(1,0),(1,3).(4,5).(6.6)} 

c. R,={,y):x,yeRandy=x+3} do R,={(x,y):x,yeR andx’+y* =B 

Vertical Line Test 

—— Notation 

If f is a function from A to B, then we denote it by f: A— Bor A—>Band 

a. Dom(f)=A 

b. Range of f is a subset of B. 

c. If (x,y)ef, then we write y= f(x) and f(x) is read as fof x. 

Note 

For any given relation R, to determine whether it is a function or not, check 

whether the relation gives two different second coordinates for the same first 

coordinate. In other words, given a relation R, if (x, y) ER and (x,z) €R implies 

y=z for any x, y and z, then R is a function. Otherwise, R is not a function. 

i  ” Sn 
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Let R= {(x.y) x,y €IR and y = 2x +1} . Then, show that R is a function. 

Solution 

Suppose (x,y) ¢Rand(x,z)¢R. Then y=2x+land z=2x+1. 

This implies y= 2x+1=z and hence R is a function. 

—— Note 

The Vertical Line Test 

A set of points in the coordinate plane represents a function if and only if no two 

points of the given set are on the same vertical line. 

Example 6 

Use the Vertical Line Test to determine if each one of the relations in the following 

graphs is function. 

Figure 1.14: Graph of a relation R Figure 1.15: Graph of a relation S 

Solution 

a. You can see from the graph of R that it is possible to find a vertical line 

intersecting the graph more than once as it can be seen in Figure 1.16. 

cs ’ San 
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Hence, R does not represent a function. 

Pesce 

Figure 1.16 

b. Any vertical line intersects the graph of S exactly once as shown in Figure 1.17. 

Hence, S is a function. 

mx 

-1 

SLA 

Figure 1.17 
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1. Determine if the following relations are functions. 

a. Ry, ={(x,y)|x,y € Rand y = 3x + 1} 

b. Ry = {(x,y):x,y € Rand x? + y? = 9} 

2. Which of the following graphs represent graph(s) of a function? 

A A 

4 

rated ; 

Figure 1.18 Figure 1.19 

a 

1.3.1 Power Functions with Their Graphs 

Basic Properties of Power Functions (1) 

a. A square is cut out of a cardboard, with each side having length x. Find the 

area of the square in terms of its side length x. 

b. Find the volume of a cube with each edge having length t. 

c. Find the area of a circle of radius r. 

From your responses in Activity 1.6, observe that: 

a. the area of the square is given as a function of x, which is a power of x; 

b. the volume of the cube is given as a function of t, which is a power of t; 

+g 
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c. the area of the circle is given as a function of r, which is a constant multiple of 

power of r. 

These three functions are examples of power functions; that means, they are 

functions that are some constant times a power of the given variable. 

Definition 1.4 

Which of the following functions are power functions? 

2 

a. f(x) = 3x? b. g(x)=5x3 c. A(x) = 2* 

d. U(x) = a e. m(x) = log; x f. n(x) = —4x73 

Solution 

The functions f(x), g(x), /(x) and n(x) are power functions whereas h(x) and m(x) 

are not a power functions; /A(x) is an exponential function and m(x) is a logarithmic 

function. 

Next, you will learn the behaviors of power functions and these will be done by 

considering different examples of power functions and generalize the behavior of 

these power functions. 

Find the domain and range of each of the following functions and draw their graphs. 

a. f(x) =x? b. g(x)=x" 

YQ _ 
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Solution 

a. Dom(f) = Rand Ran(f) = [0, 0). 

b. Dom(g)= R and Ran(g) =[0,). 

To draw the graphs of both fand g, use the table of values given below. 

—2 |] —-1 0 1 |2 

4 1 0 1 |4 

16 1 0 1 16 

Then, using the values in the table, we draw the graphs of f and g as in 

Figure 1.20. 

» 

+ 

Figure 1.20: Graphs of f(x) = x? and g(x)=x* 

Using f and g in Example 2, we can generalize the properties of power functions of 

the form f(x) = x” for an even natural number 7 as follows. 

I. Functions of the form f(x) =x" for an even natural number n have similar 

properties and some of these common properties are given as follows: 

a. Domain of the function is R; b. Range of the function is [0, 00); 

b. The graph of the function is a curve that is similar to the curves in Figure 1.21. 

Qe 
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f(x)=x" 

hb 

Figure 1.21: Graph of f (x) =x" for a positive even integer n. 

Find the domain and range of each of the following functions and draw their graphs. 

a. f(x) =x3 b. g(x)=x° 

Solution 

a. Dom(f) = Rand Ran(f) = R. 

b. Dom(g)= R and Ran(g)=R. 

To draw the graphs of both fand g, use the table of values given below. 

—2 | -1 0 1 |2 

—-8 | -1 0 1 |8 

—32) -1 0 1 | 32 

Then, using the values in the table, we draw the graphs of f and g as in Figure 1.22. 

+ Q—_—— 
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Ac i 
yl | 

4 {i)sx' 

7 

[| eee] = 

Figure 1.22: Graphs of f(x) = x? and g(x) =x 

& ny KT 4 

_— 

¥ nm 

® Il 

Il. Functions of the form f(x) =x" for an odd natural number n have similar 

properties and some of these common y 4 

properties are given as follows: F 

a. Domain of the function is R; Mey 

b. Range of the function is R; ‘ 

c. The graph of the function is a curve - : —> 
: x 

that has the same shape as the curves 

in Figure 1.23. 

Figure 1.23: Graph of f(x) = x” for a positive odd integer n. 

For each of the following functions, find the domain, range and sketch the graph. 

a. f (x)=3° b. g(x)=x° c.h(x) =x" d. I(x)=x° 

+ 
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Basic Properties of Power Functions (2) 

Example 4 

Find the domain and range of each of the following functions and draw their graphs. 

a. fd =x2 b. g(x)=x4 

Solution 

a. Dom(f) = [0, 00) and Ran(f) = [0,). 

b. Dom(g)=[0,0) and Ran(g) =[0,°). 

To draw the graphs of both functions fand g, use the table given below. 

0 1 vee 4 see 16 

0 1 vee 2 

Then, using the values in the table, the graphs of f and g are given in Figure 1.24. 

A 

y 2 a 

‘ I(x) Fx? 

\ 
| | 

B(Ky=x* 

1 vo] 9 iN ad 

1 1 

Figure 1.24: Graphs of f(x) = x? and g(x)=x4 

gy 
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Ill. Functions of the form f(x) = xn for an even natural number n have similar 

properties and some of these common properties are: 

a. Domain of the function is [0, 00); 

b. Range of the function is [0, 00); 

c. The graph of the function is given in Figure 1.25. 

A y 

28 

2 

4.5 

4 

0.5 

0.5 

“1.5 

1 

Figure 1.25: Graph of f(x) = xn, where n is an even natural number. 

Find the domain and range of each of the following functions and draw their graphs. 

1 

a. f(x) =x3 b.  g(x)=x° 

Solution 

a. Dom(f) = Rand Ran(f) = R. 

b. Dom(g)=Rand Ran(g)=R. 

To draw the graphs of both functions fand g, use the tables given below. 

x —32 | —8 - | 1 ] 0 1 see 8 see 32 

f(x) | 32] —2 - | -1 10 1 see 2 2132 

g(x) —2 - | =e] | -1 | 0 1 we | Mg fo 2 
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Then, using the values in the table, the graphs of f and g are given in Figure 1.26. 

A 

y 
1 

= T(x)=|8 
Petey 

_ a 

g(x) =|x° 

D 1 O 2 cae 

1 1 

Figure 1.26: Graphs of f(x)=x' and g(x)=x° 

1 

IV. Functions of the form f (x)=x" for an odd natural number n have similar 

properties and some of these common properties are: 

a. Domain of the function is R; 

b. Range of the function is R; 

c. The graph of the function is a curve that has the same shape as the curve in 

Figure 1.27. if 

15} 

A6 

L 

Figure 1.27: Graph of f (x) =x", where n is an odd natural number. 
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Exercise 1.10 

For each of the following functions, find the domain, range and sketch the graph. 

a. f(x) = xé b. g(x) = xa c. h(x) = x? dl) = xs 

Basic Properties of Power Functions (3) 

Example 6 

Find the domain and range of each of the following functions and sketch their graphs. 

5 

a. f(x)= x2 b. g(x)=x4 

Solution 

a. Dom(f) = [0, 00) and Ran(f) = [0, 0). 

b. Dom( g) =[0, ©) and Ran( g) = [0, <0). 

To draw the graphs of both functions fand g, use the table given below, 

x |of1]-]4 )- | 16 

f(x) ) 0} 1] + 8 ve 64 

g(x) | 0} 1 | Ad2 | oon 32 

Then, using the values in the table, the graphs of f and g are given in Figure 1.28. 

s Hone ff, 

y), o(x) =x! 

v 
° & 

3 

Figure 1.28: Graphs of f(x)=x?and g(x)=x 
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V. Functions of the form f(x) = xn for an odd natural number m and an even 

natural number n have similar properties and some of these common properties 

are: 

a. Domain of the function is [0, 00). 

b. Range of the function is [0, 00). 

c. The graph of the function is a curve that has the same shape as the curves in 

Figure 1.29. 

[3 

Figure 1.29: Graph of f (x) =x", where m and n are odd and even natural numbers 

respectively. 

Example 7 

Find the domain and range of each of the following functions and sketch their graphs. 

2 4 
3 3 a. f(x)=x 

Solution 

b. g(x)=x 

a. Dom(f) = R and Ran(f) = [0, 0). 

b. Dom(g) = Rand Ran(g) = [0, 0). 

+g —__ 
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To draw the graphs of both functions fand g, use the table given below, 

—32) -- | —-8]-.-]—-11 0 1]. 8 ve 32 

16 | |S/gal | 1 0 1 [| 8/gal 16 

Then, using the values in the table, the graphs of f and g are given in Figure 1.30. 

A 
yfé 

| * a(x) ze 
NS E L— 

S no oni fi) SRE 

$ 4 2 OW +9 4 ‘ ™ 

4 
5 

2 

Figure 1.30: Graphs of f(x) = x3 and g(x)=x 

VI. Functions of the form f(x) = xn for an even natural number m and an odd 

natural number n have similar properties and some of these common 

properties are: 

a. Domain of the function is R. 

b. Range of the function is [0, 00). 

c. The graph of the function is a curve that has the same shape as the curves in 

Figure 1.31. 
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s ‘ 
‘ A 4 
‘ ¥ ‘ 
‘ ‘ 
’ ’ 
‘ 25 ’ 
s é 
s ‘ 
‘ ‘ 
s ‘ 
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Se . if ge? 
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My , 
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-0.5 

m 

Figure 1.31: Graph of f (x) =x" for an even natural number m and an odd natural 

number n 

For each of the following functions, find the domain, range and sketch the graph. 

5 6 

a. f(x) =x6 c. h(x) = xs 

b. g@= xe d. U(x) = xa 

Basic Properties of Power Functions (4) 

Example 8 

Find the domain and range of each of the following functions and sketch their graphs. 

a. f=x2 b. g(x)=x 4 
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Solution 

a. Dom(f) = (0,00) and Ran(f) = (0,0). 

b. Dom(g) = (0, 0) and Ran( g) = (0,0). 

To draw the graphs of both functions fand g, use the table given below. 

1 on 4 16 

1 oe 0.5 0.25 

1 tee 1 0.5 

v2 

Then, using the values in the table, the graphs of f and g are given in Figure 1.32. 

piss gat 

il 

\v09 =x4 

Nn 

a * 

1 

Figure 1.32: Graphs of f(x) =x and g(x) =x4 

1 

1 

VII. Functions of the form f(x) = x” » for an even natural number n have similar 

properties and some of these common properties are: 

a. Domain of the function is (0, 0). 

b. Range of the function is (0, 0). 

c. The graph of the function is a curve that has the same shape as the curves in 

Figure 1.33. 

YQ 
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-0.5 05 1 1.5 x 

1 

Figure 1.33: Graph of f (x)=. ” for an even natural number n. 

Example 9 

Find the domain and range of each of the following functions and sketch their graphs. 

Solution 

a. Domain of f is R\{0} and Range of f is R\{0}. 

b. Domain of g is R\{0} and Range of g is R\{0}. 

To draw the graphs of both functions fand g, use the table given below. 

—32 -~ | -8 [- | -1t]o1 ve 8 ve 32 

_ 1 «= |-05) .. | 2/1 vee 0.5 see 1 

2V4 2V4 

-05 fe | 1) | -1}o4 we Toe 0.5 

V8 v8 

Then, using the values in the table, the graphs of f and g are given in Figure 1.34. 
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» 
| y 

| eit 

of t@)=x} 1 

| g(x) +x > 

6 4 2 g an 

| 5 fd 

1 1 

Figure 1.34: Graphs of f(x)=x 3and g(x)=x 5 

VIII. Functions of the form f(x) = Par for an odd natural number n have similar 

properties and some of these common properties are: 

a. Domain of the function is R \ {0}. 

b. Range of the function is R \ {0}. 

c. The graph of the function is a 

curve that has the same shape as 

the curves in Figure 1.35. 

1 

Figure 1.35: Graph of f(x) = x " for an odd natural number n. 
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For each of the following functions, find the domain, range and sketch the graph. 
1 1 1 1 

a. f(x)=xs b. g(x) = x8 ch(x)=x7 dla)=x9 

Basic Properties of Power Functions (5) 

Example 10 

Find the domain and range of each of the following functions and sketch their graphs. 

2 3 — 

a. f(x) =x 2 b. g(x)=x3 

Solution 

a. Dom(f) = (0,00) and Ran(f) = (0, °°). 

b. Dom(g) = R\{0} and Ran(g) = (0,09). 

To draw the graphs of both functions fand g, use the tables given below, 

x |}5]1 4 | 9 x -8 -1/ 1] 8 

foo;v} 1] tf i go) | a 

8 27 4 4 

0.5 

-0.5 

-0.5 

3 2 

Figure 1.36: Graph of f(x)=x ? Figure 1.37: Graph of g(x)=x 3 

Qa 
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Functions of the form f(x) = x7 7 for an odd natural number m and an even 

natural number n have similar properties and some of these common 

properties are: 

a. Domain of the function is (0, 0). 

b. Range of the function is (0, 00). 

c. The graph of the function is a curve that has the same shape as the curves in 

Figure 1.38. 

yA 

2 

1S 

O.5F 

0.5 

m 

Figure 1.38: Graph of f (x) =x ", mis odd and nis even natural numbers. 

m 

Functions of the form f(x) = x” ™ for an even natural number m and an odd 

natural number n have similar properties and some of these common 

properties are: 

a. Domain of the function is {x EeR:ix# Oo}. 

b. Range of the function is (0,0). 

c. The graph of the function is given in Figure 1.39. 
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i ! 
i i 
I H 
i 

-0.5 57 

m 

Figure 1.39: Graph of f (x) =x ", mis evenand n is odd. 

Exercise 1.13 

For each of the following functions, find the domain, range and sketch the graph 

5 7 

a f(x)=x4 c.h(x)=x 6 

6 6 

b. g@)=xs d.l(x)=x7 

1.3.2 Modulus (Absolute Value) Function 

Revision of Absolute Values 

Activity 1.7 

Find the distance from the origin to the point represented by —3 on the a. 

number line. 

Find the distance from the origin to the point represented by 3 on the number 

line. 

Find the distance from origin to the point represented by 0 on the number 

line. 
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From your response in Activity 1.7, observe that points represented by —3 and 3 ona 

number line are both 3 units from the origin, as in Figure 42 and the distance from 

the origin to itself is 0. 

3 units 

v 

3 units 

Figure 1.40 

Distance on a number line is defined using the concept of absolute value. 

Definition 1.5 

Given a real number a, the absolute value (modulus) of a, denoted by |al, is the 

Find the absolute value of each of the following numbers. 

a. 6 b. 0 ce. —5 

Solution 

a. |6| = 6, because 6 > 0. 

b. |0| = 0, by the definition of absolute value. 

c. |—5| = —(—5) = 5, because —5 < 0. 

Qe 
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Properties of Absolute Value 

Activity 1.8 

a. Find the absolute value of each of the numbers 4 and —4. 

b. Compare the two results in (a). 

From your responses in Activity 1.8, observe that |4| and |—4| are equal. 

Thus we have the following general property of absolute value. 

Property | 

For any real number a, |a| = | — a]. 

Activity 1.9 

1. Ifa =3 and b = 4, then 

a. find both |abJand |a||b|; d. compare \¢| and oT 

b. compare |ab| and |a||b|; e. find both |a + b| and |a| + |b| 

c. find both [¢| and OE f. Compare |a + b| and |a| + |b] 

2. Ifa = —3 and b = —4, then 

a. find both |abJand |a||b]; d. compare I<| and oT 

b. compare |ab| and |a||b|; e. find both |a + b| and |a| + |b| 

c. find both \<| and eB f. Compare |a + b| and |a| + |b| 

3. Ifa =3 and b = —4, then 

a. find both |abland |a||b|; d. compare [¢| and oT 

b. compare |ab| and |a||b]; e. find both |a + b| and |a| + |b| 

c. find both FA and e. f. Compare |a + b| and |a| + |b| 

From Activity 1.9, you have observed the following properties of absolute values. 

+g 
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—— Property Il 

For any two real numbers a and b, 

i = [a] — lel i. |ab| = |a||D| ii. \¢| = bi for b # 0. 

iii. |a + b| < |a| + |b| (Triangular Inequality). 

Activity 1.10 

Leta = = and b = —3. Then 

a. Find both |a| and |b]. b. Compare |a| with both = and -=. 

c. Compare |b| with 3 and —3. — d. Find both |—a| and |—b]. 

From your responses in Activity 1.10, observe that |? | = : and =| = -: and also 

|-3] = 3 and |—3| = —3, 

Thus, we have the following properties of absolute value. 

—— Property Ill 

For any real number a, |a| > a and |a| > —a. 

b. For any given positive real number a,|a| = a and |—a| = —(—a) = a. 

Thus, |x| = a if and only if x = a or x = —a. 

c. For any real number x, |x| can never be negative, as it is the distance from 

the origin to the point represented by x on the number line. Thus, |x| > 0. 

Solve each of the following equations. 

a. |x| =7 b. |x] =0 c. |x| = -3 d. |2x + 6] = 10 

ss ’ Sa 
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Solution 

a. If|x| = 7, then x = 7 orx = —7 

b. If |x| = 0, thenx = 0. 

c. If |x| = —3, then there is no number for x that is a solution for this equation. 

d. If|2x + 6| = 10, then 2x + 6 = 10 or 2x + 6 = —10. 

This implies 2x = 10-6 > 2x =4>x=2o0r 

2x+6=-10 > 2x =-10-6>52x =-16>x=-8. 

Thus, the values of x that make the statement |2x + 6| = 10 true are 2 and —8. 

Exercise 1.14 

1. Find the absolute value of each of the following numbers. 

2 1 5 
a. — b. = ct 

5 7 4 

2. Compare the absolute values of each of the following pairs of numbers. 

a. —4.5 and 3.75 b.2and -> 
9 12 

3. Solve each of the following equations. 

a. |x|=5 b. |x-1]=0 c. [3x+6|=9 d. |x+1|=-2 

Modulus Functions 

Definition 1.6 

The function f: IR — R defined by f(x) = |x| is called the absolute value (or 

Given f(x) = |x|, determine the values of each of the following. 

f(—1), Ff) and f(1) 

 ———_g——_ 
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Solution 

a. f(-1) =|-1| =-(-1) =1; 

b. f(0) = |0| = 0; 

ec f() =[1] =1. 

—— Note 

For any real number x, |x| is defined and |x| > 0. Thus, 

a. the domain of f(x) = |x| is R. b. the range of f (x) = |x| is [0, 00). 

Example 4 

Draw the graph of the function f (x) = |x|. 

Solution 

Consider the following table of values of f. 

—4/-3 ] -2) -1]0/ 1 2 3 4 

4 3 2 1 0; 1 2 3 4 

Then using the table, you can draw the graph of the absolute value function 

f (x) = |x| on the coordinate plane, as in Figure 1.41. 

x ifx>0 
Observe that, f (x) =|x|= 

-x ifx<0 

So the graph of f (x) =|a] is the graph of y= x for x => 0 and the graph of 

y=-x for x <0. 

YQ 
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A 
v 

f (x) =|3| 

v 

Figure 1.41: Graph of f(x) = |x|. 

Observe that the graph of the absolute function f(x) = |x| 

a. is acontinuous curve; that is, it has no break; 

b. passes through (0, 0) and has a sharp corner at(0, 0); 

c. is symmetric with respect to y-axis; that is, the part of the graph of the 

function for x > 0 is the image of the reflection of the graph of the function 

for x < 0 with respect to the y —axis. 

Find the domain, range and sketch the graph of the function f(x) = —|x| 

Solution 

As f (x) = —|x| defined for all x in R and —|x| < 0 for all x € R, 

a. Dom(f)=R b. Ran(f) = (—~, 0]. 

To draw the graph of f consider the following table of values of the function: 

x -3 —2 -1 0 1 2 3 

f(x) | -3 —2 -1 0 -1 —2 -3 

Then, plotting the points given in the table and joining these points with proper 

curves gives us the graph of f, Figure 1.42. 

+g 
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—xifx>0 

-—(-x) =xifx <0° 

Ay 

Observe that f(x) = —|x| = { 

> 2 

Ft 
t 

=v 

A 

Figure 1.42: Graph of f(x) =—|x| 

Example 6 

Find the domain, range and sketch the graph of the function f (x) = |x =| . 

Solution 

As f (x) = |x — 1] defined for all x in R and |x — 1| = 0 forall x € R, 

a. Dom(f)=R b. Ran(f) = [0, 0). 

To draw the graph of f consider the following table of values of the function. 

—3 —2 -1 0 1 2 3 

4 3 2 1 0 1 2 

Then, plotting the points given in the table and joining these points with proper 

curves gives us the graph of f, Figure 1.43. 

x—1,when x > 1; 
Observe that f (x) 7 _c+Lwhenx<1 

a —_—__ 



Unit 1: Relations and Functions 

Ay 
Q 

a 

> 
x) =|3 

wo 

n» 

vy 

4 

nN 

Figure 1.43: Graph of f(x) = |x — 1] 

Example 7 

Find the domain, range and then sketch the graph of the function f (x) = |x| +1, 

Solution 

As f (x) = |x| + 1 defined for all x in R and |x|] + 1 > 1 forall x € R, 

b. Ran(f)=[1,-). a. Dom(f)=R 

To draw the graph of f consider the following table of values of the function: 

—3 —2 -1 0 1 2 3 

4 3 2 1 2 3 4 

Then, plotting the points given in the table and joining these points with proper 

curves gives you the graph of f, Figure 1.44. 

Observe that when x > 0, f(x) = x + 1 and when x < 0, f(x) = —x +1. 
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Figure 1.44: Graph of f(x) = |x| +1 

Example 8 

Find the domain, range and sketch the graph of the function f (x) = [2x] . 

Solution 

As f (x) = |2x| defined for all x in R and |2x| 20 forallxeR, 

a. Dom(f)=R b.Ran(f)=[0,). 

To draw the graph of f consider the following table of values of the function: 

—3 —2 -1 0 1 2 3 

6 4 2 0 2 4 6 

Then, plotting the points given in the table and joining these points with proper 

curves gives you the graph of f, Figure 1.45. 

Observe that when x > 0, f(x) = 2x and when x < 0,f (x) =-2x. 
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NG Ay ft a 
co) 

aS 

wo “* 

NH 

_ 

Figure 1.45: Graph of f(x) =| 2x| 

Find the domain, range and sketch the graph of each of the following functions. 

a. f(x)=|x4]] b. g(x)=|x|-1 c. h(x) =2-|x| d. h(x) =|52| 

1.3.3 Signum Function 

Activity 1.11 

Consider the function f(x) =2 for all x € (—00,0] and g(x) =3for allx €(0,%). 

a. Find the domains and ranges of both f and g. 

b. Let h(x) = f(x) for all x € (—00,0] and h(x) = g(x) for all x € (0,00). 

Find the domain and range of h. 

c. Sketch the graphs of f, g and h. 

From your responses in Activity 1.11, you have observed that the functions f and g 

are constant functions and the function h is defined piecewise, one value for x < 0 

and another value for x > 0. 
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One of the common piecewise functions is the signum function and its definition is 

given below. 

Definition 1.7 

—— Note 

1 for x>0 

The functionsgnx =j0 for x=0 has the following properties. 

—1 for x<0 

a. Its domain is R b. Its range is the set {—1, 0, 1} 

=1 for x>0 

For any real number x, = undefined for x=0 

*=-1 for x<0 
x 

Therefore, we can define the signum function using absolute value as: 

sgnx = f= forx #0 

0 forx =0 

Now we draw the graph of the signum function using the table given below. 

-4) -3 —2 |-1] 0 1 2 3 4 

-1) -1 -1 /-1 0 1 1 1 1 

YQ 
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Figure 1.46: Graph of f(x) =sgnx 

Determine the domain and range of the function f(x) = sgn x + 2 and sketch its 

graph. 

Solution 

From the definition of the signum function: 

1 for x>0 3. for x>0 

f(x)=sgnx+2=40 for x=0;4+2=42 for x=0 

-1 for x<0 1 for x<0 

Then the domain of f is R and its range is the set {1,2,3}. 

—4 |) —3 —2 |-1 0 1 2 3 4 

1 1 1 1 2 3 3 3 3 

Then, using the table, the graph of f is sketched in Figure 1.47. 
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A 

a 

fe%) 

f(x)|= 2+ sgnx 

ND - 

Figure 1.47: Graph of f(x) = 2+sgnx 

Determine the domain and range of the function f(x) = 4sgn x and sketch its graph. 

Solution 

From the definition of the signum function: 

1 for x>0 4 for x>0 

f (x) =4sgnx =4x 0 for x=0=;0 for x=0 

-1 for x<0 —4 for x<0 

Then, the domain of f is R and its range is the set {-4,0, 4}. 

—4} —3 —2 | -1 0 1 2 3 4 

—-4 | -4 —4 |-4 0 4 4 4 4 

Then, using the above table, the graph of f is sketched in Figure 1.48. 
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Figure 1.48: Graph of f(x) = 4sgnx 

Exercise 1.16 

Find the domain and range of each of the following functions and sketch its graph. 

a. f (x)= 2sgn x c. h(x) =1+sgnx 

b. g(x) =—3sgn x d. /(x)=3-sgnx 

1.3.4 The Greatest Integer (Floor or Step) Function 

Greatest Integer Function 

For each of the following numbers, find the greatest integer that is less than or 

equal to the given number. 

a. 3.7 b. -1.9 c.6 d. -4 

From Activity 1.12, you have observed that you can find the greatest integer that is 

less than or equal to a given number, for example, the greatest integer less than or 

equal to —1.9 is—2. 

+ —__ 
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Definition 1.8 

The function defined by f(x) =the greatest integer that is less than or equal to 

Evaluate the following. 

a. [10.7] b. [12.4] c. |-18 | 

Solution 

The greatest integer that is less than or equal to 10.7 is 10, that is [10.7] = 10. 

b. The greatest integer that is less than or equal to —12.4 is —13, 

that is |-12.4] = —13. 

c. The greatest integer that is less than or equal to —18 is —18, 

that is |-18] = —18. 

Exercise 1.17 

Evaluate each of the following. 

[7] c. [V2 e.|-2 
a 

v. [| d.|-n| f. [-v2| 

Graph of the Greatest Integer Function 

Given the function f (x) = | x | : 

a. Dom(f) is the set of all real numbers. 

b. Ran(f) is the set of all integers. 
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To understand the behavior of this function in terms of a graph, let us construct a 

table of values as in the following table: 

—3 <x < -2) -2 <x <-] -1<x< 0/0Sx<1) 1<x<2 /2<x <3 

—3 —2 -1 0 1 2 

The table shows us that the function * 

. . . ug 
increases to the next higher integer any 4 

time the x-value becomes an integer and 

f@)=|a)? tS 
the graph of the function y= | x | is given i 

4 —o 

in Figure 1.49. 

“ > 

ee ee ee | (SO 

ot 

— 2 

o—_ -3 

Figure 1.49: Graph of f(x) = |x] 

Find the domain, range and sketch the graph of f(x) = [2x]. 

Solution 

The function f(x) = |2x| is defined for all real numbers and the set of its functional 

values is the set of integers. Therefore, 

a. Dom(f) is the set of all real numbers. 

b. Ran(f) is the set of all integers. 

-1<x<-05/-05<x<0} O<x <05] O5<x<1]/ 1<x<15 

-2 -1 0 1 2 

Using the points in the table, the graph of the function f(x) = |2x| is sketched in 

Figure 1.50. 
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Figure 1.50: Graph of f (x) = | 2x]. 

Find the domain, range and then sketch the graph of f (x) = | x+1]. 

Solution 

The function f (x) = | x+ 1| is defined for all real numbers and the set of its 

functional values is the set of integers. Therefore, 

a. Dom(f) is the set of all real numbers. 

b. Ran(f) is the set of all integers. 

-1sx< 0] O<x<1/1sx<2 25x <3 

Using the points in the above table, the graph of the function f(x) = |x +1] is 

sketched in Figure 1.51. 
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Figure 1.51: Graph of f(x) = [x +1]. 

Example 4 

Find the domain, range and sketch the graph of f (x) = 3| x|. 

Solution 

The function f (x) = 3| x | is defined for all real numbers and the set of its functional 

values is the set of all integer multiples of 3. Therefore, 

a. Dom(f) is the set of all real numbers. 

b. Ran(f) is the set of all integer multiples of 3. 

-1<x<0 O<x<i1 1sx<2 2<x <3 —2sx<- 

-6 -3 0 
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Using the points in the table, the graph of the ry 
6 yy 0: 

function f (x) = 3|x| is sketched in Figure 1.52. 5 
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Figure 1.52: Graph of f(x) = 3|x| ie | tay= Fa] 

Exercise 1.18 

Sketch the graph of each of the following functions. 

a. f(x) =| 4x | b. g(x)=2| x | c. h(x)=|x+3| 

Equations involving the Greatest Integer Function: 

When working with equations that involve the greatest integer function, we use the 

following formula: | x} =m, where m is an integer if and only if m<x<m+1. 

For example, |x| = 6 if and only if6 <x <7. 

Solve the equation |x + 3] = 10. 

Solution 

First, rewrite the equation using the inequalities 10 <x +3 < 11. 

Then, solve the inequalities: 10 <x+3<11>510-3<x<11-3 

=7<5x<8 

Therefore, the solution set is the interval [7,8). 
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Example 6 

Solve the equation|1 + |x|] = 5. 

Solution 

First let us replace |x| with z. This is called a "change of variable" and it will make 

the equation easier to work with. 

[1+ |[x]J=5 > |[14+2])=5 

Then, let us solve the equation, [1 + z] = 5. 

Replace the given equation with the inequalities, 5<1+2z<6 

Solve the inequality 

5<14+7<654s7<55>48[x]<5 

Since [x] is an integer, the only way to satisfy the above inequalities is for |x] = 4. 

Let us determine the value of x. 

Again, using the inequalities, we know 4 <x <5 

Therefore, the solution set of the given equation is the interval [4,5). 

Exercise 1.19 

Solve each of the following equations. 

a. |x +4) =6 b. [3 +[x]] =5 

Composition of Functions 

Consider the functions f (x) =x+3and g(x) =x°. What result will you have if 

a. you substitute x + 3 to x in g(x)? 

b. you substitute x? to x in f(x)? 
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From your responses in Activity 1.13, observe that: 

a. youget g(x+3)= (x+3) and 

b. you get f(x?) = x? +3. 

g(x+3)= (x+3) is the result of substituting f(x) = x + 3 into g(x). 

That is, g(x+ 3) = g(f(x)), which is called the composition g by f. 

Similarly f (x?) = x? + 3 is the result of substituting g(x) =x" into f(x). 

That is, f (x’) = f(g(x)), which is called the composition f by g. 

Note that, 2(f(x)) is denoted by (go f)(x) and f(g(x)) is denoted by( fo g)(x). 

Definition 1.9 

Let f:A—>B and g:B—>C be functions, Then the function h defined by 

Let f = {(-11),(0,2),(1,-1), (2,5)} and 

g ={(-1,2),(0,0),(1,3),(2,1).(3,4).(4,2), 3,5} 

Then, find go fand fog. 

Solution 

(ge f)(-l)=8(F(-))=8(1)=3, 

(g°f)(0)=8(F(0))=8(2)=1, 

(go f)Q)=8(/())=a8(-=2, 

(g°S)(2)=8(F(2))=8(5)=5. 

Therefore, go f = {(-1,3),(0,1),(1,2), (2,5)}. 

HQ” 
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(fea)(-V)=S(8(-I)=F(2)=5, 

(feg)(=S(g oro 2 

(f°8)(2)=f(8(2))=f(I)=- 

(fes)(4)=f(e(4))=S(2)=5. 

Therefore, fg ={(-1,5),(0,2),(2,-1), (4,5)} 

Observe that, (fo g)(1) is not defined, because g(1) =3 and 3 is not in the domain of 

f. 

Consider functions f and g given in the following diagram. 

eee 

Then, determine go f. 

Solution 

First observe that f= {(1.a).(2.d),(3.). (4,0)} and g= {(a,h),(b.e).(c.F),(d.g)} : 

Thus, 

i (ge f\()=e(f())=g(a)=h 

) is (ge S)(2)=8(S(2))=8(4)=8 

- (ge S)(3)=8(F(3))=8(6)= 

iv. (geS)(4)=8(S(4))=8(e)=S 

Therefore, go f = {(L/),(2,g), 3.2),(4,/)}- 

gq — __ 
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gof / 

>< 

Let f(x)=x-+1 and g(x)=x°-2.Then find fogandgef. 

Solution 

a (fog)(x)=S(s(x)) 

b. (go f)(x)=9(f(x))=e(xtl)=(x4l) -2=x? +2x-1 

f(x -2)=(x? -2)+1=x° -1 

Example 4 

Let f(x)=x° +1and g(x)= Vx. Then find 

a. (gof)(2) b. (g°f)(x) 

Solution 

a (gef)(2)=8(F(2))=8(5)=v5 

b. (go f)(x)=8(f(x))=e(x? +1)= ve 41. 

—— Note 

For two functions f and g, the domain of go f is the set of all x in the domain of 

fsuch that (go f)(x)=g(f(x)) is defined. 

ee 
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Exercise 1.20 

1. Let f(x)=x°+2xand g(x)=3x—5. Then find 

a (fo8)Q) p. (eG) 

c. (ge f)(0) d. (fe g)(0) 

2. Let f(x)= vx and g(x) =2x—5. Then determine 

a. (go f)(x) b. (Fe gy) 

c. Domain of go f d. Domain of fog 

Inverse Functions and Their Graphs 

In Section 1.1, you have learned about inverses of relations. In this section, you will 

learn about the inverses of functions. As functions are special types of relations, the 

idea of inverse of a function is a continuation of the idea of inverse of a relation, but 

the only problem here is that the inverse of a function may not be a function. 

Inverse Function 

Activity 1.14 

1. Find the inverse of each of the following functions. 

a. Ff ={(1,2),(2,3),(3,4),(4,5)} c. h= {(x¥)|zyeRy=x? +1} 

b. g={(-La),(0,6),(3,4), (4,5)} d. 1={(x,y)|x,y eR, y=2x+1} 

2. From (1) above, which inverses are functions and which are not? (Give your 

reasons). 

From your responses in Activity 1.14, you have observed that the inverse of a 

function may or may not be a function. 
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—— Note 

a. Given a function f, if its inverse is also a function, then we say that f is 

invertible and we denote its inverse by f~1. 

b. Given a function y = f(x), if f is invertible then to find its inverse; 

I. interchange x and y in the expression y = f(x), that is.,x = f(y); 

Il. solve y in terms of x, (if possible); 

Ill. write f~1as y = f~1(x). 

Find the inverse of each of the following functions. 

x+3 

2x-4” 
a. f(x) =3x42 b. g(x) =6-2x c. A(x) = x#2 

Solution 

a. y= f(x) =3x4+2. 

e Interchange y and x and obtain x = 3y + 2 

e Solve y for x and obtain y = 5x - 

e Therefore, f~1(x) = 5x - : 

b. y=g(x)=6-2x 

e Interchange y and x and obtain x =6—2y 

e Solve for y in terms of x and obtain y = -5x +3. 

1 
e Therefore, g' (x) = —3%+3 

c. y=h(x)= xX#2 

+ 

e Interchange y and x in the formula and obtain x = —— 
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e Solve for y in terms of x and obtain y = nes : 
x- 

e Therefore, h'' (x)= 4x+3 for x# i . 
2x-1 2 

Note 

There are functions whose inverses are not functions. 

Show that the inverse of the function f(x) = x3 — x + 1 is not a function. 

Solution 

f (-1)=(-1)’ -(-1)+1=1 and f(1)=1 -1+1=1. 

This implies that f (-1) = f(D. 

Thus (1,-1) and (1,1) are elements of the inverse of f, but -141. 

Thus, the inverse of fis not a function. 

Exercise 1.21 

Find the inverses of each of the following functions. 

f (x)= 2x43 pf (x) =-3x+2 c. f(x)= x+5 
a. 

Identity Function 

Definition 1.10 
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Activity 1.15 

Let f = {(1,2),(2,3).(3.4), (4.1} a function defined on a set A= {1,2,3,4} and I 

be the identity on A as, J ={(1,1),(2,2),(3,3), (4.4)}. 

Then determine 

a. [of b. fol c. Comparefo fand fol]. 

In Activity 1.15, the two compositions, fol and/o f , are equal and both are equal 

to f. 

Let f(x)=2x—3and/(x)= x. Then 

(Lo f(x) =1(F (x)) =1(2x-3) =2x-3 = f(x) and 

(fe2)(x)=£(1(0))= (0) =28-3. 

This implies Jo f= f= fol. 

—— Note 

In general, if f is a function and / is the identity function, then Jo f= f= fol 

Activity 1.16 

Consider the function f ={(1,2),(2,3),(3,4),(4.5)} from A={I1,2,3,4} to 

B= {2,3,4,5}. Then find, 

a afr b.ficf c. fof 

In Activity 1.16, you can observe that f'o fis the identity on A and fo fis the 

identity on B. 
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Note 

Given a function f, a function g is the inverse of f if and only if go f=J and 

fresh. 

Example 4 

Let f(x)=3x—-Ithen f7' (x)= prey. 

© (fof \(x)asl(t" (s))=1 [x03 )=3( dred) tax =109 and 

. (Fe A()= 4 (F (8) =F Be-1) = 5 Be-1) +5 == 10). 

This implies, fo f'=I=f"of. 

Determine if each of the following pairs of functions are inverse of each other. 

a. f(x) 7 2x —Sand g(x) =-2x+5. 

x+2 2x+2 
= d = . 

x2" a(x) x-1 
b. f(x) 

Solution 

Let us use the idea of composition to determine if f and g are inverses of each other. 

a. (feg)(x)=f(g(x)) =f (-2x+5)=2(-2x+5)—5=—4x+5 and 

(go S)(x)=8(S(x))=9(2x-5) =-2(2x-5)+5=—4x +15. 

This implies go f #J and fog #J. Thus gis not the inverse of f. 

From this example, observe that g(x) =—f(x)and hence f-' #—/f .The inverse of f 

is f" (x)=5x+2 

—_—g———__ 
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Using your knowledge in finding the inverses of functions, you can find that, 

x+2 

5 le-nioeatreayee 2) Mea) #2 (2). an 
x2) (x+2 “4 x-2 

x-2 

similarly you can show that (f ° g)(x) =x=I(x). 

Hence, g is an inverse for f, that is, (x) = g(x). 

1. Let f(x) =3x-land I(x) =x. Determine Io f and fol. 

2. Let f(x) =2x+4 and I(x) =x. 

a. Determine f '(x). 

b. Show that (f7'o f)(x) =I(x) and 

c. Show that (fo f')(x)=1(x)_ 

Graphs of Inverse Functions 

As functions are relations, from our discussions on graphs of inverse relations, recall 

that the graph of the inverse of a given function can be obtained by reflecting the 

graph of the function with respect to the line y = x. 

Example 6 

Draw the graph of the inverse of each of the following functions. 

+g 
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Solution 

a. f'={(3,1),(1,2),(2,3),(4,4)} and the graph of f7' is obtained by reflecting 

the graph of f with respect to the line y =x, as given in Figure 1.53. 

oo 

4r Ee 

3f e e 

2 e e 

1h e@ e 
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-1 

Figure 1.53: Graph of f and f~1 

b. Lety=2x+1. Then, interchanging x and y in the given equation gives us 

. : . 1 1 . 
x=2y+l. Solving for y in terms of x gives you y=5x—7 3 that is, 

a(yyety lt g (x)=5x 5° 

Therefore, the graph of gis obtained by reflecting the graph of g with 

respect to the line y=. as given in Figure 1.54. 
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y=x 

g(x) =2x+1 

Figure 1.54 : Graphs of g(x)=2x+land g'(x)= > -5 

Exercise 1.23 

1. Use compositions of functions to determine if each pairs of functions are inverses 

of each other. 

a. f(x) =8x and g(x)=5 

b. f(a) =F x+2and g(x)=5x43 

x+5 
c. f(x) =5x—7and (xX) =~ 

x 2x 
and g(x)=—— 

2+Xx si) 1l-x 
d. f(x)= 

2. Sketch the graphs of the functions and its inverse on the same coordinate plane 

for each of the following functions. 

a. f(x)=x-2 b. g(x)=5x-6 

+g _ 
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Applications of Relations and Functions 

In this section, different applications of relations and functions are given. 

Let p+3q=30be an equation involving two variables p (price) and g (quantity). 

Indicate the meaningful domain and range of this function when 

a. the price is considered as an independent variable; 

b. the quantity is considered as an independent variable. 

Solution 

a. When price (/) is taken as an independent variable, you have g(p)= 10-3 D. 

Domain: 0<p <30 Range: 0<q <10 

b. When quantity (qg) is taken as an independent variable, you have 

Dp C7) =30-3¢. 

Domain: 0<q<10 Range: 0< p<30 

A car rental company charges an initial fee, which is also called a flat fee of Birr 

300 and an additional Birr 15 per kilometer to rent a van. 

a. Write a function that approximates the cost y (in Birr) in terms of x, the number 

of kilometers driven. 

b. How much would an 80 kilometer trip cost? 

Solution 

a. The total cost of renting a van is equal to the rate per kilometer times the number 

of kilometers driven plus the cost for the flat fee. 

That is, y=15x+300 

+ Q—_ 
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b. To calculate the cost of a 80 kilometers trip, substitute 80 for x in the equation: 

y =15x+300 

Thus, y(80) =(15x80)+300=1500. 

Therefore, the cost of 80 kilometers trip is 1500 Birr. 

A man that buys and sells newspapers buys newspapers for price of Birr 6 per 

newspaper and sells newspapers at price of Birr 10 per newspaper. The unsold 

newspapers at the end of the day can be sold at 4 Birr per newspaper to a wastepaper 

dealer. If the man bought 300 newspapers, sold 200 newspapers and another 50 

newspapers to a wastepaper dealer, what is the profit of the man in that day? 

Solution 

The overall profit to the man depends on the number of newspapers that he sells in 

relation to the number of newspapers he bought at the beginning of the day. 

Purchase: 300 x 6 Birr = 1800 Birr 

Sale: (200 x 10 Birr) + (50 x 4 Birr)=2000 Birr+200 Birr=2200 Birr. 

Profit: Sale—Purchase= 2200Birr —1800Birr = 400Birr . 

Therefore, the profit of the man on that particular day is 400 Birr. 

Example 4 

Assume that for a closed economy, E= C+ I+ G, where E is total expenditure, 

C is expenditure on consumption of goods, I is expenditure on investment on 

goods and G is Government spending. 

For equilibrium, we must have E = Y, where Y is the total income received. 

Qe 
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For a certain economy, it is given that C=15+0.90 Y, [= 20+0.05 Y and 

G=25. 

a. Find the equilibrium values of Y, C and I. 

b. How will these change if there is no Government spending? 

Solution 

Given that E= C+ 1+ Gand E=Y. Thus, we have 

a. Y= C+1+ G=(15+0.90 Y)+ (20+ 0.05 Y)+ 25 = 60 + 0.95 Y 

This implies Y(l— 0.95) = 60 > Y = ons = 1200 

For this value of Y, we have C= 15+ 0.90 Y = 15+ 0.90 x 1200 = 1095 

and I= 20+ 0.05 Y = 20 + 0.05 x 1200 = 80 

b. If there is no government spending, that is, G = 0, then closed economy 

equation becomes Y = C+ I=(15+0.90 Y) + (20+ 0.05 Y) = 35+0.95 Y 

or Y(1— 0.95) = 35, that is, Y= >> = 700 
0.05 

For this value of Y, we have, C=15+0.90 Y =15 + 0.90 x 700 = 645 

andI = 20 + 0.05 Y = 20 + 0.05 x 700 = 55. 

Exercise 1.24 

1. An electrician charges a base fee of Birr70 plus Birr 150 for each hour of work. 

a. Create a table that shows the amount that the electrician charges for 1,2, 3, 

and 4 hours of work. 

b. Let x represent the number of hours and y represent the amount charged for x 

hours. Is this relation a function? 

I 
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2. A firm produces an item whose production cost function is C(x)=200+60x , 

where x is the number of items produced. 

a. If entire stock is sold at a price of each item which is Birr 800, then 

determine the revenue function. 

If the total number of items produced was 1000 and entire stock is sold at a 

price of each item which is Birr 800, find the profit of the firm. 

1. A company producing dry cells introduces production bonus for its 

employees which increases the cost of production. The daily cost of 

Pp 

a. 

roduction C (x) for x number of cells is Birr (3.5x + 12,000). 

If each cell is sold for Birr 6, determine the number of cells that should 

be produced to ensure no loss. 

If the selling price is increased by 50 percent, what would be the break- 

even point? 

If at least 6000 cells can be sold daily, what price the company should 

charge per cell to guarantee no loss? 

The force applied to a spring varies directly with the distance that the spring 

is stretched. When 30 N of force is applied, the spring stretches 3 m. 

Write a variation model using k as the constant of variation. 

Find k. 

How many meters will the spring stretch when 5N force pressure is 

applied? 

+ 



10. 

11 

. Arelation is any set of ordered pairs. 

Given two sets A and B, a relation from A to B is any subset of A x B. 

Given a relation R, the inverse of R is given by Rt = {(y,x): (x,y) € R} 

If R is a relation, then Domain of R™! = Range of R and Range of R= Domain 

of R. 

The graph of the inverse of a given relation can be obtained by reflecting the 

graph of the relation with respect to the line y = x. 

A function is a special type of a relation in which no two of the ordered pairs in it 

have the same first element. 

A function of the form f (x)=ax", where a is a nonzero real number and r is a 

real number is called power function. 

xif x20. 
; is called the 

—x if x<0 
The function defined by f (x) =|x|, where |x|= 

absolute value function. 

lifx>0 

The function defined by f (x) =sgnx, where sgn x =4 0 ifx=0 is called the 

-lifx<0 

signum function. 

The function defined by f (x) =x, where |x] is the greatest integer less than or 

equal to x is called the floor function or the greatest integer function. 

. If f is a function from A into B and g is a function from B into C, then the 

12. 

composition of f by g is the function defined by (fo g)(x)=/f (g (x)). 

For two functions f and g, g and fare inverse functions of each other if and only 

if g (f (x))=x and f (g (x))=x. 

IY —__ 



Review Exercise 

1. Find the domain and range of each of the following relations. 

a. R, ={(1,0),(2,2).(3,2),(4.5)}. 

b. R,={(-1-2),(0.1),(1,2),(2.5)}- 

c. R,={(x,y)|x,.yeR andy=x-l}. 

d. R,={(x,»)|yeR andy=x +1}. 

Find inverse, domain and range of the inverses of each of the relations in 

Question Number | above. 

Find the inverse of each of the following functions. 

a. f (x)=3x-2 b. g(x)=x° +5 c. n(x)= 

Find the domain and range of each of the following functions. 

a f(x)= 3x5 b. gx) = ~2x4 c. A(x) = xs 

Given f(x) = 3+ 2|x|: 

a. evaluate f at each of the following numbers. 

i 5 ii, 0 iii, —} iv. 3 

b. find the domain and range of f. 

c. sketch the graph of f. 

Given f(x) = 2 — 3sgn x: 

a. evaluate f at each of the following numbers. 

i -3 ii, 0 iii, 5 iv.4 

b. find the domain and range of f. 

c. sketch the graph of f. 

a 



7. Let f(x) = |x — 3]. Then 

a. evaluate f at each of the following numbers. 

i —2 ii, 0 ii, 2 iv. 5 

b. find the domain and rang of f. 

c. sketch the graph of f. 

8. Determine if each pair of the following functions are inverses of each other. 

a. f(x) =x-—1and g(x) =x4+1 

x+3 

2x41 b. f@) = 2 and g(x) = 

c. f(x) = 2x —3 and g(x) =3- 2x 

9. The area A of a square is directly proportional to the square of the length s of its 

sides. 

a. Write a general model of the proportionality with & as the constant of 

proportion. 

b. Ifthe length of the sides is doubled, what effect will that have on the area? 

c. Ifthe length of the sides is tripled, what effect will that have on the area? 



RATIONAL EXPRESSIONS AND 

RATIONAL FUNCTIONS 

Unit Outcomes 

By the end of this unit, you will be able to: 

Recognize a rational expression. 

Define a rational expression and a rational function. 

Know methods and procedures in simplifying rational expressions. 

Understand efficient methods in solving rational equations and inequalities. 

Develop efficient methods in solving rational equations and inequalities. 

* * * * & & Know basic concept and specific facts about rational functions. 



Unit 2: Rational Expressions and Rational Functions 

Unit Contents 

2.1 Rational Expressions 

2.2 Rational Equations and Rational Inequalities 

2.3 Rational Functions and Their Graphs 

2.4 Applications 

e graphs of rational e horizontal asymptote 

Words functions 

¢ oblique asymptote © operations on rational 

expressions 

¢ partial fractions ¢ rational equations e rational expression 

e rational inequality ¢ vertical asymptote e zeros of a rational function 

Introduction 

You can add, subtract or multiply polynomial expressions using the basic rules 

defined on the set of real numbers. Then, in these computational processes the result 

gives another polynomial expression. On the other hand, if you divide a polynomial 

expression by another polynomial expression, the result may not be a polynomial 

expression. In this unit, you will learn about quotients of polynomial expressions 

which are called rational expressions. 

Rational Expressions 

2.1.1 Rational Expressions 

1. Which of the following numbers are rational numbers? 

a. 112 bs ct d. V2 

2. Which of the following are polynomial expressions? 

a. x +2x-1 b.3Vx+5x4+3  c. 38+x-9 

HH y— 
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From your responses in Activity 2.1, observe that: 

a. arational number is a number that can be written as a quotient of two integers. 

b. An expression that can be written in the form a,x" +a, x" +...+a,x+a,, where 

n is a non-negative integer and d,,...,a, are real numbers, is called a polynomial 

expression. 

Rational expressions are defined as quotients of polynomials. 

Definition 2.1 

Given two polynomials q(x) #0, an expression that can be 

Which of the following are rational expressions? 

2x43 6x° +4x-7 2 

= ona 6. cs 
5x° +9x-4 x +1 x -l 

2 

d. x°+3x-1 €. ox +x 

Vx +1 

Solution 

2x+3 . : 2 
=>.— is a rational expression, because both 2x+3 and 5x° +9x—4 are 
5x° +9x-4 

polynomial expressions. 

6x°+4x-7. . . 
b. <= a rational expression, because both 6x’ +4x-—7 and x* +1 are 

x + 

polynomial expressions. 

yal is a rational expression, because 2 is a constant polynomial and x* —1 is a 

polynomial expression. 
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d. x°+3x-1 is a rational expression, because the expression x° +3x—1can be 

2 4.3x-1 F : expressed as — and both x’ +3x-1 and 1 are polynomial expressions. 

2x? +x 

vx +1 

polynomial expression. 

Which of the following expressions are rational expressions? 

is not a rational expression, because the denominator Vx* +1 is not a 

x43 p,—_1 ¢ EX 

e+x-9 “4x41 xt 44244 
3 

242x-1 
a e. 2x4 —3x° +2x? +3x-1 
6x +4x-7 

2.1.2 Domains of Rational Expressions 

Activity 2.2 

2x? + 
Determine the value of the rational expression : for each of the following 

Pe 

values of x if it is defined. 

a x=2 bx=-1 cx=1 d.x=0 

From your responses in Activity 2.2, observe that a given rational expression is not 

defined for those numbers that are the zeros of the expression x? — 1, which is the 

denominator of the given rational expression. 

Definition 2.2 

Given a rational expression ——, the set of all real numbers x such that 
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Determine the domain of each of the following rational expressions: 

2x? +x 3 5x+9 
b.>—_—_ CS 

6x+3 x +5x+6 x +1 

Solution 

a. The denominator of the given rational expression is 6x + 3 and6x+3=0 => 

x= 5. 
2 

2 

Therefore, the domain of ox tx is eR|x# -31. 
6x+3 2 

b. The denominator of the given rational expression is x? + 5x +6 and x2 +5x + 

6=0 

implies(x+2)(x+3) =05 x=-2 orx=-3. 

Thus, the domain of is {x eR|x#-2 andx# 3}. 
x? 4+5x4+6 

c. The denominator of the given rational expression x°+1 and x?+1+#0 for all 

5x+9 

x4) 
x € IR. Therefore, domain of is R, the set of all real numbers. 

2.1.3 Simplifications of Rational Expressions 

Write each one of the following rational numbers in its lowest term. 

ks be o dee 

6 100 28 3 

From your responses in Activity 2.3, observe the following two important points to 

write a given rational number in its lowest form: 

i. first factorize both the numerator and the denominator; and 

ii. cancel out the common factors of both the numerator and the denominator. 

+ ——— __ 
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Recall from your knowledge about rational numbers that: 

i. a rational number =, where a and b are integers andb # 0, is in its lowest term 

if the greatest common factor of a and b is 1; 

li. given three integers a,b,c, with b # 0 and c # 0, you have: 

ac a 

be b 

Definition 2.3 

Simplify the rational expression xt 
x - 

Solution 

xt] _ (x+1)x1 
7 =7-—-~_ (Factorize both the numerator and the denominator.) 

x -l (x+1)(x-1) 

- , forx#—1. (Cancel out the common factor, x +1, of both the 

numerator and denominator.) 

Observe that for x = —1, the expression a is not defined, but the expression = is 

defined at x = —1, and its value is j=-} 
-1-1 2 

x+1 1 
Therefore, —— = —, for x # —1. 

x?-1 x-1 

To simplify a given rational expression, first you have to determine the domain of the 

given expression. 
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Steps to simplify a given rational expression (x) 
qx 

P(x) | 
Step 1: Determine the domain of the expression —— (x) 

q(x 

Step 2: Factorize both p(x)and q(x) (if possible); and 

Step 3: Cancel out the common factors of both p(x) and q(x) to obtain the 

simplified form of the given rational expression. 

Simplify each of the following rational expressions. 

3x+6 +27 +x x-1 

J acaa b6.— 7 ce 
x +4x4+4 x1 x -4x+3 

Solution 

3x+6 
a. x*+4x +4 =0 implies x = —2. Then, the domain of = 

x +4x4+4 

{x € R|x # —2}. 

3x+6 _ 3(x+2) 
5 = (Factorize both 3x + 6 and x? + 4x + 4.) 

x +4x4+4 (x+2) 
Then 

= 3+?) = — , for x # —2 (Cancel out x + 2 from both 
(x+2)(x+2) x42’ 

the numerator and the denominator.) 

3x+6 
3 = for x #—2 in a simplified form as 1 is the only 
x244x+4 X42? 

Therefore, 

common factor of 3 and x + 2. 

b. x? —1=0 implies x = 1 orx = —1. 

Then domain of ej is {x € R|x # —-1,1}. 

—_g—— __ 
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x842x2 +x x(xt+1)(x+1) 

x2-1 0 (x+1)(x-1) 
(Factorize both x3 + 2x? + x and x? — 1.) 

2 

= sar) = ae for x # —1 (Cancel out x + 1 from the numerator and 

the denominator.) 

3492 2 x342x74+x  x74x 
——— =— forx + -1. Therefore, 5 

x2=1 x-1 

c. x2 —4x +3 =0 implies x = 1 and x = 3. 

x-1 
Then the domain of = 

x2 4043 
is {x € R|x # 1, 3}. 

x-1 (x-1) : 2_ 
oats = Ge DEAD (Factorize x“ — 4x + 3.) 

= UN 8 —, for x #—1 (Cancel out x—1 from both the 
(x-1)(x-3) x-3 

numerator and the denominator.) 

x-1 1 
Therefore, =——~ = — for x ¥ 1. 

x2-4x+3 x-3 

1. Find the domain of each of the following rational expressions. 

2 x+1 x' 5x42 

x +3 x -4 x +6x° +5x 

2. Simplify each of the following rational expressions. 

2x-4 x’ +5x+6 x+2 

a> b. 3 cs 
x -x-2 x —9 x°+2x4+2 

2.1.4 Operations with Rational Expressions 

Revision of Operations on Rational Numbers 

Compute each of the following. 

1,2 1 2 
asta b. =-= c. 

2° 3 2 3 Nin 
x 

win 
Qa 

wln NIB 
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From your knowledge on rational numbers, observe that the results in Activity 2.4 

are obtained by using the rules of addition, subtraction, multiplication and division of 

rational numbers. 

Let ; and < be rational numbers with b # 0 and d # 0. The basic four operations, 

addition, subtraction, multiplication and division on rational numbers are given as 

follows: 

. a c_ad+be w. AC c 
ip -+—= iii, —x— =— 

bod bd b d_ bd 

a_¢ _ad~be iv. $26 29,9 -@ (640) 
i, Oo d bd bd bc _ be 

Addition and Subtraction of Rational Expressions 

Addition and subtraction of rational expressions are extensions of the same 

operations on the set of rational numbers and they are defined as follows: 

r(x) 

s(x)’ 
consider two rational expressions ea and with q(x) # 0 and s(x) # 0. Then, 

Px) , ) _ P)s(x)+r(x)a@) 

q(x) s(x) q(x)s(x) 

PX) _ re) _ P(x)s(x)=r(x)a@) 

q(x) s(x) q(x)s(x) 

Perform each of the following operations: 

x+l1 3x xt+l1 3x 
a. > b. = -— 

x +2x x4+5 x +2x x+5 

Solution 

x+1 + 3x (et) (x45) 43x07 42x) x? 46x 4543x7462" 

x 42x x45 (x? +2x)(x+5) x +7x° +10x 

a — __ 
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x+1 | 3x 3x + 7x7 46x45 
Therefore, = 7 

x°+2x x4+5 x +7x° +10x 

xt] 3x _ (x+I)(e+5)—3x(e? +2x) _ x? +6x+5-32° - 62° 

b. 2 ~ 2 3 2 
xX°+2x x+5 (x° +2x)(x+5) x +7x° +10x 

+1 3x _ -3x° -5x°+6x45 
Therefore, — 7. * a x 

x +2x x+5 x +7x° +10x 

Multiplication and Division of Rational Expressions 

Multiplication and division of rational expressions are extensions of the same 

operations on the set of rational numbers and they are defined as follows: 

consider two rational expressions p(x) and r(x) , with g(x) #0 and s(x) #0. Then, 

q(x) s(x) 

PO) ra) _ P(x)r@), 

g(x) s(x) q(x)s(x)’ 

P(x), r(x) _ pla), s(x) _ P(2)s@) 
il. : , (r(x) #0). 

gx) six) g(x) rx) g(x)r(a) 

Perform each of the following operations: 

xt+1l  x+2 x+1 xt 2 

x-l x? 43x “y-1 x? 43x 

Solution 

x+l x+2 — (x+I(x+2) © x 43x42 

x-1 x 43x (x-1(x? 43x) 2° 42x? -3x 

xt] x+2 _ XH x? +3x _ (e+ I)? +3x) _ xt +40? 43x 

x-l x°43x x-l x42. (x-I)(x+2) x +x-2 

—_—y—— __ 
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Perform each of the following operations and simplify the given expression. 

x-1 x+3 x-1_ x+3 
a. +— b. - 

x+2 x-4 x+2 x-4 

x-l x+3 x-l = x+3 
Cc ——x d. ——+ 

x+2 x-4 x+2 x-4 

2.1.5 Decomposition of Rational Expressions into Partial 

Fractions 

Consider the rational expression — . Then, 
x2-3x+42 

. x+1 —2 3 
a. factorize x? —3x+2; b. show that + 

x —axed 2-1 x2" 

os . . -2 3 . : 
In Activity 2.5, the fractional expressions a and zp are called partial fractions and 

writing so as = + = is decomposing the given expression as a sum of partial 

fractions. 

The main objective in this discussion is to determine how to write a given rational 

expression as a sum of partial fractions. The idea of writing a rational expression as a 

sum of partial fractions is important, especially in a branch of Mathematics called 

Calculus and you will be introduced to the topic calculus in Grade 12. 

Definition 2.4 

Two polynomials p(x) and q(x) are equal if both polynomials have the same 

Let p(x) =3x? +5x° -Tx+e and q(x) =ax" + bx’ +5x° - 7x +4. 

Find the values of the constants a, b and c if p(x) = q(x) for all x € R. 

gy —__ 
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Solution 

p(x) = q(x) for all x € R if and only if terms of the same degree in both 

polynomials have equal coefficients. 

i. The coefficient of the term with degree 4 in p(x) is 0 and the coefficient of the 

term with degree 4 in q(x) is a. This implies, a = 0. 

ii. The coefficient of the term with degree 3 in p(x) is 3 and the coefficient of the 

term with degree 3 in q(x) is b. This implies, b = 3. 

iii. The constant term in p(x) is c and the constant term in q(x) is 4. This implies, 

c=4. 

Definition 2.5 

A rational expressio: is called proper rational expression if the degree of 

Note 

Note that, given an improper rational expression non using long division of 

. . we p(x) _ r(x) 
polynomial expressions, we can write it as qa) f(@)+ a)’ where f (x) and 

r(x) are polynomial expressions and the degree of r(x) is less than the degree of 

q(x). 

5x3+7x2 45x49 . r(x) 
Write the rational expression — zn in the form of f(x) + mre where f (x) 

and r(x) are polynomial expressions and the degree of r(x) is less than the degree of 

q(x). 

gy 



Unit 2: Rational Expressions and Rational Functions 

Solution 

Using long division on polynomial expressions, the polynomial expression 5x3 + 

7x? + 5x +9 can be written as 5x3 + 7x? + 5x +9 = (x? 4+1)(5x +7) +2. 

Then 

5x3 + 7x? +5x+9 

x24+1 
=Gxt+)+aq 

In writing a given rational expression as a sum of partial fractions, it is always 

important to factorize a polynomial expression into a product of polynomial 

expressions of smaller degree whenever possible. 

The following Theorem is important in factorizing a polynomial into a product of 

polynomials of smaller degrees. 

Theorem 2.1 

Any non-constant polynomial expression with real coefficients can be factorized 

hihi 

Factorize each of the following polynomials, if possible. 

a. x°+5x+6 b. x° -4x° +7x-6 

Solution 

a. x°+5x+6=(x+2)(x+3) 

b. x°-4x° +7x-6 = (x-2)(x* —2x+3) and the quadratic polynomial x? —2x +3 

is irreducible as its discriminant (—2)° —4(1)(3) =-8 and -8 <0. 
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1. 

3. 

Determine the constants a, b,c and d, if the polynomials 

p(x) =ax+5x'+3x’ +d and q(x) = 2x° + bx* +x’ +3x° —4 are equal for all 

xER. 

Write each of the following rational expressions as f(x) +e. where 

f (x), r(x) and q(x) are polynomials and the degree of r(x) is less than the 

degree of q(x). 

x41 x5 x+1 

x +2x4+5 x +1 x +4x+5 

Factorize each of the following polynomials, if possible. 

a. x 4+x°-2x b. x4 +4x° +4 

Steps in decomposing a given rational expression as a sum of partial 

fractions: 

If ax +b, fora #0, is a factor in the denominator of the given rational 

expression and (ax +b)? is not a factor, then the partial fraction that 

: . A . 
corresponds to this factor is aeab? where A is a constant that we have to 

determine. 

Example 4 

Decompose 5 as a sum of partial fractions. 
x24+6X+5 

Solution 

The given rational expression is a proper rational expression because the degree of 

6x + 2 is 1, which is less than the degree of x? + 6x + 5, which is 2. 

ga — _ 
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First let us factorize x? + 6x + 5. 

That is, x7 + 6x +5 = (x+5)(x +1). 

6x+2 A B 
> De = =~ + = for some constants A and B. 
x246x45  x$5 | X41 

Then 

Now, let us determine A and B and to do so write: 

6x+2 AB _ A(x+5)+B(x+1)_ (A+B)x+(SA+B) 

46x45 x41 x45~ (x+D(x+5) ~ x’ +6x45 

Then, for x # —1 and x # —5, the polynomial expressions, 6x + 2 and (A+ B)x + 

(5A + B) are equal. 

That is, A+ B= 6and 5A+B = 2, the coefficients of terms of the same degree are 

equal. 

Then we can solve the two equations simultaneously as follows: 

-{AtB=6 

SA+B=2 

—4A = 4 

This implies A = —1 and from the equation A + B = 6, we have B = 6 — (—1) = 7. 

6x+2 -1 
Hence, =—t+ 

x24+6x4+5 x41 
v5 (written as a sum of partial fractions). 

Il. If (ax+b) , for a#0, is a factor in the denominator, for some integer k > 1 

and (ax+b)"! is not a factor, then the corresponding partial fractions that 

A, A, Ay 
+ ste 

ax+bh (ax+b) (ax+b) 
correspond to this factor are 7» where 

A,, «++, A, are constants that we have to determine. 

Decompose as a sum of partial fractions. 
x +4x44 

ga 
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Solution 

First let us factorize x°+4x+4. 

That is, x°+4x+4=(x+2)’. 

xt5 A, A, _Ai(x+2)+A, _ Ayx+(2A, +A) 

Then, 2 ~ 2 2 2 
xw+4xt4 x+2 (x42) (x+2) (x+2) 

For all x € Rand x # —2, we have x+5=A,x+(2A,+A,). 

This implies A, =1 and 2A,+A,=5 (Coefficients of terms of the same degree are 

equal). Then, solving for A, gives you A, =5—2A, =5— 2(1) =3. 

x+5 1 
Therefore, — = + 

x +4x+4 x+2 (x+2) 
5 (written as a sum of partial fractions). 

Decompose each of the following rational expressions as a sum of partial fractions. 

x+1 2x-3 

x +4x4+3 x +x-2 

x+2 x-l 

2 d. 2 
x +6x+9 x -4x+4 

Ill. If ax? +bx+c, fora # 0, is a factor in the denominator with b* —4ac <0 

and (ax? +bx+c) is not a factor, then the partial fraction that correspond 

. . Ax+B 
to this factor is —————,, where A and B are constants that we have to 

ax’ +bx+ce 

determine. 

—_—— —— __ 
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Example 6 

2 

Write cep as a sum of partial fractions. 
X+2)(x° +x+ 

Solution 

The quadratic expression x” +x+1 is irreducible, because the discriminant: 

P -4(1)(1) =-3 and -3<0. 

x° 43x45 A A.x+B, 
Then, 5 = 5 : 

(x+2)(x°+x4+]1) x4+2 x 4+x+41 

This implies, 

43rg5 Ale txt) +(Ax+B,)(r+2) 

(x+2)(x? +x+41) (x+2)(x? +x+1) 

(A+A,)x? +(A+2A, +B, )x+(A+2B,) 

(x+2)(x? +x4)) ; 

Thus, for x#-2, x°+3x+5=(A+A,)x* +(A+2A,+B,)x+(A+2B,). 

Thus, from the equality of the two polynomial expressions, we have 

A+A,=1 

A+2A,+B, =3 

A+2B,=5 

Solving the three equations simultaneously gives us A = 1, A, = 0 and B, = 2. 

x743x45 1 
Therefore, =—+ (written as a sum of partial fractions). 

(X4+2)(x2 4x41) X42 0 X274K41 
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IV. If(ax’+hx+c)', for a#0andb? —4ac <0, is a factor in the denominator 

kel 
for k > 1 and (ax? +bx+c) is not a factor, then the corresponding sum of 

partial fractions to this factor is: 

A,x+B, 5 A,x+B, i A,x+B, 

ax’+bx+ce (ax’+bxt+c)y (ax? +ox+c) 

where A,,...,A, and B,,...,B, are constants that we have to determine. 

Example 7 

6x7 +5x+2 
Write ———~ as a sum of partial fractions. 

(x2+2x+3)2 

Solution 

The quadratic expression x? + 2x + 3 is irreducible, because 

2? — 4(1)(3) = 4-12 = —8 and -8 < 0 

6x’ +5x+2 — A,x+B, A,x+B, 
en, = : 

(x7 +2x43P x7 42x43 (x7 42x43) 

Thus 

Th 

6x7 +5x+2=A,x° +(2A, +B, )x? +(3A, +2B, +A, )x+ (3B, +B,) for all x € R. 

This implies, A, =0, 2A,+B, =6,3A,+2B,+A, =5,3B,+B, =2 (the coefficients 

of terms of the same degree are equal). 

Then, solving four equations simultaneously gives you, 

A, =0, B, =6, A, =-7, B, =-16. 

6x°+5xt+2 6 -7x-16 
Therefore, 5 T= + 

(x0 +2x4+3) xo +2x4+3 (x°4+2x+4+3) 
z (written as a sum of partial 

fractions). 

—§—-——__ 
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— Note 

To decompose an improper fraction of the form ae , first write 
q(x 

= f(x)+ , where the degree of r(x) is less than the degree of g(x) and 
q(x 

r(x) 
then write a) as a sum of partial fractions using any one of the methods 

q(x 

discussed above. 

PO) 

q(x) 

Example 8 

x +7x41 
Write ————— asa sum of partial fraction. 

x +3x+2 

Solution 

Since the degree of the numerator is not less than degree of the denominator, perform 

polynomial long division. 

we +7x41 14x+7 

2 HX-3tG 
x°+3x+2 x°+3x4+2 

. 14x+7 : . 
Then write ae as a sum of partial fractions. 

x +3x+2 

14x+7 14x+7 A B 

x 43x+2 (xtl(x+2) x+1 x+2° 
That is, 

14x+7 _ (x+DB+(x+2)A _ (A+B)x + (2A +B) 
This implies 

(x+1)(x+ 2) (x+ I(x +2) (x+)(x+2) 

The denominators of the two expressions are equal, so we require the equality of the 

numerators: 

14x+7=(A+B)x+(2A+B). 

Thus, solve the following system of two linear equations: 

A+B=14 

2A+B=7 

—_ oa — __— 
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Solving these two equations gives you: A=—7and B=21. 

47x41 14x+7 -7 21 
sO EX AH3 +5 =x-3+ + : 
x +3x+2 x +3x+2 x+1 x+2 

Write each of the following rational expressions as a sum of partial fractions. 

Therefore, 

2x? +6x—6 x +7x x3 

3 b. 2 c. 3 2 
x -l x°+7x-8 x +x°4+x4+1 

42-14x xe+2x+1 

d sa & 
x —4x°+x-4 x +x-2 

Rational Equations and Rational Inequalities 

2.2.1 Rational Equations 

1. Solve each of the following equations. 

etl 3 bp eee 

Sie” 2 3 

2. Solve each of the following equations; 

a. x°-4x+3=0 b. x°-3x=0 

In your responses of Activity 2.6, you need to revise how to solve linear equations 

for question number | and quadratic equations for question number 2 from your 

earlier grade mathematics. 

In this section, you will learn how to solve equations involving rational expressions. 

I 
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Definition 2.6 

Any equation that involves only rational expressions is called a rational 

Write each of the following equations as P(x) =0, where p(x) and q(x) are 

q(x) 

polynomial expressions and q(x) # 0. 

a. 2x b. gx = 2249 
x+1 x-1 x -2 

Solution 

1 2x... 1 2x 
a. = implies - =0. 

x+1l x-l x+1l x-l 

1(x-1)-2x(x+1) re . . 
——____——— = 0. (Simplifying the rational expression.) 

(x+1)(x-1) 

—_ 2 — — 

That is, arin = Ois the required rational equation. 
eH 

b. 3x= ox+5 implies 3x — ox+5 =0 
x -2 x -2 

3x(x? —2)—1(2x +5) a ; ; 

> a = 0 (Simplifying the rational expression) 
eH 

3x°-8x-5 . . 
Thus, a = 0is the required rational equation. 

ee 

ee ——_ 
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— Steps in Solving Rational Equations 

Given a rational equation, solving the rational equation is finding all the possible 

numbers in the domain of the given rational expression that satisfy the given 

rational equation. 

The following are steps that you can follow to solve rational equations. 

Step 1: Reduce the given rational equation to the form PQ) = 0.(without 

q(x) 

simplifying the given expression). 

Step 2: Solve the equation g (x) =0. 

Step 3: Solve the equation p(x) =0. 

Therefore, the solution set is the set of all real numbers in Step 3 without the set 

of numbers obtained in Step 2. 

Solve each of the following rational equations: 

1 1 x 3 2 x 
a x--=-x b, 2-——— = — (i, =— 

2 3 xt+l x41 x -9 x+3 

Solution 

a x- i = i x implies x — I x- I =0. (Subtracting I x from both sides.) 
2 3 3. 2 3 

Then, SS = 0(Simplifying the rational expression.). 
x 

This implies, x3 =0=> 4x-3=0/(a linear equation) 

Then, solving the linear equation 4x — 3 = 0 gives us x = 

3 

4. 

oy — _ 

Therefore, the solution set of the given equation is { }. 
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b. 2-*_= _3 implies 2-7 _- — = 0. (Subtracting — from both sides.) 
x+l x41 x+1 x+1 x+1 

2(x+1)- _ 
This implies, (e+)-(+3) _ 9, xo1 

xt+l1 x+1 
0. 

Then, determine the value(s) of x that make the denominator zero. 

That is, x+1=0>x=-1. 

Thus, x = —1 will be excluded from the solution set of the given rational 

equation. 

Then, solving the equation x — 1 = 0 gives us x = 1. 

Therefore, the solution set of the given equation is {1}. 

2 

x2-9 
= — implies aT — = 0. (Subtracting ~ from both sides.) 

x+3 x2-9 x43 x+3 

2 x 

Then, (x—-3)(x43) x43 0 

. os 2 2=x(x-3) 2-x243x 

This implies (x-3)(x+3) (x-3)(x+3) 

Find the value(s) of x that make the denominator zero. 

That is, (x —3)(x +3) =0=>x-3=0 orx+3=0 

That is, x = 3 or x = —3 and both x = 3 and x = —3 are excluded from the 

solution set of the given rational equation. 

Then, 2 — x? + 3x = 0 and this is a quadratic equation. Thus, using the quadratic 

formula: 
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Solve each of the following equations. 

2 — x —5x+6 -0 x 3 

a. x -2 b, x-l x41 

2.2.2 Rational Inequalities 

Definition 2.7 

Any inequality that involves only rational expressions is called a rational 

inequality. 

Which of the following are rational inequalities? 

a. i> 2 b. <2 c. i 
3x x+5 x x x +1 

Solution 

a. Since both 1 and 3 are rational expressions, 1 > 3 sa rational inequality. 

b. 2* is not a rational expression. Thus, 2% < x45 iS nota rational inequality 

= and both saa and — 
+1 x 

1 2 5 
< 

x241 

x-2 
cc =->Ss e zs 

x x2 ~ x241 x2 x 
are rational expressions. 

12 
Thus,--< 

x 
is a rational inequality. 

x? ~ x241 s ° equality, 

The solution set of a rational inequality is the set of all real numbers in the 

domain of the given rational expression that satisfy the given inequality. 

eH Q—_— 
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Step 1: 

Step 2: 

Step 3: 

Step 4: 

Step 5: 

-— Steps in Solving Rational Inequalities 

Determine the domain of the rational inequality. 

Write the given inequality to the form poy >0 PO) 5 0 PO <0or 
q(x) > q(x) ~~? a(x) 

PO 9 

qx) ~ 

Find the zeros of both p(x) and q(x). 

Divide the number line into different intervals using the numbers that are 

not in the domain of the inequality in Step 1 and numbers in the Step 3. 

The method is called the sign chart method. 

Find the interval that satisfies the given inequality using the product rule. 

Solve the inequality = > 0. 

Solution 

To determine the domain of the given inequality, solve the equation x — 1 = 0. 

This implies, x = 1 and then the domain of the given inequality is {x € R|x # 1}. 

Solve the equation x + 1 = 0. This implies x = —1. 

Using the numbers —1 and 1, divide the number line into three intervals as in the 

table below. 

+ | | > 

x<-1 =Il -1<x<1 1 x>1 

x+1 -- 0 +++ + +44 

Undefined +44 
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Then, from the given sign chart, observe that: 

i. = is positive on (—0°, —1) U (1, ©); il. = is negative on (—1,1); 

ee X41. . xt1. 
iil. [, is zero atx = —1 and iv. is undefined at x =1. 

Therefore, the solution set of the given inequality is (—c0,—1)\_)(1,~). 

Solve the inequality 12 2 5. 
3. x 3x 

Solution 

The given rational inequality is not defined when x = 0. 

Then, the domain of the given inequality is {x € R|x # 0}. 

2 5 1 2 5 fa: .  x7-6-5x 
S25 95-37-22 YO, which implies, ax? 2 = 0. 
x? 3x 3 x? 3x wir 

x?-6-5x 

3x2 
20 > Hence, the given inequality ; - = = = is equivalent to the inequality 

that is, both inequalities have the same solution set. 

x?-6-5x =0>5x%7-5x-6=0 => (x-6)(x +1) =0 

This impliesx -6=0 orx+1=0>5x%=6 orx=-1. 

Then, divide the number line into four different intervals using the numbers —1, 0 

and 6 as in the table below. 
| J J . 

x<-1|)-1|) -1<x<0 0 0<x<6|6 x>6 

x-6 ---/ - --- - --- 0 |+++ 

3x2 + +4) 4+ +++ 0 +++ +444 

(x-6)(x+1) +++ 0 --- Undefined a OWh++t+ 

3x7 

oy — _ 
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Then, from the given sign chart, observe that: 

ae is positive on (—00, —1) U (6, 0); 

ane is negative on (—1,0) U (0,6); 

iil. ae is zero atx = —Landx = 6; 

iv. ae is undefined at x = 0. 
x 

Therefore, the solution set of the inequality os > 0 is (—0, —1] U [6, 0), 

which is also the solution set of the inequality ; -2ts5 
x2 ~ 3x" 

Exercise 2.8 

Solve each of the following inequalities. 

x-1 1 2 
—>0 b. 44 
x41 3 x? * 3x 

Rational Functions and Their Graphs 

2.3.1 Rational Functions 

Which of the following expressions are rational expressions? 

x+1 2 vVxt1 

x-1 x243x-1 x+2 

From your responses in Activity 2.7, observe that rational expressions are 

expressions that can be written as a quotient of two polynomial expressions and that 

are used to define rational functions. 

Definition 2.8 

P@) 
aay where both p(x) and A function f that can be expressed in the form f(x) = 
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Which of the following are rational functions? 

x3 46x49 3x—-5 
a fO)=Syaa b. gx= cans c. p(x) = 3x7 +4x—-5 

Solution 

3 
x +6x4+9 , . . 

a. f (x)= —— is a rational function, because both x? +6x+9 and 
x 44x41 

x* + 4x + 1 are polynomial expressions. 

— 3 

b. g(x) = 3x zis not a rational function, because (x + 1)2 is not a polynomial 

(x+1)? 

expression. 

c. p(x) = 3x? +4x—Sis a polynomial function and any polynomial function, p(x), 

x 
is a rational function, because p(x) can be expressed as p(x) = PO) ang the 

denominator | is constant, which is a polynomial expression. 

Domains of Rational Functions 

Activity 2.8 

For each of the following rational functions, find the number(s) that make the 

denominator zero. 

x+1 3 
: =— b. a 

a. Te) x-l g(x) x+1 

x4 x? —x-12 
. A(x)= d. 1(x)=———— 

‘ () x1 () x +x-6 

IF — __ 
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For each of the rational functions in Activity 2.8, at the value of x that makes the 

denominator zero, the given rational function is not defined, as division by zero is not 

possible and such number(s) must not be in the domain of the given rational function. 

Thus, the definition of domain of a rational function is given as follows. 

Definition 2.9 

Find the domain of each of the following rational functions: 

3x+5 2x° +x-1 
a. f)=sz 39 b. g(x)- 2 

Solution 

a. Consider the denominator, x7 +3x+2 of f(x).. 

Then, x° +3x+2=0> x=-lorx=-2. 

Therefore, Dom( f) = {x ¢ Rix #—1 and x #—2}. 

b. Consider the denominator, x7 +x+4, of g(x) , which is a quadratic 

expression. 

Since the discriminant of x°+x+4 : Vr —4(1)(4) =-15 and -15<0, 

x’ +x+440 forallx ER. 

Therefore, Dom( g)=R. 

ee — 
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1. Which of the following are rational functions? 

2x? +3x—5 2x+9 
. f(x)= b. aa 

‘ f(x) x? 2x7 +5x-1 g(x) V¥xre4+x-2 

c. (x)= 5x 4x? a5 

2. Find the domain of each of the following rational functions. 

x+6 

x? +2x+2 

a. p (x)= tt. b. g(x)= 

x7 44x43 

2.3.2 Graphs of Rational Functions 

Asymptotes to the graph of a Rational Function 

Activity 2.9 

1 
Consider the function f(x) =—. 

x 

1. Complete the following tables. 

0.5 0.1 | 0.01 | 0.001 | 0.0001 | 0.00001 

—1] —0.5 | —0.1 | —0.01 | —0.001 | —0.0001 | —0.00001 

2. Complete the following tables. 

j 10 100 1000 10000 | 100000 

—10 | —100 | —1000 |) —10000 | —100000 
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The domain of f (x) = . is {x € R|x # 0} and 

1. from the two tables of Activity 2.9(1), observe that; 

i. as x approaches 0 from the right, the value of the function f(x) increases 

without bound and 

ii. as x approaches 0 from the left, the value of the function f(x) decreases 

without bound. 

Note that, x approaches to 0 from the right means, x takes numbers very close to 0, 

but numbers that are greater than 0 (in this case we mean positive numbers), and x 

approaches to 0 from the left means, x takes numbers very close to 0, but numbers 

less than 0 (in this case we mean negative numbers). 

These two behaviors of the function f(x) near x = 0 are denoted as follows: 

a. if x approaches 0 from the right (this concept is denoted by x — 0+), 

then f (x) increases without bound (this concept is denoted by f(x) — © ); 

b. if x approaches 0 from the left (this concept is denoted by x — 07), then 

f (x) decreases without bound (this concept is denoted by f(x) — —o). 

The line x = 0 is called a vertical asymptote to the graph of f(x). 

2. From the two tables of Activity 2.9(2), observe that: 

a. as x increases without bound, f(x) approaches 0 and it is expressed 

by:f (x) — 0 as x > 0. 

b. as x decreases without bound, f(x) approaches 0 and it is expressed by 

f(x) > Oasx > —a, 

These two information imply that, as x > © or x > —o, the graph of f(x) 

approaches the horizontal line y = 0.Thus, the horizontal line y = 0 is called a 

horizontal asymptote to the graph of f(x). With these given information, we can 

sketch the graph of f(x) = : as in Figure 2.1 

o_o —— | 
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Figure 2.1: Graph of f(x) = : 

To sketch the graph of a rational function f (x)= 2, the following points are 

q(x) 

important: 

a. the domain of the given function; 

b. the behavior of the function near the points that make the denominator zero; 

and 

c. the behavior of the function for very large positive values and for very small 

negative values of the variable. 

Definition 2.10 

PO), 

a(x)’ 
Given a rational function f(x) = 

Consider a rational function f(x) = nF where, p(x) = Ayx" + ay_yx™ 1b ++ 

do, with ay # 0 and q(x) = Dmx™ + Dy_1x™ 1 + +++ + Do with by, # 0. 

I 
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1. If p(a) # 0 and q(a) = 0, then the line x =a is a vertical asymptote to the 

graph of f(x). 

2. If both p(a) = 0 and q(a) = 0, then the graph of f(x) has a “hole” at x = a or 

we have to make further simplification to decide. 

3. Ifn <_™m, then the line y = 0 is a horizontal asymptote to the graph of f(x). 

4. Ifn =m, then the line y = = is a horizontal asymptote to the graph of f(x). 

5. Ifn =m-+1, then the graph of f(x) has an asymptote y = ax + b,a # 0, and 

because the line is an oblique line, y = ax + b is called an oblique asymptote to 

the graph of f(x). 

6. Ifn>m-+1, the graph of f(x) has no horizontal asymptote and it has no 

oblique asymptote. 

Find the vertical, horizontal or oblique asymptotes to the graph of each of the 

following functions (if any): 

1 x+l 3x7 +1 
; oe b. -—*tt _h(x)=— 

a £(*) x-2 a(x) x +3x4+2 © h(x) x +4x+4 

x 4+3x41 etx? 4x4] 
d. 1(x)=—— . =o 

(x) x +1 & m(x) x+2 

Solution 

a. x—2=0 implies x = 2. Then, Dom(f) = {x € R|x # 2}. 

Let p(x) = 1 and q(x) = x-2. 

= 1 = PM Then f(x) = y2 = a): 

p(2) = 1 # 0 and q(2) = 0. 

Therefore, the line x = 2 is a vertical asymptote to the graph of f (x). 

The degree of p(x) is 0 and the degree of q(x) is 1. That is, the degree of p(x) is 

less than the degree of q(x). Here, the line y = 0 is a horizontal asymptote to the 

graph of f(x). 

 & ——— | 



Unit 2: Rational Expressions and Rational Functions 

. x? 43x +42 =O implies x = —1orx = —-2. 

Thus, Dom(g) = {x € R|x # —1, —2}. 

x+1 xt+1 1 
sae ooo FE forx # -1. 
x243xX42 (x+2)(x+1) x+2 g(x) = 

Therefore, x = —2 is the only vertical asymptote to the graph of g(x) and the 

line y = 0 is a horizontal asymptote to the graph of g(x), because the degree of 

x +1 is 1 and the degree of x? + 3x + 2 is 2. That is, the degree of x + 1 is less 

than the degree of x? + 3x +2. 

x? + 4x + 4 = 0 implies x = —2. Then the domain of h(x) is {x € R|x # —2}. 

h(x) = 3x7410  3x?41 

x2+axt4  (x+2)2 
and 3(—2)?+1=7 +0. 

This implies the line x = —2 is the vertical asymptote to the graph of h(x). 

Since the degree of 3x? + 1 is 2 and the degree of x7 + 4x + 4 is also 2, then the 

line y = - = 3 is the horizontal asymptote to the graph of h(x). 

Since x2 +10 for any real number x, the graph of l(x) has no vertical 

asymptote. 

Since the degree of x3 + 3x + 1 is 3 and the degree of x? + 1 is 2. That is, the 

degree of x3 +3x+1 is one more than the degree of x? +1, the using long 

division, you can write 

=xt+ . 
x241 x241 

Therefore, the line y = x is an oblique asymptote to the graph of I(x). 

x+2=0 implies x =—2. Thus the domain of m(x) is {x € R| x #-2}. 

(-2)° +(-2) + (-2)+1=-5 #0. 

This implies x =—2is a vertical asymptote to the graph of m(x). 

The degree of x° +x? +x+lis 3, the degree of x+2is 1 and 3>1+1. Thus, the 

3 2 

graph of m(x) ee has no horizontal asymptote and it also has no 
x+ 

oblique asymptote. 

I — _ — 
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Exercise 2.10 

Find the vertical, horizontal and oblique asymptote(s) (if any) to the graph of each of 

the following functions. 

1 x+2 x +3 
a. x)=—— b. g(x) =————_ c. h(x) = 

F( ) x+2 g(+) x +5x4+6 ( ) x +6x49 

x +2x41 x' 42x? -3x+1 
d. [(x)=———_ . aoe (x) ad e. m(x) xl 

Graphs of Rational Functions 

To sketch the graph of a given rational function f(x) = ne the following points 

1. 

2. 

are important. 

Determine the domain of the given function. 

Determine the point(s) at which the graph of f(x) intersects x-axis, if any. 

These points are called x-intercepts and they can be obtained by solving the 

equation p(x) = 0, 

Determine the point at which the graph of f(x) intersects y-axis, if any. This 

point is called y-intercept and it can be obtained by solving for y in the 

expression y = f(x) for x = 0 provided that, x = 0 is in the domain of 

f (x). If x = 0 is not in the domain of f(x), then the graph of f (x) has no y- 

intercept. 

Determine the vertical asymptote(s) if any. That is, find a so that p(a) + 0 

and q(a) = 0. Then the vertical line x =a is a vertical asymptote to the 

graph of f(x). 

Determine the horizontal or oblique asymptotes (if there is any). 

i F —— | 
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Sketch the graph of the rational function f(x) = = 

Solution 

Domain 

x? =0 =x=0. Thus, Dom(f) = {x € R|x # 0}. 

Intercepts 

x-intercept(s): As 1 # 0, the graph of f(x) has no x-intercept. 

y-intercept: Since x = 0 is not on the domain of f(x), the graph of f(x) has no 

y-intercept. 

Asymptote(s) 

_ PO), 
Let p(x) =1 and q(x) =x". Then, f (x) (x) 

q(x 

i. p(0)=l1and q(0) = 0 and this implies x = 0 is a vertical asymptote to the 

graph of f(x). 

ii. The degree of p(x) is 0 and the degree of q(x) is 2, that is, the degree of p(x) 

is less than the degree of q(x), the line y = 0 is a horizontal asymptote to the 

graph of f(x). 

You can use the following table to sketch the graph of f(x). 

—10 -1 —0.1 0.1 1 10 

0.01 1 100 100 1 0.01 

The graph of f (x) is given in Figure 2.2. 
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Figure 2.2: Graph of f(x) = = x2 

Sketch the graph of the rational function g(x) = a 

Solution 

Domain: 

x2 + 5x +6 = 0 implies x = —2 or x = —3. 

Thus, Dom(g) = {x € R|x # —2,—-3 }. 

Intercepts: 

x-intercept(s): x+1=0 implies x = —1. 

This implies, (—1,0) is the x-intercept of the graph of g(x) . 

0+1 . 1 
y-intercept: g(0) = 0° +5(0)+6 = é 

This implies, (0.2) is the y-intercept of the graph of g(x). 

fF — __ 
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Asymptote(s): 

Vertical asymptote(s): 

Observe that -2+1=-140, (-2)°+5(-2)+6=0, -3+1=-2%0 and 

(-3)° +5(-3)+6=0. 

This implies, both x =—2and x =—3are vertical asymptotes to the graph of g(x). 

Horizontal/Oblique Asymptote: 

Since the degree of x + 1 is 1, the degree of the degree of x? +5x+6 is 2 and 

1 < 2, the line y =0 is a horizontal asymptote to the graph of g(x) . 

You can use the following table to sketch the graph of g(x) . 

—4 0 1 2 

3 1 1 3 

2 6 6 20 

The graph of g(x) is given in Figure 2.3. 
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Figure 2.3: Graph of =>—— 

s P g(x) x 45x46 
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Example 4 

2 

Sketch the graph of the rational function h (x) = oo . 
x°+3x4+2 

Solution 

Domain: 

x? + 3x + 2 =O implies x = —1 or x = —2. 

Then, Dom(h) = {x € R|x # —1, —2}. 

Intercepts: 

x-intercept(s): x? = 0 implies x =0. 

This implies, (0,0) is the x-intercept of the graph of h(x) . 

2 

y-intercept: — 0 =Oimplies (0,0) is the y-intercept of the graph of h(x). 
0° +3(0)+2 

Asymptotes: 

Vertical Asymptote(s): 

e (-1) =1#0and (-1)’ +3(-1)+2=0. 

This implies the line x = —1 is a vertical asymptote to the graph of h(x). 

e (-2)'=40and (-2)’ +3(-2)+2=0. 

This implies the line x =—2 is vertical asymptote to the graph of h(x). 

Horizontal/Oblique Asymptote: 

Since the degree of x? is 2, the degree of x°+3x+2 is 2 and 2 =2, the line 

y= : = 1 is the horizontal asymptote to the graph of h(x). 

We can use the following table to sketch the graph of h(x). 

x 0 1 2 3 4 5 

h@ ) 0 jo16 | 03 0.45 | 0.53 | #0.595 

Then, the graph of h(x) is given in Figure 2.4. 

i —— _— 
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Figure 2.4: Graph of h(x) = newer 

x4] 
Sketch the graph of the rational function/ (x) =>——.. 

x +4x+4 

Solution 

Domain: 

x’ +4x+4=0 implies (x+2)" =0. 

This implies, x =—2 

Thus, Dom(/) = {x € R| x # -2}. 

Intercepts: 

x-intercept(s): x° + 1 = 0 implies x = —1. 

This implies (—1,0) is the x-intercept of the graph of I(x). 

y-intercept: For x =0, h(0) = yan hence c i} is the y-intercept of the graph 

of i(x). 

 —{——__ 
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The graph of | is given in Figure 2.5. 

Asymptotes 

Vertical Asymptote(s) 

(-2)' +1=-8+1=~-7 4 Oand(-2)* +4(-2)+4=0. 

This implies, the line x = —2 is a vertical asymptote to the graph of 1(x). 

Horizontal/Oblique Asymptote: 

The degree of x3 + 1 is 3, the degree ofx? + 4x + 4 is 2 and 3 > 2. 

Then, using long division we can write: 

x +l 12x+17 

(x-4) 
e+4x+4 | x +4x4+4 

Therefore, the line y = x—4is an oblique asymptote to the graph of I(x). 

We can use the following table to sketch the graph of I(x). 

—3 -1 0 

—24 0 

2 

9 

16 ALR 

a 

xP41 

x2+4xK4+4 
Figure 2.5: Graph of I(x) = 
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Sketch the graphs of each of the following rational functions. 

4 5x 1 
a. =— b. = c. hA(x)= 

f(%) x+2 gi) 6x-2 @) x +x-12 

2x-1 r+ 
d. (x) = -——_ e. = 

@) 2x? —5x4+3 m(x) x+3 

Applications 

Rational formulas can be useful tools for representing real-life situations and for 

finding answers to real problems. Equations representing direct, inverse, and joint 

variation are examples of rational formulas that can model many real-life situations. 

The following steps are used in solving word problems. 

Step 1: Understanding the problem 

Step 2: Setting up the equation(s)/or expressions using variables. 

Step 3: Solving the given equation(s) for the given variables. 

Step 4: Interpreting the results. 

Person A takes 2 hours to plant 50 flower bulbs and person B takes 3 hours to 

plant 45 flower bulbs. If they are working together, how long should it take them to 

plant 160 bulbs? 

Solution 

To solve this problem, consider the planting rate of the two persons; that is, how 

many bulbs each person can plant in one hour. 

A: 50 Bulbs _ 25 Bulbs and B: 45 Bulbs _ 15 Bulbs 

* 2Hours 1 Hour 3 Hours 1 Hour 

Now, combine the hourly rates of the two persons to determine the rate of the work 

when they work together. 

3 —_— 
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A and B together: 25 Bulbs + 15 Bulbs _ 40 Bulbs 

Hour 1 Hour 1 Hour ¢ 

That is, when A and B work together, they plant 40 flower bulbs in an hour. 

From the work formula, W = rt, we have r = <. where r is the combined work 

rate, W is the amount of work that must be done and t is the amount of time it will 

take to complete the work. 

The required information is, how much time it will take to do the required work at 

the given rate. To do so we have to solve the rational equation. 

40 _ 160 

1 t 

Solving this equation for t gives us that t = 4 hours. 

Thus, if A and B work together, it will take 4 hours for them to plant 160 bulbs 

together. 

A sample of 80 g of a particular ice cream contains 15 gram of fat and 20 g of 

carbohydrate. 

a. How much fat does 350 g of the same ice cream contain? 

b. How much carbohydrate does 350 g of the same ice cream contain? 

Solution 

: . x 15 
a. Ifthe amount of fat in 350 g is x g, then——- = —.. 

350 80 

Solving for x gives us, x = = X 350 g= 65.625 g 

b. Ifthe amount of carbohydrate in 350 g is y g, then = = 

Solving for y gives us, y= =o x 350g =87.5¢g. 

— _ o — __ 
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A large mixing tank contains 100 gallons of water into which 5 pounds of sugar have 

been mixed. A tap will open pouring 10 gallons per minute of water into the tank. At 

the same time sugar is poured into the tank at a rate of 1 pound per minute. Find the 

concentration (pounds per gallon) of sugar in the tank after 10 minutes. Compare the 

concentration after 10 minutes with the concentration at the beginning. 

Solution 

Let tbe the number of minutes since the tap opened. Since the water increases 

at 10 gallons per minute, and the sugar increases at 1 pound per minute, these are 

constant rates of change, that is, 

W(t) = 100 + 10t in gallons (the amount of water in the tank after ¢ minutes) and 

S(t) = 5 +t in pounds (the amount of sugar in the tank after ¢ minutes). 

The concentration C will be the ratio of pounds of sugar to gallons of water. 

That is, C(t) = Set 
100+10¢ 

Thus, the concentration after 10 minutes is given by 

c(1o)= 2 #19 = © ~9.075, 
100+10(10) 200 

The concentration at the beginning was C(0) = i =0.05. 

Since 0.075 > 0.05, there is high concentrations after 10 minutes than at the 

beginning. 
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1. Two pipes can fill a tank in 6 hr. The larger pipe works twice as fast as the 

smaller pipe. How long would it take each pipe to fill the tank if they worked 

separately? 

Legesse bought USD 150 with Birr 7500. At this rate, how many USD can he 

buy with Birr 30000? 

Sofia drove her car 45 kilometers and she ran out of gas and had to walk 2 

kilometers to a gas station. Her speed of driving is 15 times her speed of walking. 

If the total time for the drive and walk was 1 ; hours, what was Sofia’s driving 

speed? 

. Zeru can complete a certain job in 5 days and Tulu can complete the same job 

in 3 days. How long will it take them to complete the job if they work 

together? 

. In one morning, if the shadow of a building of 20 meters long is 15 meters 

long, how long is the shadow of a tree of 10 meters long? 



Let p(x) and q(x) be two polynomial expressions. An expression of the form 

re 7 where q(x) # 0, is a rational expression 

Given two rational expressions ne ; and “ » y with q(x) # 0 and s(x) + 0, we 

define 

gq, 247 _ p(x)s@)tr(x)aq(x) 

* q(x) sx) q(x) s(x) 

b p(x) re) _ p&)s@)-r)a(x) 

~ q(x) s(x) q@)s(x) 

c, PAD y MG _ pore 

qx) ss) g(x) s(x) 

px) . rT) _ PG) ys) _ psx) 
en aa 

d a(x) © s(x) a(x) r(x) a@)r(xy’ (7G) # 0) 

A function f that can be expressed in the form f(x) = ren 

q(x) are polynomials and q(x) # 0, is called a rational function. 

P(x) 

q(x) 

The domain of a rational function f (x)= is the set of all real numbers 

such that q(x) is not zero. 

Given a rational function f(x) = net 

a. If f(x) > oor f(x) ~ —was x > a from the left or x > a from the right, 

then the line x = a is called a vertical asymptote to the graph of f(x). 

b. If f(x) > bas x70 or asx —>-—oo, then the line y=b is called a 

horizontal asymptote to the graph of f(x). 



Review Exercise 

1. Find the domain and simplify each of the following rational expressions. 

x—-l x’ —5x+6 

a 3 b.— > 
x-1 x 4 

4x° —36 x41 

2 d. 3 2 
x” -6x4+9 xX +2x° +x 

2. Find the domain and perform each of the following indicated operations. 

x-1 x+3 x-l x3 

a. X+2 x7°+6x+5 b, X+2 x7 +6x4+5 

@-) (x+3) x-l. x+3 

(x+2) (x? +6x+5) x42 x +6x45 

3. Write each of the following rational expressions as sum of partial fractions. 

5x+6 x+6 

x4 © x? 4x44 

6x+5 4x42 x 42x? +2 

xt 44x? x? +6x+8 x’ -x-6 

4. Solve each of the following rational equations. 

b 1-2-2290) ¢, S24? = 
x+4 x°+6x+8 x+2 

4 
a. x+—— =2 

x+3 2 x x 

5. Solve each of the following rational inequalities. 

x43 9 b. ox <1 c. 
x-4 x-1 

6. For each of the following rational functions: 

i. determine the domain; 

ii. find the x-intercept(s) and y-intercept of the graph of the function, if any; 

iii. find the vertical asymptote(s) and horizontal/oblique asymptote to the 

graph of the function, if any; 

+ ——__ 



x +6x? +5x 

x —4x+4 

x+2 

x 45x46 

sketch the graph of each of the following functions. 

of students in the school is 1260, find the number of boys and the number of girls 

in the school. 

iv. 

7. Let The ratio of boys to girls in a certain high school is 4:5. If the total number 



MATRICES 

Unit Outcomes 

By the end of this unit, you will be able to: 

* * * * & HK 

* 

Know basic concepts about matrices. 

Perform operation on matrices. 

Differentiate types of a matrix. 

Know specific ideas, methods and principles concerning matrices. 

Formulate elementary row/column operations. 

Define inverse of an invertible matrix. 

Use elementary row operations to find inverse of square matrices of order 2 

and 3. 

Define system of linear equations. 

Solve linear system of equations by using elementary row operations. 

Apply matrix concepts to model, solve and analyze real-world situations. 



Unit 3: Matrices _ 

Unit Contents 

3.1 The Concepts of a Matrix 

3.2 Operations on Matrices 

3.3. Special Types of Matrices 

3.4 Elementary Row Operations on Matrices 

3.5 Systems of Linear Equations with Two or Three Variables 

3.6 Solutions of Systems of Linear 

* augmented matrix ¢ column matrix 

ords . . . 
¢ consistent system e diagonal matrix 

¢ elementary row operations ¢ inconsistent system 

e inverse matrix ¢ non-singular matrix e reduced-echelon form 

¢ row echelon form © row matrix e scalar matrix 

¢ singular matrix e skew-symmetric matrix * symmetric matrix 

¢ transpose of a matrix e¢ triangular matrix e zero matrix 

Introduction 

Systems of linear equations occur in many areas such as in Geometry, Engineering, 

Business, Economics, Biology, etc. Solving such systems of linear equations is one 

of the most important applications of mathematics to other fields. 

In Unit 3 of Grade 9, you have learned how to solve systems of linear equations in 

two variables. In this unit, you will learn how to solve systems of linear equations in 

a more systematic way. 

+ —_— 



Unit 3: Matrices 

Consider the following two linear equations in the variables x and y,x — y = 1 and 

2x +y=7.A common solution for these two equations can be found by working 

only on the numbers involved in the two equations. These numbers form a 

1 -1 1 

2 1 #7 

Such array of numbers is called a matrix. Matrices (plural form of a matrix) are 

rectangular array of numbers as follows: 

involved in different applications of mathematics. 

The Concepts of a Matrix 

1. Consider the seats in your classroom. 

a. How many rows of seats are there in your classroom? 

b. How many columns of seats are there is your classroom? 

c. For each of the students in your class, identify the row and column that 

the student is found. 

2. Consider the following table, which gives the sections and the numbers of 

male and female students in each section of Grade 11 students of a certain 

school. 

Male Female 

Section 1 25 26 

Section 2 28 24 

Section 3 30 20 

Section 4 15 35 

a. Find the number of female students in Sections 1, 2, 3 and 4. 

b. Find the number of male students in Sections 1, 2, 3 and 4. 

In most classrooms, seats are arranged in rows and columns. In such arrangements, 

one can assign an ordered pair of numbers to each seat which indicates the position 

of the row and the position of the column that the seat is found. 

+ y—_—— 
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The information in Activity 3.1 (2), can be displayed as an array of numbers as 

follows: 

25 26 

28 24 

30 20] 

15 35 

This array of numbers is a matrix and a formal definition of matrices is given below. 

Definition 3.1 

Let m and n be positive integers. A rectangular array of numbers A in R that is 

= 

In Definition 3.1: 

a. the number m is the number of rows, n is the number of columns and m X n is 

called the size of the matrix and it is read as "m by n”. 

The number aj; is called the ij-entry or ij -element of A. That is, numbers in the 

given array are called elements or entries of A. The ij -entry is an element 

appearing in the i” row and the j**-column of the matrix. 

Matrix A can be abbreviated by writing as A = (a; amen’ 

Matrices are usually denoted by capital letters like A,B,C etc and entries of 

matrices by small letters like a, b,c etc. 

ee —_—— 
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Find the size and determine its elements/or entries for each of the following matrices. 

—2 10 
1 2 

a. A= b.B=| 3 -l 
3 4 

0 5 

Solution 

a. A has two rows and two columns. Therefore, A is a 2 X 2 matrix. 

The entries of A are: 

i. @ 1 = 1 is the entry found in the first row and in the first column of A; 

li. 42 = 2 is the entry found in the first row and in the second column of A; 

iii. @ 2, = 3 is the entry found in the second row and in the first column of A; 

and 

iV. @ 2 = 4 is the entry found in the second row and in the second column of A. 

B has three rows and two columns. Therefore, B is a 3 X 2 matrix. 

The entries of B are: 

i. by, = —2 is the entry found in the first row and in the first column of B; 

li. b42 = 10 is the entry found in the first row and in the second column of B; 

iii. bz, = 3 is the entry found in the second row and in the first column of B; 

iv. bz, = —1is the entry found in the second row and in the second column of 

v. b3, = 0 is the entry found in the third row and in the first column of B; and 

vi. b32 = 5 is the entry found in the third row and in the second column of B. 
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Find the size of the matrix and determine its elements/or entries for each of the 

following matrices: 

a. C=|_2]. b. p=(2.13,0.-15] c. E=(-4). 

Solution 

a. Matrix C has four rows and one column. Therefore, C is a 4 X 1 matrix. 

The entries of C are: 

i. C4, = 1 is the entry found in the first row and in the first column of C; 

ii. Cg, = 0 is the entry found in the second row and in the first column of C; 

lil. C3, = —2 is the entry found in the third row and in the first column of C; 

and 

IV. C4, = : is the entry found in the fourth row and in the first column of C. 

b. Matrix D has one row and six columns. Therefore, D is a 1 X 6 matrix. 

The entries of D are: 

i. dy, = 2 is the entry found in the first row and in the first column of D; 

ii. dz = 1 is the entry found in the first row and in the second column of D; 

iii. d,3 = 3 is the entry found in the first row and in the third column of D; 

iv. d4, = 0 is the entry found in the first row and in the fourth column of D; 

v. d,; = —1 is the entry found in the first row and in the fifth column of D; and 

vi. dig = - is the entry found in the first row and in the sixth column of D. 

c. Matrix E has one row and one column. Therefore, E is a 1 x 1 matrix. 

The entry of E is e,; = —4, the entry found in the first row and in the first 

column of E. 

7 ° 
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12 1 0 

1. Let A=}3 4 5 -1]. Then determine each of the following entries (if it 

22 7 «10 

exists). 

a. a, b. a3 C. Azz d. agy eC. Ay 

2. Determine the size and the elements/or entries of each of the following matrices 

2 3 
121 

a. A=/3 1 b. B= ce. C=(1 2 1 3) 
-1 40 

1 1 

1 

d p-|! E=(5) . D= e. E= 
2 

2 

3. Let A=(a,),,,and a, = j—i.Then determine A. 
y 

Operations on Matrices 

Applications of matrices involve different operations on matrices and some of these 

operations are addition, subtraction and multiplication of matrices by scalars and 

matrix multiplications. These operations will be considered in this section. 

3.2.1 Equality of Matrices 

Activity 3.2 

. . | as | 3 2. ; 
Consider the matrices A = , B= andC = (c, ) , where cj = i 

2) 2 1 4 2x2 

fori = 1,2 andj = 1,2. 

a. Compare each of the corresponding entries of A and B. 

b. Compare each of the corresponding entries of A and C. 

gy 
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From your responses in Activity 3.2, you have observed that matrices A and C have 

the same size and the corresponding entries of A and C are equal and such matrices 

are called equal matrices. 

For most operations on matrices, equality of two matrices is required and it is defined 

as follows. 

Definition 3.2 

Two matrices A ) ith the same size are said to be equal. 

a, @, b, 4 
Let a-( " * ana -| u a If A = B, thena, =4,, a, =b,, a, =b, 

21 22 

Find the values of the unknowns in each of the following, if A = B. 

1 2 1 5b 
1 A= and B= 

3 a 3 4 

a+b -2 3. -2 
2. A= and B= 

5 1 5 a-b 

a+b 5 e 1 5 7 

3. A=| 3 -1 4/and B=|a-b -1 4 

0 1 9 d loc 

Solution 

1. IfA =B., then the corresponding entries of the two matrices are equal. 

That is, a = 4 and b = 2. 

2. If A =B, then the corresponding entries of the two matrices are equal. 
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That is, a+b =3 anda—b=1. Adding the two equations gives you 2a = 

4>a=2. 

Then solving for b gives youb = 3-2 = 1. 

3. If A =B, then the corresponding entries of the two matrices are equal. 

This impliesa+b=1, a—b=3,c =9,d =Oande =7. 

Then let us solve the two equations 

a+b=1 

a-b=3 

Adding the two equations gives 2a = 4 which implies a = 2. Then substituting 

a = 2 in either of the equations a + b = 1 ora — b = 3 and solving for b gives us 

b=-1. 

Therefore, if A = B, then a = 2,b = —1,c = 9,d =O ande =7. 

Note that equality of matrices are defined only when the two matrices have the same 

size. 

3 a 2 d 52 

1. Let A=|b 1 5]and B=| 4 e 5). If A =B, then determine the values of 

24 ¢ f 4 6 

a,b,c,d,e and f. 

8 a+b 8 3 . 
2. Let A= and B= . If A=B, then determine the values of a 

5 -l 5 a-b 

and b. 

yy 
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a+b 2 3 22 ¢ 

3. Let A=|a-b 0 -l|land B=/4 0 -1]. If A=B, then determine the 

4 5 6 4d 6 

values of a,b,c andd. 

3.2.2 Additions of Matrices 

Activity 3.3 

The following two tables give the numbers of child and adult shoes of both sexes, 

male and female, of a certain company in two different shops: Shop A and Shop 

B. 

Number of Shoes in Shop A Number of Shoes in Shop B 

Male | Female Male Female 

Child 65 42 Child 15 21 

Adult 111 154 Adult 19 28 

a. Find the number of child and adult shoes of both sexes that the company 

has in both shops and present your solutions in a table form. 

b. The following table gives the number of shoes of each type the company 

sells in a particular week from Shop A. Find the number of shoes of each 

type remaining in Shop A at the end of the week. 

Shop A 

Male | Female 

Child 33 20 

Adult 90 120 

In Activity 3.3, observe that, 

a. to obtain the number of shoes of each type in both shops, you have added the 

corresponding entries in the two tables; 

so ——__— 
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b. to obtain the number of shoes of each type in Shop A after a sell in the given 

week, you have subtracted the corresponding entries in the two tables in the 

proper order. 

This leads us to define the first operation on matrices, addition of matrices. 

Addition of two matrices is defined provided that the two matrices have the same 

size. Thus, the sum of the two matrices is a matrix of the same size as the two given 

matrices and its entries are obtained by adding the corresponding entries of the two 

matrices. 

Definition 3.3 

and B= (, yr be matrices in 
4 

Let m and n be positive integers and A =(a,) 

R. Then 

a. the sum of A and B, denoted by A + B, is an mxnmatrix obtained by adding 

the corresponding entries of A and B. 

That is, A+B=(a, +b, Via 

b. the subtraction of B from A, denoted by A—B, is an m X n matrix obtained 

by subtracting the entries of B from the corresponding entries of A. 

That is, A—B= (a, =~ b, ee 

_(a b _(@ f 
Let A= (4 A) and B= (¢ i) Then, 

b -e b- 
i, AvBa|“*e P*S i, A-B=(“° PS 

c+g dth c-g d-h 

Let A= (3 ‘) and B = ( 3): Then, compute A+B and A — B. 

Se 
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Solution 

Both A and B are 2 X 2 matrices and hence both A + B and A — B are defined. 

Thus, 

bp a-B=(379 77 O%)=( 3) 

1 -1 2 -1 2 =#°5 

Let A= (: 2 3) and B = ( 1 -4 3 ) Then compute A+B and A — B. 

4 1 5 

Solution 

Both A and B are 3 X 3 matrices and hence both A + B and A — B are defined. 

Thus, 

1-1 -14+2 2+5 Oo 1 7 

a. A+B=|0+1 2-4 3+3]=|/1 —2 6 

4+0 1+0 5-7 4 1 -2 

1-(-1) -1-2 2-5 2 3 -3 

b. A-B=| 0-1 2-(-4) 3-3 |=/-1 6 0 

4-0 1-0 5-(-7)) (4 1 12 

Activity 3.4 

LetA = (| 2 ), B= (° 3 ). O2x2 = C °) and 
3 -4 4° 5 2 0 0 

_(0 0 0 
02x.3 = (5 0 0): Then find 

a. At 02x2 b. O2yx2 +A 

c. Bt 02x3 d. 02x3 + B 

_~ g—— __ 
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From Activity 3.4, observe that, 

(i) A+ 02x2 = A= 02x2 + A; 

Gi) B+ 02x3 = B = 02,3 + B. 

Thus, matrices 02,2 and 02,3 are called the zero matrices of their respective order 

and do not change matrices on matrix addition. 

Definition 3.4 

Observe that, for any an m X n matrix A = (a; amsen? if 0 denotes the m X n zero 

matrix, thenA+0=(a,+0) =(a,) =(0+a,) =0+A=A. 
mxn 

Therefore, the zero matrix is the identity matrix for matrix addition. 

1 3 2 -l 1 2 . 
1. LetA= , B= andC = > 4) Compute each of the following 

2 3 1 4 

matrices. 

a. A+B b.A+C c. A-B d. A-C 

1 2 3 3 1 4 

2. Let A=]-2 0 1|and B=/4 O -1 |. Compute each of the following 

4 5 6 5 2 -2 

matrices. 

a. A+B b. A-B c.B-A d. A+0 e. 0+B 

ee —_——__ 
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3.2.3 Properties of Matrix Addition 

Let A = Cj ‘). B= (;' 1) and C = ¢ ~2). Then find 

a. A+B b. BtA c. A+(B+C) d. (A+B)+C 

From Activity 3.5, you observed that: 

(i) A+B = B+A; that is, addition of the two given matrices is commutative. 

(i)  A+(B+C)=(A+B)+C; that is, addition of the given three matrices is 

associative. 

In general, addition of matrices is both commutative and associative. 

Commutative and Associative Properties of Matrix Addition —— 

Let m and n be positive integers and A, B and C be m X n matrices in R. Then 

a. A+B =B +A (Addition of Matrices is Commutative); 

b. A+ (B+ C) = (A+B) + C (Addition of Matrices is Associative). 

Let A = G ws B= G =) and C = (4 ~). Then determine 

a. A+B b. BtA c. A+(B+C) d. (A+B)+C 

Solution 

ee es ; 4] 
a. A+B= = 

342 14+(-5)) \5 4 

141 -241 2 -l 
b. B+A= = . 

24+3 -54+1 5 -4 

——_—— __ 
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1+] -24+(-1) 2 -3 
c. B+C= = and 

2+(-2) -5+5 0 0 

1+2 1+(-3) 3-2 
A+(B+C)= = . 

3+0 1+0 3 1 

2 -l 241 -1l+(-l) 3-2 
d. A+B= and (A+B)+C= = 

5 -4 5+(-2) 445 3 1 

From (a) and (b), observe that A+B =B+A and from (c) and (d) observe also 

that A+(B+C)=(A+B)+C. 

1 2 2 3 1 1 
Let A= , B= and C = . Determine each of the following 

3 4 -l -2 2 2 

matrices. 

a. A+B b.B+A c.(A+B)+C d.A+(B+C) 

3.2.4 Scalar Multiplication of Matrices 

Activity 3.6 

The following table gives the marks of Nigisti and Tadesse out of 50 in three 

subjects: English, Mathematics and Biology. 

Nigisti | Tadesse 

English 36 34 

Mathematics | 40 42 

Biology 38 39 

a. Convert the mark of each subject of the two students out of 100. 

b. Convert the mark of each subject of the two students in the three subjects out 

of 25. 

“ne 
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In Activity 3.6, to obtain the marks of both students in the three subjects, you have to 

multiply 

a. each mark of both students by 2 for the first question; 

b. each mark of both students by ; for the second question. 

In the following definition, multiplying a matrix by a number or scalar is defined. 

Definition 3.5 

Let A = (@ij)mxn be a matrix in Rand k € R. The scalar multiple of A by k, 

a b 
ra=(@ 4 ) and k is a scalar, then kA = (ie Ky 

kc kd 

LetA= € *) and B = (2 4 3: Then find 3A and —=B. 

Solution 

Cr, 3x0 (; 3] 
a. 3A= = . 

3x2 3x(-3) 6 -9 

2 3 3 3 3 3 3 
—-“B= = 

2 4 2 
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Activity 3.7 

1 
Leal” and B= (5 }). Then find, 

a 2 0 

a. 3(A+B) b. 3A+3B c. 2(3A) 

d. (2x3)A e. (2+3)A f. 2A+3A g. 1A 

From your solutions in Activity 3.7, observe that, 

a. 3(A+B) = 3A+3B b. 2(3A) = (2x 3)A 

c.(2+3)A=2A4+3A d 1A=A 

These properties are true for any two matrices A and B of the same size and for any 

two scalars r and s. 

-—— Properties of Scalar Multiplication of Matrices 

Let m and n be positive integers, A and B be m X n matrices andr,s € R. Then: 

a. r(A+B) =rA+rB. (Scalar multiplication is distributive over additions of 

matrices.) 

b. (.+s)A=rA+sA. (Scalar multiplications are distributive over additions 

of numbers.) 

c. (rs)A=r(sA) 

d. IA=A 

Scalar Multiplication of Matrices and Subtraction of Matrices 

If A and B are m X n matrices, then 

i. (-1)A = —A and A+ (—A) = Omxn = (—A) +A. This implies - A is additive 

inverse of A; 

ii. the subtraction of two matrices A and B, A — B, is given by A— B=A+(—1)B. 

FY —__ 
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1 2 3 -l 
1. Let A= (; 4 andB= ( ’ . Then determine each of the following. 

a. 4A b.-3B c. 2A + 3B 

d. matrix C such that A+ 2C = B eA->B f. 3A—2B 

0 12 101 

2. Let A=|1 -1 4 ]and B=|1 0 0). Then find 

5 1 6 00 2 

a. 3A b.-3B c. 3A + 2B 

d. matrix C such that A—2C=B ec. A—5B f.3A—-—2B 

_fl -2 3\),_/-3 2 1 _/2 2 0 
3. Let A= (4 - 5). B=(G 0 Jy) and c= (5 0 6): 

Then, determine 2A +(-3)B+ sc . 

3.2.5 Multiplication of Matrices 

Activity 3.8 

Consider the following two matrices A and B, where A shows the type and 

quantity of certain types of food items that Paulos (P) and Meti (M) want to buy 

and matrix B shows the cost of the items in two supermarkets X and Y. 

B 
A 

xX Y 
cL. Po 

120 110\C 
P/2' 45 

55 60}L 
M\1 7 3 

35 30 )Po 

where, C = Cereal Packets, L = Loaves of Bread and Po = Potatoes (Kg) 

a. Calculate the shopping bill for items in each supermarket. 

b. Where should they buy, in terms of shopping bill, at X or Y? 

eo ———_ 
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In Activity 3.8, to determine the shopping bill for items in each supermarket, you 

have to add the products of the respective entries of rows of matrix A with the 

columns of matrix B. 

Using this idea, multiplications of matrices are defined as follows. 

Definition 3.6 

1. IfA=(a b)andB= (5). then AB = ac + bd, a real number. 

_ (a _ _ (ac ad 
2. IfA= () andB =(c_ d), then AB = Ne i} 

+b 
3. IfA= andB=|{| ° “then AB=|@LtD #% & 

c d g cd+df ce+dg 

Observe that, if Ais an m Xn matrix and B is an s X t matrix, then AB is defined 

only when n = s and the product will be an m x t matrix. 

That is, the product AB is defined only when the number of columns of the first 

matrix,A, is equal to the number of rows of the second matrix, B. 

In this case, we say that the two matrices are compatible for matrix multiplication. 

Determine AB for each of the following: 

a A=(1 2) and B = (3). b. A= (5) and B = (3 4). 

ce A=(5 4) and B = (2 ”) d a=(5 5) and B = (9 5 7). 

Fy ——__ 
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Solution 

a. A is a1 X 2 matrix and B is a 2 X 1 matrix, then the product AB is a1 x1 

matrix or a real number. 

That is, AB = (1 2)(3) =(1x3)+(2x4)=34+8=11. 

b. Ais a2 xX 1 matrix and B is a 1 x 2 matrix, then the product AB is a 2 X 2. That 

al _ (1x3 1x4)_(3 4 

isaB=(5)8 9-53 anal = a): 

c. Aisa 2 X 2 matrix and B is a 2 X 2 matrix, then the product AB is a 2 X 2. 

ap (1 2\(5 7) _ (1065) +2(6) 107) ee) _ (17 23 

ThatisAB=(5 4)(§ 9) = (32) 4 4¢6) 3(7) + 4(8)) ~ (39. 53): 

d. Ais a2 X 2 matrix and Bis a2 X 3 matrix, then the product AB is defined and 

itis a 2 X 3 matrix, given by 

1(0) + 3(4) 101) + 309) sO) = (2 28 7). 

AB= (50) 4 704) 2(1)+7(9) 2(-2)+7(3)) ~ a8 65 17 

Note that, for matrices A and B in (d) of Example 1, the product BA is not defined, 

because B is a 2 X 3 matrix and A is 2 X 2 matrix. 

That is, the number of columns of B is not equal to the number of rows of A. 

Consider the following two matrices A = G A) and B= G 5): 

Then, AB-(T i) 3)=( S)anapa=(5 3G = 3). 

This implies both AB and BA are defined, but AB # BA. 

The example illustrates that, in general, multiplication of matrices is not 

commutative. 

——_—— __ 
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Let A = (ai), and B= (bi) maven? Find numbers m and n such that 

a. AB is defined; 

b. BA is defined; 

c. both AB and BA are defined. 

Solution 

It is given that A is a 3 by 2 matrix. 

a. the product AB is defined, if m = 2 and n can be any positive integers; 

b. the product BA is defined, ifn = 3 and m can be any positive integers; 

c. both products AB and BA are defined only when m = 2 and n = 3. 

Compute the product AB for each of the following cases. 

4 1 
a. A=(1 2janan-[°). b. a-[) Jan B=(1 3) 

3 1 21 1 2 10 -2 
c. A= and B= d. A= and B= 

2 4 3.7 301 23 1 

Properties of Multiplication of Matrices 

Definition 3.7 

Let A = (4jj)mxn be a matrix. Then A is said to be a square matrix, if the 
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Example 4 

_(a by. . 
a A= ( A) is a square matrix of order 2. 

abe 

b. B=|d e ‘) is a square matrix of order 3. 

ghi 

Activity 3.9 

abe 1 00 
a b 1 0 

Let A= (4 *).e=(¢ e /), b=(5 tant = (a 1 0) 

Then, compute 

a. Al, andI,A b. BIg and 13B 

In Activity 3.9, you have observed that Al, = A = 1,A and BI; = B = 13B. That is, 

a. I, is the identity matrix for multiplication of matrices of order 2; 

b. Ig is the identity matrix for multiplication of matrices of order 3. 

Next, we define the identity matrix for matrix multiplication. 

Definition 3.8 

The identity matrix of order 2 is given by I, = (5 ). the identity matrix of order 

100 

3isIz3={0 1 O]andsoon. 

0 0 1 

+ B—_— 
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LetA = é 1). B= (° re) and C = (7 ‘). Then compute 
21 1 1 3 

a. A(B + C) and AB+AC. b. (B+C)A and BA+CA 

c. A(BC) and (AB)C d. 2(AB), A(2B) and (2A)B. 

In your responses in Activity 3.10, you have observed the following properties of 

matrix multiplication: 

a. A(B + C) = AB+AC and (B+C)A=BA+CA , (multiplication of matrices is 

distributive over addition of matrices); 

b. A(BC) = (AB)C, (matrix multiplication of matrices is associative); 

c. 2(AB) = A(2B)=(2A)B. 

These properties are summarized as follows. 

-— Properties of Matrix Multiplication 

Let A, B and C be matrices in R and k € R. Assume that the indicated operations 

on matrices are defined. Then 

a. A(B+C)=AB+BC (Multiplication of matrices is left distributive over 

addition). 

b. (A+B)C = AC+ BC (Multiplication of matrices is right distributive over 

addition). 

c. A(BC) = (AB)C (Multiplication of matrices is associative). 

d. k(AB)=(kA)B=A(AB) 

e. If 0 is the zero matrix of appropriate size, then 0A = 0 and AO = 0. 

From your knowledge in the set of real numbers, recall that: 

(i) if aand b are real numbers such that ab = 0, then either a = 0 or b = 0 (zero 

product rule); 

(ii) if, b and c are real numbers such that ab = ac and a # 0, then b = c. 

That is, cancellation of multiplication works on the set of real numbers. 

 ——_ g——__ 
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However, these properties are not true for multiplications of matrices in general as it 

can be seen in the following examples. 

_f1 2 _({(2 2 
1fA=(; $)and B=(“, 7{"), then find AB. 

Solution 

0 0 : . 
AB = ( 0 9) and observe that neither A nor B are the zero matrix. 

Example 6 

wA=() 2),B=(5 j)andc=(—' %'), then find both AB and AC. 
2 4 2 3 3. 4 

Solution 

AB = (74 a) and AC = (1 1a): 

Then observe that, AB = AC, but B # C. 

1. Let A= (0 )B=(1 ») and C= (2 3). Then find: 
0 2 -1 0 1 3 

a. AB b. BA c. (AB)C 

d. A(BC) e. IZA f. BI, 

2. Let A bea 2 X 3 matrix and B be an m X n matrix. Find m and n so that: 

a. AB is defined b. BA is defined c. both AB and BA are defined 

1 -l 3-1 
3. Let A= ; 3 and B= (; i} Then determine AB. 

4. Lat a-[ 
No — 

1 1 -l 4 0 . 
, B= and C= . Determine AB and AC. 

2 2 2 -1 1 

+ ——__— 
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3.2.6 Transpose of a Matrix and Its Properties 

1 —4 

= (: 3 ) Can you mention how B is obtained 

3 0 

From your responses in Activity 3.11, you have observed that the rows of A are 

columns of B and the columns of A are rows of B. 

That is, B is obtained from A by changing rows of A to columns of B and columns of 

A to rows of B and this process is called transposing a matrix. 

Definition 3.9 

Let A = (aj;) be an m Xn matrix. Then the matrix B = (bj) | where 
JJ) mxn Jnxm 

Find the transpose of each of the following matrices. 

a A= (3 ‘) a-(s °] 

2 1 

Solution 

t 1-4)" 

vaG P=)  vwe(s 0) -(, 39) 
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Let A= é ‘) and B = C 3): Then find, 
3.1 2 -2 

a. (A+ B)' and A'+Bt b. (BA)‘ and 3A‘ 

c. (AB) and BTAt d. (A‘yt 

From your response in Activity 3.12, observe that; 

a. (A+B) = A+B b. (A)' = 3Ae 

c. (AB)' = BtAt d. (AY)' = A. 

These properties of transposes of matrices are true in general and they are given as 

follows. 

Properties of Transposes of Matrices 

Let A and B be matrices such that the given operations are defined and k € R. 

Then 

a. (A+B)'=A‘+Bt b. (kKA)' = kA‘ cc. (AB)‘ = BtAt d. (A)ST=A 

Let A= é “) and B = C ‘). Then, compute (A + B)*, 5A‘, (AB)* and (B‘)* 

3 1 1 0 

Solution 

At = G *) and Bt = ( o): Then, 

b. 5At = @ x} 5x 3) _ (5 15), 

tat (0 11 3). (OxY+Ax2) Ox3)+x1) c. (AB)! = Btat = (5 Ae 1) =(cox3) 4x2) x3) # (0x1) 

( 6) 

a@y=(9 ty = 2)=8 

Bo — __ 



Unit 3: Matrices 

1 3 0 1 
1. LetA= and B= Then find 

4 5 2 3 

a. At b. Bt c. (A+B)® 

d. (AB) * e. (BF f. (4AB)° 

1 2 3 01 0 

2.LetA=|4 5 6] and B=|1 0 0}. Then find 

7 8 9 00 2 

a. At b. (A+B)* c. Bt 

d. (AB)¢ e. (BYE f£ (2AB)¢ 

Special Types of Matrices 

3.3.1 Symmetric and Skew Symmetric Matrices 

b. BE c. B+B' 

From your responses in Activity 3.13, observe that 

a. AT=A b. B’=-B c.B+Bt=0 

Definition 3.10 

Let A = (a,j), be a square matrix of order n. Then A is said to be 

a. asymmetric matrix, if A = A‘. 
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Note that, if matrix A = (ij) en is skew symmetric matrix, then a, = 0 for 

i=1,2,...,n. 

Identify the following matrices as symmetric, skew-symmetric or neither. 

1 2 3 0 2 3 1 0 3 

I,, for a positive integern, A=|2 5 4], B=| 2 0 -4/andC=| 5 0 7 

3.4 9 3 4 «0 3 2 4 

Solution 

a. If = 1, and hence I, is a symmetric matrix. 

1 2 3 

b. A'=|2 5 4/=A, hence A is a symmetric matrix. 

3.4 9 

0 2 -3 

c. B'=|-2 0 4 Jand Bt = —B. This implies B is a skew-symmetric matrix. 

3-4 0 

1 5 -3 

d. C'=|0 0 2]. This implies C#C'andC#-C', hence C is neither a 

3.7 4 

symmetric matrix nor a skew-symmetric matrix. 

1 2 3 

Consider the matrix A=|-4 3 8]. Then find 

6 -10 5 

1 1 
a. B=—(A+A‘) b.C=—(A-A') c.B+C 

2 2 

_ —— __ 
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Solution 

1 -4 6 

The transpose of Ais A'=/2 3 —-10 

5 

2 2 9 0 6 -3 

Thus,A+A'=|-2 6 -—2])andA—A‘=|-6 0 18 

9 -2 10 3 -18 0 

Then, 

9 

. [2 7-2 9 1 -1 5 

a. matrix B => (A+ A‘) => —-2 6 -2)={-1 3  —-1 Jis asymmetric 

9 -—2 10 2 466s 
2 

matrix; 

3 

0 6 -3 0 3 3 

(-« 0 18) =|-3 0 9 is a skew- b. matrix C = 5(A -A‘)= 

3-18 0O 
NIB 

symmetric matrix. 

Observe that B+ C = 5 (A +A‘) + ; (A— A‘) =A hence A is written as sum of a 

symmetric matrix and a skew-symmetric matrix. 

1. Identify each of the following matrices as symmetric, skew-symmetric or neither 

123 0 1 -2 123 
_ _ _ _( 0 

a=(2 1 0), w= (—1 0 3), e=(0 1 2), 0=(5 5): 

3.055 2 -3 0 0 05 

12 3 

2. LetA= (: 4 s) Find a symmetric matrix B and a skew-symmetric matrix 

3 1°55 

C so that A = B+C 

1 a2 

3. LetA= (: 1 0) Find the values a,b,c so that A is a symmetric 

bc 5 

+ y—— 
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3.3.2 Diagonal Matrices and Triangular Matrices 

Definition 3.11 

Let A= (a,) be a square matrix of order n. 
wn 

a. The elements a1 1,42, ...,Qyn are called diagonal elements of A. 

b. The sum of the diagonal elements of A is called the trace of A and denoted 

by tr(A). That is, tr(A) = a,, +4,, +--+a me 

c. Ais called a diagonal matrix if aj; = 0 for alli # j. That is, A is a diagonal 

matrix, if 

ea) MISS WD: 

Wh as; 0 

A=| . a * 

DF Qi ce, vee mn 

d. Ais called a scalar matrix if A is a diagonal matrix and a;; = a for some 

a € Rand fori = 1,2,...,n. That is, A is scalar matrix, if 

WO az 0 

A= : c a s for some a € R. 

0 0 
nen 
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Definition 3.12 

Let A= (Gis) en be a square matrix of order n. 

a. Ifaj; = 0 for all i > j, then A is called an upper triangular matrix. That is, 

My Fig, ety 

. . _ iiss “sipstle 

A is said to be an upper triangular matrix ifA=] . ar) She wah ||| 

te o aq, 

b. Ais called a strictly upper triangular matrix if a;; = 0 for alli = j. That is, 

A is. said to be a_ strictly upper triangular matrix if 

9 Ay ve Ainay Fin 

0 0 +++ yn 4) Ary, 

0 0 w. O 0 
c. Ais called a lower triangular matrix if a;; = 0 for all i < j. That is A is said 

to be a lower triangular matrix if 

ayy 0 .. O O 

Az, Ag? . O O 

A= : 8 % 8 g ; 

ant Gn2 An(n-1)Fnn 

d. A is called a strictly lower triangular matrix if aj; = 0 for all i <j That is A 

is said to be a_ strictly lower triangular matrix if 

0 0 . 0 0 

4 0 .0 0 

A = : : oe : 

Ant Anz Ann—1) 0 



Unit 3: Matrices 

Identify each of the following matrices as diagonal, scalar or triangular matrices. 

1 0 3 0 0 0 2 0 O 

a. A=|0 -2 -6 b.B=| 0 0 0 c.C=|0 2 0 

0 0 5 -1 2 0 0 oO -2 

Solution 

1 0 3 

a. A=|0 -2 -6]| is an upper triangular matrix, because all the entries below 

0 0 5 

the main diagonal are 0. 

0 0 0 

b. B=| 0 0 O}| is a strictly lower triangular matrix, because all the entries 

-1 2 0 

below the main diagonal and on the main diagonal are 0. 

2 0 O 

c. C=} 0 -2 0 | is both a scalar and a diagonal matrix, because all the entries 

0 oO -2 

below and above the main diagonals are 0 and the entries in the main diagonal 

are all —2. 

Exercise 3.10 

1. Identify each of the following matrices as diagonal, scalar or triangular matrices. 

123 0 0 0 5 0 0 

a=(0 0), p-(a 0 a), e=(9 5 0), »=(5 9): 

005 2 -3 -3 005 

1 a2 

2. LetA = (: 1 0) Find a, b,c such that A is an upper triangular matrix. 

bc 5 

RP 

6 —__ 
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Elementary Row Operations of Matrices 

Activity 3.14 

Consider the system 

x+y=1 

x—2y=—-11 

a. Multiply the first equation by 2 and add the result to the second equation. 

b. Multiply the result in (a) by; and solve for x. 

The operations you have performed in Activity 3.14 are operations on the rows of the 

1 1 1 

1 -2 —-11 

A familiar method of solving a set of linear equations is by elimination of the 

matrix ( ) of the given system. 

unknowns. We shall systematize this method by working only on the numbers 

involved in the given set of linear equations. 

Definition 3.13 

Let m and n be positive integers and A be an m X n matrix with entries inR. An 

elementary row operations on A is any one of the following operation. 

Swapping: Interchanging two rows of matrix A: 

ath th 
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LetA= (f ; 

the other on A and obtain a new matrix. 

). Apply each of the following elementary row operations one after 

a R,OR, b. R, >R,—AR, c. R, 775k 

Solution 

4 2)mOR(L 3 

a A=( 3 4 2 
) (Interchanging R,by R32). 

1 3 1 3 . 
b. ( > —>R,-AR, (5 io] (Replacing Rz by Rz — 4R,) 

1 3 R LR 1 3 itivlvi 1 
c. 0 -10 27-75 29 4 (MultiplyingRby ——>) 

1 3 
Thus, ( , is an upper triangular matrix. 

2 4 6 

Let A= (: 5 6 ) Apply appropriate elementary row operations to change A 

2 7 12 

into an upper triangular matrix. 

Solution 

2 4 6\p,12,/1 2 3 . 

A=(4 5 6]—~>[4 5 6 }(Multiplying Ryby 5) 

2 7 12 2 7 12 

R2—R2—-4R 1 2 3 
—— a -3 -s) (Replacing Rz by Rz —4R, and Ryby 
R3—R3-2Ry 

0 3 6 

Rz — 2R;) 

3 ——_ 
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Rz>R3tk, (1 2 3 3 3 2 : 
—_ (: —3 -s) (Replacing R3by R3 + R2) 

0 0 O 

1 2 3 

The matrix (0 -3 -s) is an upper triangular matrix obtained from A. 

0 0 0 

Definition 3.14 

The inverse operation of an elementary row operation is an elementary row 

operation of the same type. That is. 

1 2 
Let A= G 5 ). Then, find the inverse of the following elementary row operations: 

1 2) por 1 5 . 
A= 15 a> 12 (interchanging R,; and R2) 

R,>R,-R, 1 5 
ae 5 (Replacing R2 byR, —R, ) 

1 
R,>- 5R, 15 
Sat} } Repacng Rzby-1R,) 

GQ 
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Solution 

Let us apply the inverse elementary row operations of the above three elementary 

row operations on the matrix (3 °) as follows. 

1 5)\)Re> 73k 1 5 a a: : 
( ) —_ ( a) (Multiplying R,by —3, which is the inverse of the 

elementary row operation , multiplying Rzby — 5): 

ont (1 5 

1 2 

row operation, replacing R,by Rz — R,). 

) (Replacing R,by Rz + Ry, which is the inverse of the elementary 

mol 2 
1 <) (Interchanging R,and R,) 

In Example 3, observe that 

a. Rz — — 3R; is the inverse of RZ > — 5 Ro 

b. R, — R2 + R; is the inverse of Ry — Rz — R, and 

c. Rz — R, is the inverse of R; — Rz 

Elementary Column Operations 

There are also column operations on matrices. 

Swapping: Interchanging two columns of a matrix. 

Scaling: Multiplying a column of a matrix by a non-zero constant. 

Pivoting: Adding a constant multiple of one column of a matrix onto another 

column. 

However, in this textbook, we use only elementary row operations in solving system 

of linear equations. 

9 — __ 
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Exercise 3.11 

1 3 

1. LetA =| 4 6 |. Find the matrix obtained from A by applying the following 

3 —5 Hn nn 

elementary row operation. 

1 
a. R, OR, b. R, >R,-4R, c. R, >3R, 

1 1 2 

2. Let B=} —-2 1 -5 |. Determine the inverse of each of the following elementary 

2 3 -1 

row operations on B. 

a. R, OR, b. R, >R,+2R, c. R, >4R, 

Row Echelon Form (REF) of a Matrix 

Definition 3.15 

Given two matrices A and B of the same size, A and B are said to be row- 

Example 4 

Let A = (j ~2 11 ). Find three matrices that are row equivalent to A. 

YO 
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Solution 

1-2) nor 1 1 . 
A= 11 nde 5 (Interchanging R;and R») 

1 1 
att ) (Replacing R2 byR, —R, ) 

R,>-1R, 11 . 1 
———— 04 (Replacing R, by-2R2) 

. 1 1 1 1 11 : . 
Then the matrices ( 1 »): ( a) and (5 1) are all row equivalent to matrix 

A. 

Note 

Row equivalence of matrices helps us to transform a given matrix to a matrix 

with greater number of zeros than the original matrix and this simplifies 

operations on matrices. 

Definition 3.16 

Anm Xn matrix A is said to be in it Row Echelon Form (REF) if it satisfies 

Note 

By a zero row we mean that a row in which all the entries of the row are zero. 

1abeq ad 

The matrix A = (0 0 2ef is in Row Echelon Form. 

0000 g 

ee —_————__ 
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Determine if each of the following matrices are in Row Echelon Form. 

1 -1 2 1 1 -10 
12 

0 1 0 00 00 
A=|0 1 1/],B= ,C= , 

00 1 0 0 1 3 
001 

0 00 0 001 

1104 121-2 

0100 020 0 
D= and E = . 

001 3 001 0 

0011 0001 

Solution 

Matrices A, B and E are in Row Echelon Form. 

b. Matrix C is not in Row Echelon Form, because C has a zero row, the second 

row, but this zero row is not at the bottom as the third row is not a zero row. 

c. Matrix D is not in row echelon form, because the number of zeros preceding the 

leading element of the third and the fourth row are both two. 

Determine if each of the following matrices in Row Echelon Form. 

1 

a. |0 

1 r oN 

3 

6 b. 

0 oor oF N oUF 

3 

0 c. 

1 oor r OWN For BwWN 
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Reduced Row Echelon Form (RREF) of a Matrix 

Activity 3.15 

IL 2 3 tad w 

Consider the matrices A=|0 0 OO} and B=|1 2 3). 

Or 1d 2 O 22.1 

a. Give your reason why matrices A and B are not in Row Echelon Form 

b. Apply the elementary row operation R, <>R, on A and obtain matrix C. 

c. Apply the elementary row operations R, >R,—R, and R,; >R,-2R, 

respectively on matrix B and obtain matrix D. 

d. What is the relationship between matrices C and D in (b) and (c) above 

respectively? 

The matrices you have obtained in your responses in Activity 3.15 are matrices in 

Row Echelon Form. Thus, any matrix is row equivalent to a matrix in Row Echelon 

Form. 

Example 6 

1 3 0 2 

Reduce the matrix A=] 2 1 1 2 |into a matrix in Row Echelon Form. 

-1 0 -2 +4 

Solution 

A is not in REF, because the number of zeros preceding the first nonzero element in 

the second row is zero which is the same as the number of zeros preceding the first 

nonzero element in the first row. 

Therefore, to reduce A into a matrix in REF, choose appropriate elementary row 

operations. 

_ f ——__ 
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13 0 2 13 0 2 

A=/}2 1 1 2 |-33e>|0 -5 1 2 

-1 0 -2 -4 0 3 -2 2 

; 13 0 2 
R;R;+2R, 

S—>/0 -5 1 -2|=B. 

00 2 4 

5 

The last matrix, B is in Row Echelon Form (REF), obtained from A by applying the 

three successive elementary row operations, R,>R,—2R,,R,—2R,+R, and 

R, OR, FSR, 

Definition 3.17 

Given positive integers m and n, anm X n matrix A is said to be in Reduced 

Example7 | 

Determine which of the following matrices are in Reduced Row Echelon Form. 

1 0 0 1 0 0 102 5 

I,=|}0 1 0], A=|0 1 2), B=/0 1 2 6], 

00 1 00 1 000 0 

100 

0° 00 1 
C=/0 0 1, =I oo of 

010 
00 0 
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Solution 

The matrices I;, B and D are in RREF, because all the three matrices satisfy the 

requirements of the definition of a matrix in RREF. 

(a) Matrix A is not in RREF, because the leading element of the third row of A, 

which is 1, is not the only nonzero element in its column. 

(b) Matrix C is not in RREF, because the number of zeros preceding the leading 

element of the second row is two and the number of zeros preceding the leading 

element of the third row is one. 

However, you can reduce both A and C in the above example to RREF by applying 

appropriate elementary operations. 

Activity 3.16 

100 100 

Consider the matrices A=|0 1 2/and C=/|0 O 1}. 

001 OF Sb 40 

a. Apply the elementary row operation R, > R,—2R, on matrix A. 

b. Apply the elementary row operation R, <> R,; on matrix C. 

In your responses for (a) and (b) of Activity 3.16, observe that the matrices obtained 

after the proposed elementary operations are in Reduced Row Echelon Form (RREF). 

Activity 3.16 also illustrates that you can use proper elementary operations to reduce 

a matrix into a matrix in Reduced Row Echelon Form (RREF). 

Remark 

Every m X n matrix is row equivalent to an m X n matrix in Reduced Row 

Echelon Form (RREF). 

—_—— __ 
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Example 8 

10 0 2 

: 01 41 . . 
Reduce the matrix A= 00 2 into a matrix in Reduced Row Echelon 

00 0 0 

Form. 

Solution 

A is not in RREF, because 

a. the first nonzero element in the third row is —2, not 1; 

b. the first nonzero element of the third row is not the only nonzero element in its 

column. 

Therefore, to reduce A into a matrix in RREF, choose appropriate elementary row 

operations. 

10 0 2 1002 

01 1 2 R,9-2R, 0112 
A= 27, 

0 0 -2-4 0012 

00 0 0 0000 

1002 

R,or-r, | 9 1 00 _B 

0012 ; 

00 0 

The last matrix, B, obtained from A by applying the two successive elementary row 

operations, R, > “aR and R, >R, —R, is in RREF. 

ay 
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Exercise 3.13 

1. Reduce each of the following matrices into Row Echelon Form. 

1 2 3 12 1 3 12 12 

a |4 5 6 b.|2 4 5 0 c }1 3 1 3 

1 17 0101 141 4 

2. Reduce each of the following matrices into Reduced Row Echelon Form. 

12 1 12 31 
1212 

a. b. | 2 1 2 c |4 5 6 2 
2121 

13 1 78 9 3 

Systems of Linear Equations with Two or Three 

Variables 

One of the main reasons of studying matrices is to solve systems of linear equations. 

In this section, you will learn techniques or methods of solving systems of linear 

equations. 

The sum of two natural numbers is 30 and the second number is 4 more than the 

first number. Find the numbers. 

In your responses in Activity 3.17, if you let the first number by x and these second 

number by y, then you need to find a common solution to the two solutions x + y = 

30 andy=x+4. 

The two equations x + y = 30 and y = x + 4 are called linear equations and the 

two equations together form a set of linear equations called a system of linear 

equations. 

—_—— __ 
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Definition 3.18 

An equation of the form a,x, + Q2x2 +++: + anXpn = b, where ay, Qz,°- 

a. The equation 2x — y = 5 isa linear equation in two variables, x and y . 

b. The equation 2x + 3y + 4z = 5 isa linear equation in three variables, x, y and z. 

c. The equation x; + 1x2 + 4x3 +x4+ 5X5 =0 is a linear equation in five 

variables, x1, X2,x3, x,and x5. 

-— Remark 

A linear equation does not involve product of variables, quotient of variables or 

roots of variables and all the variables that occur in the equation are only to power 

one. 

Give your reasons why each of the following equations is not a linear 

equation. 3x2 + 5y =7, xy —2z+w=1andx—Jy+4z=0. 

Solution 

a. The equation 3x2+5y=7 is not a linear equation, because it 

involves x?. 

b. The equation xy — 2z+w=1 in not a linear equation, because it 

involves xy. 

c. The equation x — Jy +4z=0 is not a linear equation, because it 

involves Jy. 



Unit 3: Matrices 

Activity 3.18 

Consider the equation x — y = 5. 

a. Substitute x = 2 and y = 3 and determine the result. 

b. Substitute x = 6 and y = 1 and determine the result. 

In your responses in Activity 3.18, 

a. the ordered pair (2,3) gives you a false statement; 

b. the ordered pair (6, 1) gives you a true statement. 

Thus, the ordered pair (6, 1) is a solution to the given equation, whereas the ordered 

pair (2, 3) is not a solution. 

Definition 3.19 

An n-—tuple of numbers (c,,C2,°**,Cy,) is said to be a solution to a linear 

Consider the linear equation 2x + y = 4. 

a. Which of the ordered pairs (2,0), (0,2) and (1,2) are solutions of the given 

linear equation? 

b. Find the solution set of the given linear equation. 

I 
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Solution 

a. For x = 2 and y = 0, we have (2X 2) +0=4+0=4. 

This implies, the ordered pair (2, 0) is a solution to the given linear equation. 

For x = 0 and y = 2, we have (2X0) +2=04+2 #4. 

This implies, the ordered pair (0, 2) is not a solution to the given linear equation. 

For x = 1 and y = 2, youhave(2 x1) +2=2+2=4. 

This implies, the ordered pair (1, 2) is a solution to the given linear equation. 

b. From the given equation if you solve for y in terms of x gives you 

2x+y=4> y=-2x+4. 

This implies, the solution set of the given linear equation is the set of 

all ordered pairs of numbers (x,y) such that 2x+y=4 and 

y=4-2x. 

Therefore, the solution set of the given equation is {(x,4 — 2x):x € R} 

Exercise 3.14 

1. Give your reasons why each of the following equations is not a linear 

equation. 

x+5y?=7,x+yz+w=Oandx—-yt+4vz=0. 

2. Consider the linear equation x — 3y = 5. 

a. Which of the ordered pairs (1,1), (2, —1)and (5,0) are solutions of the 

given linear equation? 

b. Find the solution set of the given linear equation. 

Augmented Matrix of a System of Linear Equations 

The main objective of this section is to find the set of all common solutions of 

a finite number of linear equations having the same variables. 

I ——_ 
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Definition 3.20 

Let ajj,b; ER, for i=1,2,...,m and j =1,2,..,n. A finite set of linear 

Let A = (3 é).X = () and B = (2): 

a. Find AX 

b. Find the values of x and y such that AX = B. 

In Activity 3.19 part (b), to find the values of x and y, you have to find a solution for 

x+2y=1 
the system x+3y=—# which is a system of two linear equations in two variables. 

Then, the expression AX = B is called a matrix form of the system. 

Remark 

Consider the following system of linear equations. 

Gy ,X, +. ApXy + +4, X, =D, 

Ay X + AyyXy $1 + dy, X, = Dy 

Gg X Figg Xq H+ Ginn Xq_ = Ory 

The system can be written in matrix form as AX = B,where 

x41 by 

x b. 

Xn Bn 

I 
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The matrix A = (a; i masen is called the coefficient matrix of the system and the 

matrix 

G41 442 °° Ain by 

a a we @ b 
(AIB)=| OP OP yom |? 

Ami Am2 +: Amn bm 

obtained by adjoining B to A is called the augmented matrix of the system. 

The coeeficient matrix and the augmented matrix of a given system play important 

roles in determining the solution set of the given system. 

Example 4 

Find the coefficient and the augmented matrix of the system. 

xty+z=8 

x+2y=5 

yt+3z=9 

Solution 

The system can be rewritten in matrix form as: 

1 141\/7% 8 

(2 )6)-() 

0 1 3/ Z 9 

111 

The matrix (: 2 7 is the coefficient matrix of the system and the matrix 

0 1 3 

1 1 1/8 

(: 2 ofs) 

9 0 1 3 

is the augmented matrix of the given system. 

 —_ -_p———__ 
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Exercise 3.15 

Find the coefficient matrix and the augmented matrix of each of the following 

systems of linear equations. 

5 5 x+yt+z=l 
+ = 

7 b. 2x-y-z=0 
x- = 

* 3x+5y-9z=-1 

Solution Set of a System of Linear Equations (1) 

Definition 3.21 

Consider a system AX=B of m linear equations in n variables. 

Solve the following system of linear equations 

x+2y=1 

y+3z=0 

Solution 

Solving for y in terms of z from the second equation gives us y = —3z. 

Substituting y = —3z in the first equation, x + 2y = 1, and solving for x in 

terms of z gives us x = 1 — 2y = 1— 2(—3z) = 1+ 6z. 

Therefore, the solution set of the given system is {(+ 6z,—3z,z):zé€ R} ; 

If we let z = 0, then x =1+6(0)=1 and y=-3(0)=0. 

Therefore, (1, 0, 0) is a particular solution to the given system. 

+ ——_— 
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Consider the system 

x-y=l1 

—2x+2y=0 

Multiply the first equation by —2, add the two equations and obtain the result. 

In your responses to the question in Activity 3.20, you have obtained the expression 

0 = 1, which is false and hence the given system does not have a solution. 

Definition 3.22 

A system of linear equations that has at least one solution is called a 

Example6 ; 

Determine if the following system of linear equation is consistent. 

x-2y=1 

—x+3y=0 

Solution 

Adding the two equations gives us y = 1. 

Then, from the first equation, x — 2(1) =1=> x =3. 

This implies (3,1) is a solution to the given system, hence the given system is a 

consistent system. 

Example7 | 

Determine if the following system of linear equations is consistent. 

x-y=1 

—2x+2y =0 

— _ 
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Solution 

Multiplying the first equation by 2 and adding the two equations give us 0 = 2, 

which is always false. 

Therefore, the given system has no solution and hence the system is an inconsistent 

system. 

Exercise 3.16 

Determine if each of the following system of linear equations is consistent or 

inconsistent. 

2x-y=2 b —x+2y=5 

* xty=1 ‘2x —4y =-4 

Solution Set of a System of Linear Equations (2) 

Activity 3.21 

Find the point(s) of intersections of each of the following pairs of lines (if there is 

any). 

a. Lyix+y=2andl,:x -—y=0; 

b. sy:x—y =2 and s2:—2x +2y = 6; 

c. tyx—-y=1landt,:—-2x + 2y = —2. 

From your responses in Activity 3.21, observe that, 

a. lL, and l, intersect exactly at one point; 

b. sy, and sz do not intersect and they are two parallel lines; 

c. t, and tzare identical lines. 

To find out all the possibilities regarding the solutions of systems of linear 

equations, consider the case when you have a system of two linear equations 

in two variables. 

_  o—_— 
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Consider a general system of two linear equations in two variables 

a,x + byy = cy (a4, b,not both zero) 

a2x + boy = cz (az, bznot both zero) 

These are equations of two lines, say l,: a,x + byy = c,and 

lp: ax + boy = Cp. 

There are only three possibilities about the intersection points of these two 

lines. 

a. The lines /, and /, intersect exactly at one point and this point of intersection is 

the only solution of the given system of linear equations, see Figure 3.1. 

A 

-2} l:a,x+b,y =, 

Figure 3.1: Intersecting Lines 

b. /,and J, are two parallel lines and they do not intersect. In this case the 

given system of linear equations has no solution, see Figure 3.2. 

+ a—_ 
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3 1 2 3 4 
’ y y 7 a 

x 

-2b 

l:a,x+h,y=c, 

4} 

Figure 3.2: Parallel Lines 

The lines l,and lz coincide (or identical). In this case, all the ordered pairs of 

numbers satisfying one of the two equations of the given system on one of the 

two lines are solutions of the given system and hence the system has infinitely 

many solutions, see Figure 3.3. 

v 

Figure 3.3: Identical Lines 
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Thus, a given system of linear equations has either one solution, no solution 

or infinitely many solutions. 

A consistent system has either only one solution or infinitely many solutions. 

Example 8 

Determine if each one of the following system of linear equations has only one 

solution, no solution or infinitely many solutions. 

x+y=l b x-y=0 x+2y=3 
a. . c. 

x-y=3 —2x+2y=3 3x+6y =9 

Solution 

a. Adding the two equations gives us 2x =4 => x =2. 

Then, solving for y from the equationx+ y=1=> y=1-2=-1. 

Therefore, (2, —1) is the only solution of the given system. 

b. Multiplying the first equation by 2 and adding the two equations gives us0=3, 

which is always false. Therefore, the system has no solution. 

c. Multiplying the first equation by 3 and subtracting it from the second equation 

gives us 0 = 0. This implies, the two equations are identical and hence the 

system has infinitely many solutions. 

Exercise 3.17 

Determine if each one of the following system of linear equations has unique 

solution, no solution or infinitely many solutions. 

x-y=l b x+y=l x-2y=1 
a. : c. 

x+y=5 2x+2y=4 —2x+4y =-2 

+ g——_— 
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Homogeneous Systems of Linear Equations 

x+y=0 
Consider the system 2 : 

x-2y=0 

a. Write the given system in matrix form, AX=B. 

b. What type of matrix is B in (a)? 

The matrix B in your responses of Activity 3.22 is the zero matrix and the system is 

called a homogenous system. 

Definition 3.23 

Consider a system of linear 

Note 

A homogenous system is a system of the form AX = 0. 

Example 9 

Write the following system in matrix 

form. 

x+y+z=0 

2y+z=0 

x+3z=0 
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Solution 

111 

The system in matrix form is [0 2 1 

x 0 

(»)-(0) and the system is 

Z 0 

homogeneous system. 

—— Remark 

Consider a homogeneous system of linear equations 

AX FAX, +7 +4,,X, =0 

y)X, + AyX, $14 A,X, =0 

Ay Xy + Ay 2X) H+, =O 

a. The given system has always a solution; namely, x1 = xz =° = 

XxX, = 0. 

This solution is called the trivial solution of the homogenous 

system. 

b. A. solution (x1,%2,°++,X,)* of the given system for which x; # 0, for 

some i =1,2,...,n, is called a non-trivial solution of the given 

homogenous system. 

Example 10 

Determine the coefficient matrix and the augmented matrix of the following system 

of linear equations. 

x+2y+z=0 

y+z=0 

x+y=0 

+g 
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Solution 

The given system in matrix form is 

(+ )O-() 

121 

Then the coefficient matrix of the system is A = (: 1 ) and the augmented 

1 10 

1 2 11/0 

matrix of the system is (: 11 ) 

1 1 010 

Exercise 3.18 

Find the coefficient matrix and the augmented matrix of each of the following system 

of linear equations. 

_ x+y-z=0 2x + 3y—z=0 

a. ar b. 2x+y+z=0 c x-y+z=0 

y= x-y-z=0 x+y-z=0 

Solutions of Systems of Linear Equations 

In this section, you will learn how to solve systems of linear equations that were 

introduced in Section 3.5, using the concept of elementary row operations. 

Solve each of the following systems of Linear Equations. 

x+y=1 pb x ty=3 

y= “x+ty=1 

From your solutions in Activity 3.23, observe that the two systems have the same 

solution and such systems are called equivalent systems.. 

188 
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Definition 3.24 

Two systems of linear equations over R, the set of real numbers, with the same 

Solve the following system of linear equations. 

Solution 

1 1/1 
The augmented matrix of the system is ( ; . 

Then, reduce this matrix into a matrix in Row Echelon Form using appropriate 

elementary row operations as follows. 

1 1/1) goer 1 I}1 . oe 
1-43 eee > 0 a2 and this last matrix is in Row Echelon Form. 

1 1)1 1 1/1 
Thus, the systems with augmented matrices (i ; and f , 5 have the 

same solution set. 

Then, solve the system 

x+y=l 

—2y=2 

From the second equation, we get y = —1 and substituting this in the first equation 

gives us that x = 1 — (—1) =2. 

Therefore, the solution set of the given system is {(2, —1)}. 
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Note 

A system of linear equations that is equivalent to a given system AX = B can be 

obtained by applying appropriate elementary row operations on the augmented 

matrix (A|B). 

Consider a system AX = B. 

(a) If the matrices (A|B) and (C|D)are row equivalent augmented matrices of 

two systems, then the systems AX = B and CX = D have the same 

solutions. 

(b) The method of solving the system AX = B by reducing (A|B) into Row 

Echelon Form (REF) is called Gaussian Elimination Method.. 

(c) The method of solving the system AX = B by reducing (A|B) into Reduced 

Row Echelon Form (RREF) is called Gauss-Jordan Reduction Method. 

Solve the following system of linear equations using Gaussian Elimination Method. 

x+y+z=l 

x-y-z=5 

xX+y-z=3 

Solution 

1 1 1]1 

The augmented matrix of the system is} 1 -1 -l) 5}. 

1 1 -l} 3 

Reduce this matrix into a matrix in Row Echelon Form using appropriate elementary 

row operations as follows. 

1 1 1/1 1 1 1jf1 

R,—>R,-R, 
1 -1 -l) 5 RRR, 0 -2 -2/4 

1 1 -l) 3 0 O -2)2 

and the last matrix is in Row Echelon Form. 

fo —— _— 
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1 1 1 ]1 

Thus, the systems with augmented matrices (: -1 -1 | 5) and 

1 1 -1433 

11 1/41 

( —2 —2 | s) are equivalent systems and hence they have the same solution 

0 0 -212 

set. 

Then, the solution set of the system can be obtained using the augment matrix 

11 141 1 1 1 1 

0 -—2 —-—2 | 4] and the system with augmented matrix|0 -—2 —2 | 4] is 

0 0 -212 0 0 -212 

x+ytz=1 

—2y —2z=4 

—2z=2 

From the last equation, —2z = 2, we have z = —1. 

Consider the second equation,—2y — 2z = 4, with z = —1 from above and solving 

for y gives us that y = —1. 

Use the first equation,x + y+z=1and y =—1andz =—1 from above to solve 

for x. 

Then, solving for x gives you that, x = 3. 

Therefore, the solution set of the given system is {(3, —1, —1)}. 

Solve the following system of linear equations. 

x+2y—z=0 

ax+y-Zz=3 

Solution 

. (1 2 -1)0 
The augmented matrix of the system is G 1-1 3): 

Then reduce the augmented matrix of the system using appropriate elementary row 

operations as follows. 

gy 
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1 2 -l 

2 1 -l 

Therefore, the given system is equivalent to the system with augmented matrix: 

1 2 -1)0 

0 3 1 43 

That is, the given system is equivalent to the system 

0 R,>R,-2R 1 2 -l 0 sos 
3 ase > 0 3 1/3 and the last matrix is in REF. 

x+2y-z=0 

—3y+z=3 

From the second equation, solving for z in terms of y, you getz=3y+3. 

From the first equation, x =-2y+z=—-2y+3y+3=y+3. 

Therefore, the system has infinitely many solutions and the solution set is given by: 

{(v +3, 39 +3): y eR}. 

Exercise 3.19 

Solve each of the following systems of linear equations using Gaussian Elimination 

Methods. 

x+y+z=3 

b. x-2y+3z=1 

ax+y-z=2 

x-y-z=0 x+y=5 

“ a4x+y+2z=3 x-—2y=-4 

Inverse of a Square Matrix 

73). Then find both AB and BA. 

In your responses in Activity 3.24, you have observed that AB = J, = BA. Then 

matrix B is called an inverse for matrix A. 

oy — __ 
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Definition 3.25 

Let A be a square matrix of order n. Then A is said to be invertible (or has an 

Let A be an invertible matrix of ordern. If Band C are inverses of A, then BA = 

In = AC. 

Using the associatively property of matrix multiplication, we have 

B= BI, = B(AC) = (BA)C = 1,C =C. 

This implies, B = C. 

Thus, if A is an invertible matrix, then its inverse is unique. 

—— Notation 

If a square matrix A is invertible, then its inverse is unique and it is denoted by 

At, 

Let A= (; °). Find the inverse of A (if it exists). 
0 2 

Solution 

a 
If A has an inverse, say A -( 

c 

.. . {1 0)fa b a b 1 0 
This implies = = . 

0 2)le d 2c 2d 01 

1 
Then, by the equality of matrices, a = 1,b = 0,c =O and2d =1>5d= 3 

b 
;] , then we have AA“ = Ip. 

1 0 

Therefore, A is invertible and A‘! = 
1 

2 
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1 1 

2 2 

Solution 

LetA= ( ). Find its inverse if A is invertible. 

a 
If A has an inverse, say A” -( 

c 

| . 1 1\fa b atc b+d 1 0 
This implies = = . 

2 2})le d 2at+2c 2b+2d 0 1 

Thus, we have two systems of linear equations. The first system of linear equations is 

b 
;] , then we have AA? = I. 

at+c=1 

2a+2c=0 

The second system of equations is 

b+d=0 

2b+2d=1 

But each one of these two linear systems has no solution. 

Therefore, matrix A has no inverse. 

Exercise 3.20 

Find the inverse of each of the following matrices, if it exists. 

69) 6b 2) (5 3] 

Properties of Inverses of Matrices 

Let A = ( ‘) and B = (j 0): Then find 

a. A™4,(A1)"tandB!  b. (AB)~t and B-1A7+ c. (A°)7? and (A714)! 

_—y—— | 
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In your responses in Activity 3.25, you have observed that (at) * = A, (AB)? = 

B-tA™? and (A‘)“1 = (A72)E. 

These properties are the following properties of invertible matrices. 

-— Properties of Invertible Matrices 

Let A and B be invertible matrices of the same size. Then 

a. Aq} is invertible and (A71)71 = A. 

b. At is invertible and (A°)~? = (A“?)*. 

c. AB is invertible and(AB )~? = B-1At. 

Let A and B be two square matrices of order 2 such that A7t = ( 

0 1 

(; 0): 

Then, find the inverses of the matrices A”, AB and A‘. 

1 1 
1 3) and Bt = 

Solution 

-1 
a. Given that A is an invertible matrix, A is invertible and (A‘) =A and 

_ (1 1)" 2 -1 
computing 12 we get A= tat 

b. Since A and B are invertible matrices, AB is invertible and 

c. Because it is given that A is invertible, A‘ is invertible and 

+ —__ 
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Definition 3.26 

An invertible matrix is also called a nonsingular matrix and a matrix that 

Exercise 3.21 

Let A= (3 ‘) and B = ( o: Then, determine 

a (A) ob. (A)72e. (AB)“2—ss ds BUPA? sw. (A472 

Invertibility of a Matrix and Elementary Row Operations 

Activity 3.26 

Consider the matrix A = (5 ‘), 

a. Find the matrix obtained by applying the elementary row operation 

R, >R,-2R, on A. 

b. Let B be a matrix obtained by applying the elementary row operation 

R, >R,-2R, on]. 

c. Find the products AB and BA. 

From your solution of (c) in Activity 3.26, observe that B is the inverse of A 

and B is obtained from A by applying the same elementary row operation that 

transforms A to I,. 
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Procedures on How to Determine Invertibility of a Matrix Using 

Elementary Row Operations 

Let A be a square matrix of size n. 

Step 1: Augment A with I, to form the n x 2n matrix (A|I,); 

Step 2: Apply appropriate elementary row operations and reduce the 

matrix (AlI,,) to a matrix in Row Echelon Form, say (B]C). 

Step 3: If B = I, in Step 2, then A is invertible and A+ = C, otherwise A 

is not invertible. 

Example 4 

Using elementary row operations, determine the invertibility of each of the 

following matrices. 

2 a=() 2) ».p=(1 2) -e=(0 1 2) 

Solution 

1 1/1 0 
a. First augment A with I, and obtain (AlI, ) = 1 alo 1p 

Then, reduce this matrix to a matrix in Row Echelon Form using 

appropriate elementary row operations as follows: 

(All,) = (1 1)1 °) ees 1) 1 °) 

1 210 1 0 1!-1 1 

Ri PR Ra (| O| 2 7) 

0 il-1 17 

Then, the last matrix is in Row Reduced Echelon Form and A is reduced 

into Ip. 

Therefore, A is invertible with its inverse is given by: 

Ata (4 7): 

JY _ 
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b. Augment B with Ip and obtain (BIl,) =(5 2 a) 
2 410 17° 

Then, reduce it to a matrix in Row Echelon Form using appropriate 

elementary row operations as follows. 

_l 21 0 Raa 2Ry 2Ry 

@ILy=(5 jlo J (5 ) 

1 

Ra —5Ra (2 |t ~ 

0 07;1 -= 
2 

1 

Ri R\-R 0 5 17 Ri-R2f 1 2 2 
———- 

0 0 1 1 

2 

The last matrix is in Row Reduced Echelon Form, but B is not reduced 

into Ip. 

Hence, B is not invertible. 

1 1 1/1 0 0 

c. Augment C with I; and obtain(CjI,)=|0 1 2:0 1 Oj}. 

00 10 0 1 

1 1 1/1 0 0 1 0 -1{1 -1 0 

(Ci,)=}0 1 2/0 1 0o/—-==>/0 1 2/0 1 0 

00 10 0 1 00 10 0 1 

1 0 Ol -1 1 10 Ojl -1 1 

Ace® 10 1 2/0 1 Of} 82228 5/0 1 010 1-2]. 

00 1/0 0 1 00 10 0 1 

The last matrix is in Reduced Row Echelon Form and C is reduced 

into I3. 

1 -1 1 

Hence, C is invertible andC'=|0 1 -2]. 

0 0 1 
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Using appropriate elementary row operations determine the invertibility of each of 

the following matrices and for those that are invertible, find their inverses. 

2 a=( 2) ».p=(4, ~) a e=(0 2) 

Applications 

In this section, different applications of matrices will be considered. 

In a triangle, the smallest angle measures 10°more than half of the largest angle. The 

middle angle measures 12° more than the smallest angle. Find the measure of each 

angle of the triangle. 

Solution 

Let x be the measure of the smallest angle, y be the measure of the middle angle and 

z be the measure of the largest angle of the triangle. 

Then, from the given information and the sum of the measures of the three angles of 

a triangle is 180°, you have the following system of linear equations. 

x+y+z=180 

x= 5? +10 

y=12+x. 

The system can be written as 

x+y+z=180 

x->z=10 
2 

—x+y=12. 

+ —_—— 
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and the augmented matrix of the system is 

1 1 1 180 

1 0 -0.5| 10 

-1 1 #0 12 

Apply appropriate elementary row operations to reduce the augmented matrix into 

REF as follows. 

1 1 1 | 180 1 1 1] 180 

1 0 -0.5) 10 |—@2eg >} 0 -1 -1.5) -170 

-1 1 0} 12 0 2 14 192 

1 1 1 180 

PEE >/0 -1 -1.5) -170 

0 0 --2| -248 

and this matrix is in Row Echelon Form. 

Thus, the given system is equivalent to the system 

x+y+z=180 

—— 170 y 27> 

—2z = —148 

From the last equation, you get —2z = -148 > z= 74. 

From the second equation —y — sz = —170, we have —y = —170 + ; (74) = —59. 

This implies y = 59. 

Then, from the last equation, x + y + z = 180, solving for x, gives us 

x = 180 —-(y +z) = 180 — (59 + 74) = 47. 

Therefore, the three angles of the given triangle are 47°, 59° and 74°. 

I y——__— 
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The perimeter of a given triangle is 30 cm. The shortest side is 4 cm shorter than the 

longest side of the given triangle. The longest side is 6 cm less than the sum of the 

other two sides of the given triangle. Find the length of each side of the triangle. 

Solution 

Let a, b and c be the shortest, the middle and the longest sides of the given triangle 

respectively. Then, from the given information, you have the following system of 

linear equations: 

a+b+c=30 

c=at+4 

c+6=a+tb 

Then, the given set of linear equations is equivalent to the following system of linear 

equations: 

a+b+c=30 

a-c=—4 

a+b-—c=6 

1 1} 30 

and the augmented matrix of the given systemis |1 0 -l) -4}. 

1 1 -l] 6 

Use appropriate elementary row operation to reduce the augmented matrix to a 

matrix in REF as follows: 

1 1 1} 30 1 1 1 30 

10 -l) 4) >} 0 -1 -2) -34 

1 1 -l| 6 0 0 -2) -24 

The last matrix is in REF and the given system has the same solution as the system: 

a+b+c=30 

—b — 2c = —34 

—2c = —24 

From the last equation, you have —2c = —24 > c= —** = 12 and from the second 

equation, 

b = 34—2c = 34—2(12) = 34-24 =10. 

+g 
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Then, from the first equation a = 30 — (b+ c) = 30 — 22 = 8. 

Therefore, the sides of the triangle are 8cm, 10cm and 12cm. 

If a 30% salt solution is to be mixed with a 20% salt to form a mixture of a 25% salt 

solution of 500 liters, how much of each is needed? 

Solution 

Let x represent the amount of 30% salt solution needed and y be the amount of 20% 

salt solution needed. 

The total amount of the mixture must be 500 liters. 

Thus, x + y = 500 

The amount of salt in the end result is 25% of 500 liters, which is 0.25 x 500 = 

125. 

That is, 0.3x+0.2y =125. 

Then, we have the following system of linear equations: 

x+y=500 

0.3x+0.2y =125 

1 1} 500 
The augmented matrix of the system is . 

0.3 0.2) 125 

1 1500) x oe oae, (1 1 {500 

0.3 0.2/125 0 -0.1/-25 

This implies the given system is equivalent to the system 

x+y =500 

—0.1ly =-25 

Thus, -0.ly =-25=> y ==> =250and x =500— y= 500-250 = 250. 

oo — __ 
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Exercise 3.23 

1. In a triangle, the smallest angle measures 10° less than half of the largest angles. 

The middle angle measures 20° more than the smallest angle. Find the measure 

of each angle of the triangle. 

The perimeter of a triangle is 55 cm. The measure of the shortest side is 8 cm less 

than the middle side. The measure of the longest side is 1 cm less than the sum of 

the other two sides. Find the lengths of the sides. 

A chemist has 6% salt solution and 12% salt solution. How much of the 6% salt 

solution and 12% salt solution must be added to get a 300 g of 10% salt solution? 

2. A train travels 700 kilometers in the same time that a truck travels 500 

3. Almaz, Birkti, and Chaltu work in a boutique. One day the three had 

1. The perimeter of a triangle is 50 m. The longest side of the triangle measures 

20 m. more than the shortest side. The middle side is 3 times the measure of 

the shortest side. Find the lengths of the three sides of the triangle. 

kilometers. Find the speed of each vehicle if the train’s average speed is 10 

kilometers per hour faster than the truck’s speed. 

combined sales of Birr 14800. Almaz sold Birr 1200 more than Birkti. Birkti 

and Chaltu combined sold Birr 2800 more than Almaz. How much did each 

person sell on that particular day? 



nM FY N 

10. 

11. 

A rectangular array of numbers arranged in rows and columns is called a matrix. 

A matrix with only one column is called a column matrix. . 

A matrix with only one row is called a row matrix. 

A matrix with equal number of rows and columns is called a square matrix. 

A matrix with all entries 0 is called a zero matrix. 

A square matrix that has zeros everywhere except possibly along the main 

diagonal is called diagonal matrix. 

A diagonal matrix where all elements of the diagonal are equal is called a scalar 

matrix. 

The diagonal matrix where all the elements of the diagonal are | is called the 

identity matrix. 

A square matrix whose elements below the main diagonal are all zero is called an 

upper triangular matrix. 

A square matrix whose elements above the main diagonal are all zero is called a 

lower triangular matrix. 

Let A = (aij)mxnand B = (bij)mxnbe two matrices and k be a real number. 

Then 

a. The sum of A and B is given by, A+B=(a, +b,) mxn* 

b. The difference A and B is given by A-B= (a, -b, 

c. The scalar multiple of A by k is defined by KA = (xa, ) 
mxn 

12Let A = (445) xp and B=(, Dn be matrices, where m,n and p are 

positive integers. The product of A and B, denoted by AB, is the m Xn 

matrix AB = (cis) en" where, c, =4,,,+4,b,,+.....+4,b,;, for i = 

1,....mandj = 1,...n. 

gy —_— 



12. Given a matrix A, the matrix obtained by interchanging the rows of A to columns 

and the columns of A to rows is called the transpose of A and it is denoted by A‘. 

13. The following operations are called Elementary Row operations. 

I. Swapping: Interchanging two rows of a matrix. 

IL Sealing: Multiplying a row of a matrix by a non-zero constant. 

Ill. Pivoting: Adding a constant multiple of one row of a matrix on another row. 

14. A given matrix is said to be in Row Echelon Form, if the following are satisfied: 

a. if there are any rows with no leading entries (rows having zeros entirely) they 

are at the bottom. 

b. the leading entry (the first non-zero entry) in each row after the first is to the 

right of the leading entry in the previous row. 

15. A is said to be in Reduced Row Echelon Form (RREF) if A is in Row Echelon 

Form (REF) and the leading element in each nonzero row is | and it is the only 

nonzero number in its column. 

Review Exercise 

1. Find the size of each of the following matrices. 

-12 -3 -1 2 
1 2 3 

a A= b. B=} 1 2 0 c C=|0 3 
-1 2 -3 

0 0 0 3. -l 

0 1 0 
1 

2 3 
d. D= e E=(0 1 -3 -1) f. F=| -3 

3 -2 3 
2 

210 

1 1 0 1 0 1 1 1 1 
2. LetA= , B= ,C= and D = . Then find each 

2 3 3 0 2 3 1 2 2 

of the following matrices. 

a. A-3C c, 2B+3D d BIC+D'A 

yg —__— 

b. AB—CD 



3. Identify each of the following matrices as symmetric, skew-symmetric, diagonal, 

scalar, upper triangular or lower triangular matrices. 

-1 2 -l 20 0 0 2 -1 

a A=/0 0 0 b. B=/0 0 0 c. C=|-2 0 3 

0 0 5 0 0 4 1 3 0 

1 2 3 1 0 0 3 0 0 

d D=)/2 1 1 e. E=/-2 0 0 f. F=)0 3 0 

3.1 4 4 2 -5 0 0 3 

Find the reduced row echelon form of each of the following matrices. 

12 1 
(! 2 ‘) 

a A= b. B=/2 1 2 
—2 1 -l 

3.2 3 

Solve each of the following systems of linear equations using Gaussian 

Elimination Method. 

1 x+y+z=l 
x-y= 

a. 5 * 5 b. y+z=3 
x+y= 

* x-2y+z=-5 

Determine the inverse of each of the following matrices, if it exists. 

1 3 2 -l 
a. A= b. B= 

1 2 2 1 1 -l 

c. C=/1 2 1 d D=|1 -3 3 

2 1 2 -l 2 -2 

A farmer has two types of milk, one that is 20% butterfat and another which is 

15% butterfat. How much of each should he use to end up with 50 gallons of 20% 

butterfat? 

+g — __ 
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DETERMINANTS AND THEIR 

PROPERTIES 

Unit Outcomes 

By the end of this unit, you will be able to: 

Know minor and cofactor of a matrix. 

Evaluate determinant of a matrix. 

Understand properties of a determinant. 

Apply principles of determinants to compute inverse of a matrix. 

Use Cramer’s rule to solve system of linear equations. 

* * * KK HH Apply determinant concepts to solve real-world situations. 



». Unit 4: Determinants and their Properties 

Unit Contents 

4.1 Determinants of Matrices of Order 2 

4.2 Minors and Cofactors of Elements of Matrices 

4.3 Determinants of Matrices of Order 3 

4.4 Properties of Determinants 

4.5 Inverse of a Square Matrix of Order 2 and 3 

e Adjoint e cofactor 

ords e cramer’s rule e determinant 

e inverse e minor 

Introduction 

Every square matrix can be associated with a number called its determinant. 

Determinants occur in many mathematical topics. The coefficients in system of linear 

equations are often represented by matrices and the determinant can be used to solve 

systems of linear equations, if the coefficient matrix is an invertible matrix. 

In this unit, determinant of a matrix; basic properties of determinant will be discussed 

and some applications of determinants in solving systems of linear equations will 

also be given. 
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Determinants of Matrices of Order 2 

y 4.1 

a 
Consider the square matrix A= ( 

b 
| of order 2. Suppose ad—bc #0. Then 

c 

a. show that A is invertible and findA™. 

b. solve the following system of linear equations: 

ax+by=e 

ort dy=f 

From Activity 4.1, you have found that 

1 (4 —b 

ad-—bc \—¢ a 

ed—fb arse) 

ad—bc’ ad-bc/)* 

a. Ais invertible and its inverse is given by A"? = 

b. The solution set of the given system is {( 

In both cases, the number ad — bc is involved and ad — bc is called the determinant 

of A. 

The determinant of a square matrix of order 2 is defined as follows. 

Definition 4.1 

Find the determinant of A = (3 ‘). 

Solution 

Using the definition, det(A) = 1(4) — 2(3) =4-6 = -2 

ee I———_— 
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* } Ifdet(A) =0, then find x. 
1 

LetA= 
2 x4+il 

Solution 

Ifdet(A)=0, then 1(x+1)-2x=0=>1-x=0. 

This implies, x =1. 

1 0 
Find the determinant of 1, = f ] . 

Solution 

The determinant of the identity matrix for multiplications is given as: 

1 0 
det (I, ) -| i =1(1)-0(0)=1-0=1. 

1. Determine the determinant of each of the following matrices. 

1 2 5 2 2 0 
a. A= b. B= c. C= 

f ‘ (; 4 ( iq] 

2. Determine the determinant of each of the following matrices. 

1 2 x 0 loa 

= (2) ° (; “ f 4 

7 } If det (A) = Othen determine the value(s) of x. 
3 

3. Lata-[ 
1 x 

Te -Q——_—— 
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Minors and Cofactors of Elements of Matrices 

Minors of Elements of Matrices 

Activity 4.2 

i 

LetA=|4 5 

7 8 

. Then find 

on WwW 

a. matrix B obtained by crossing-out the 2™ row and the 1 column from A. 

b. det(B) 

c. matrix C obtained by crossing-out the 1 row and the 2™ column from A. 

d. det(C) 

From your responses for Activity 4.2, observe that 

(i) both B and C are 2 X 2 matrices; 

(ii) the determinant of B is called the minor of az1, the element in the intersection 

of the second row and the first column of A; 

(iii) the determinant of C is called the minor of a,2, the element in the intersection 

of the first row and the second column of A. 

— Note 

If A = (a) isa1 X 1 matrix, then the determinant of A is defined by det(A) = a. 



Unit 4: Determinants and their Properties 

Definition 4.2 

Let n be a positive integer greater than or equal to 2 and A = (@jj)nxnbe a 

square matrix of order n. 

Suppose we know how to define the determinant of any (n — 1) xX (n — 1) 

matrix. 

Let Gj), for i=1,...,n and j = 1,...,n, be an ordered pair of positive 

integers. 

Cross out the i" row and j column of A and obtain an (n— 1) x (n—1) 

matrix and this matrix is denoted by Ajj. 

That is, 

Qn1 Qn2 Ann (n-1)x(n-1) 

Then det(Aj;) is called the minor of the entry a;; of A, denoted by Mj;. 

1 2 1 

Determine the minors of all the entries of matrixA=|0 1 Oj}. 

3 -1 5 

Solution 
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il. The minors of A are 

1 0 0 0 0 1 

|A,F -] s\7> |Anl=|, 5|~° JA =), _|7 > 

2 1 11 1 2 
|Aal=| 5/7! |An|=}, 72 |Az|=], oia07 

2 1 1 1 1 2 

A3,|= 1 dl |Azl=|, =0 Asl=|, l =1 

Cofactors of Elements of Matrices 

12 3 

Let A=|4 5 6]. Then compute (-1)~/ det(A,) for every (i,j) pair of 

7:39 

positive integers where i=1,2,3 and j =1,2,3. 

From your responses in Activity 4.3, the values (-1)'*’ det(A,,) is called the cofactor 

of the entry a;; for every pair (i, j) of positive integers for i = 1,2,3 and j = 1,2,3. 

Definition 4.3 

Let n be a positive integer greater than or equal to 2 and A = (djj)nxnbe a 

1 

Determine the cofactors of all the entries of the matrix A =| 0 

3 
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Solution 

From Example 1, the minors of all the entries of A are: 

M,, 4A, &5 M, =|A,,| =0 M,, =|A,,| =-3 

M,, =| A,,|=11 M,, =|A,,|=2 M,, =|A,3|=—7 

M,,=|A3,|=—1 M,, =|A,,|=0 M,; =|A,,|=1. 

Then the cofactors of all the entries of A are: 

+1 

C, =(-1) |Ay, = 5 Cc, =(-1) 

142 
|A,|=0  C,=(-1)"A,|=-3 

Cy =(-1)"| Aj |=-1l CG, =(-1)""| A,J=2 Cy =(-1)"| Ay) =7 

Cy, =(-1)"| Ag [=-1 Cy =(-1)"| Ay [=0 Cy =(-1)"] Ay =1. 

Find the minors and the cofactors of all the entries of the following matrices. 

2 3 1 1 3 

b. B=|/0 3 4 

00 5 

1 

a. A=/4 5 6 

7 8 9 

Determinants of Matrices of Order 3 

i 

LetA=|2 3 

3 4 

. Then, determine 

Rh wWe 

a. ayCy +40, +a,;C,; b. aC, +a,Cy, +45,C,,. 

From your responses in Activity 4.3, observe that the answers for both questions are 

the same number and this number is called the determinant of A. 

+ y—— 
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Definition 4.4 

Let A= (ajj)3x3 be a square matrix of order 3. Then the determinant of A, 

It is possible to express determinant of a matrix A as a cofactor expansion along a 

column of A and gives you the same result, but in this subunit, cofactor expansion of 

the determinant along a row only is considered. 

1 

LetA =| 4 . Then find the determinant of A using a cofactor expansion along 

7 aonn oN WwW 

the first row. 

Solution 

First find the cofactors C11, Cyz and C3 as: 

5 6 om =(-1)" 3 9 
45-483, c,, =(-1)" 4 J =~(36-42)=6 

7 97 7 C6-42) 

and C,, =(-1)” 4g 327 35=-3: 
mn 

Then the determinant of A is given by: 

|A| =1C,, +2C,, +3C,, =1(-3)+2(6)+3(-3)=-3+12-9=0. 

That is, 

Te —_————_ 

Al=0. 
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10 0 

Find the determinant ofI,=|0 1 0 

001 

Solution 

Using a cofactor expansion along the first row, the determinant of I3 is given by: 

ay {l 0 (42)/0 0 (43) 0 1 
det(I,) =1(-1 +0(-1 +0(-1 =1-0+0=1 
G)=U-Y |) FOC) FOV yg 

Therefore, the determinant of I3 is 1. 

279 

1. Let A=|3 5 6]. Then compute the determinant of A using a cofactor 

74 1 

expansion along the first row. 

2 0 0 

2. Compute the determinant of the matrix B=|0 2 0 

0 0 2 

Cofactor Expansion of Determinant along Any Row 

Activity 4.5 

i 25 

LetA=|4 5 1. Then evaluate each of the following. 

303° 2 

a. AC, +4,C,. +4,;C,; b. AyCy) +42Cy +30, 

© C3, + AC, +3333 

+ Q——_— 

c 



Unit 4: Determinants and their Properties 

In your responses in Activity 4.5, you have observed that, the values in (a), (b) and 

(c) are the same and this number is the determinant of A. 

The results in Activity 4.5 tell us that the determinant does not depend on the choice 

of the row as stated in Theorem 4.1. 

Theorem 4.1 

be a square matrix of order 3. Then, the determinant of A, 

1 2 3 

LetA=/4 5 6]. Then, find the determinant of A using cofactor expansion along 

789 

the three rows of A. 

Solution 

In Example | of these section, you have seen that using cofactor expansion of the 

determinant along first row, Al =4,C,+4,C,, +40, =0. 

a. The determinant of A using the cofactor expansion along the second row is 

given by: 

ex) ,J2 3 as) .|L 3 ass) [1 2) 
det (A) =(-1 4 +(-1 5 +(-1 6 (ayer Secafrsy, Sacra) s 

=—4(18—24)+5(9-21)-6(8-14) =24-60+36 =0. 

b. The determinant of A using a cofactor expansion along the third row is given by: 
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Gu) ,|2 3 G42) g/L 3 (+3) ,{1 2 
A)=(-1 -1 -1 det(A) =(-1) 1 de ) 7 gt! ) Ns 

(12-15)-8(6-12)+9(5-8) 

(-3)-8(-6)+9(-3)=-214+48-27=0 

7 

7 

Thus, the determinant of A using the cofactor expansion along any of its three rows 

is the same: that is, |A| = 0. 

Note 

Let A = (ij)nxn be a square matrix of order n. 

a. The expression (—1)'*/in the expansion of the determinant determines the 

algebraic sign in the position (i,j) of a square matrix of order n and these 

signs form a checkerboard pattern of "+" and" —" that has + in the (1,1) 

position. The patterns forn = 2 and 3 are given as follows. 

(© ana(= + -) 
_ - + 

n=2 n=3 

b. In determining the determinant of a square matrix by cofactor expansion 

along a row, the best strategy is to use a cofactor expansion along a row with 

large number of zeros. 

Example 4 

1 2 1 

Compute the determinant of the matrix A=/|12 0 0}. 

-5 11 0 

+g 
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Solution 

As the second row has two zero entries, more zero entries than the other two rows, 

you can use a cofactor expansion along the second row. 

1 2 1 
2 1 1 1 1 2 

12 0 O;=-12 +0 -0 
0) 5 0 -5 11 

- 11 0 

2 
--1 j[=(-12)=(0-1)=122 

11 

Therefore, the determinant of A is 132. 

17 

1. LetA=|0 5 

-1 4 

. Then compute the determinant of A using a cofactor 

expansion along all the three rows. 

2. Compute the determinant of each of the following matrices by using cofactor 

expansion. 

2 1 0 0 2 1 

a. p= (3 —2 2) b. C=|/4 1 1 

1 0 2 320 

3. Find the determinant of each of the following matrices. 

1 0 0 23 4 12 1 

a |0 —2 0 b. 01 5 c |3 4 2 

0 0 4 00 -4 5 6 3 

+ y—— 
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Properties of Determinants 

Determinants of Triangular Matrices 

Activity 4.6 

Find the determinant of each of the following matrices. 

a 0 0 WB 

a cA'S| be 0 b. B=|0 d e 

def 00 fF 

From your responses in Activity 4.6, observe that matrices A and B are triangular 

matrices and 

a. the determinant of matrix A is the product of its diagonal entries; 

b. the determinant of matrix B is the product of its diagonal entries. 

These properties are true in general and are stated as follows. 

Theorem 4.2 

Let n be a positive integer greater than or equal to 2 and A = (a; ee IfAisa 

triangular matrix, then the determinant of A is the product of its diagonal 
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1. 

Note 

If A is a diagonal matrix, then A is a triangular matrix and its determinant is 

the product of its diagonal entries. 

ay, 0 ~ 0 0 

Thatis,ifA=( 2 92 °° 9 9 ) them JA] = ayag2 «Ann 

0 O .. O ann 

10. 0 0 

ee . _{0 1 « 0 0). tye 
For a positive integer n the matrix J, =|: + . ; ; | is the identity 

00. 0 1 

matrix for matrix multiplication and it is a diagonal matrix. 

Thus, |J,] = 1x1x..x1=1. 

Solution 

det (A 

2 1 3 

Compute the determinantof A=|0 -l 4}. 

0 0 1 

Using the cofactor expansion along the first row: 

-1 4 0 4 0 -I 
)=2 -1 + 

0 1; jo 1} |0 O 

=2x(-1)+(-1)x0+3x0=-2 

On the other hand, A is an upper triangular matrix. 

Thus, det (A) =2x(—1)x1=—2, the product of the diagonal entries of A. 

Find the determinant of each of the following matrices: 

a. 

22 1 -1 0 0 4 0 0 

A=/0 3 5 b. B=|/0 2 0} c C=/0 -1 0 

00 1 -1 01 0 0 -2 

yy 
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Solution 

a. A is an upper triangular matrix and|A| =2x3x1=6, which is the product of the 

diagonal entries of A. 

b. B is a lower triangular matrix and |B] = —1 x 2 x 1 = —2, which is the product 

of the diagonal entries of B. 

c. Cis a diagonal matrix and hence Ic| =4x (-1)x (—2) =8, which is the product of 

the diagonal entries of C. 

Determine the determinant of each of the following matrices: 

1 2 3 2 0 O 1 0 0 

a. A=|0 4 5 b. B=|2 -1 0 c.C=/0 -—2 0 

0 0 -l Oo 1 -2 0 0 3 

Determinant and Elementary Row Operations 

Let us consider the effects of the three elementary operations of matrices on 

determinants of matrices. Let us start our discussion by considering the following 

activity. 

Let A= (6 ’. Then find the determinant of each of the following matrices in 

terms of the determinant of A. 

c da 3a 3b a b 

a (C4) ». (Sa) «(oa a2) 

From your responses in Activity 4.6, observe that: 

a. I< < = —|A| (Interchanging two rows of a matrix changes the determinant by 

sign). 

Ey 
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b. |*2 3 | = 3|A| (The determinant of a matrix obtained from A by multiplying a 

row of A by a scalar is the scalar times the determinant of A). 

a b | = 

c—2a d-—2b 

row does not change the determinant). 

c. | |A| (Adding a scalar multiple of a row of A onto another 

These three properties are the effects of elementary row operations on the 

determinant of A and these effects are true in general for any square matrix as stated 

in Theorem 4.3. 

Theorem 4.3 

Let A be a square matrix of order n. 

a. Interchanging two rows of the matrix changes the sign of the determinant; 

ep RIOR] tos 
That is, if A——— B for i # j, then |B] = —|AI. 

b. The determinant of a matrix obtained by multiplying one row of A by a 

constant gives you the same constant times the determinant of the given 

matrix. 

That is, if, A—*=““-» Band k is any constant, then |B| = k|Al. 

c. Adding a scalar multiple of one row of A to another row of A does not change 

the determinant. That is, if A—“?*“ 5p for i + j and k is any constant, 

then |B] = |A|. 

—— Note 

One consequence that follows from property (b) of Theorem 4.3 is if you multiply 

a square matrix of order n by a scalar k, then the determinant of the new matrix is 

k™times the determinant of the given matrix. 

That is, if A is a square matrix of order n and k is a scalar, then|kA| = k™|Al. 

gy 
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Let A= (¢@ ”). If det(A) = —2, then find the determinant of each the following 

matrices: 

a b 3a 3b 
a. B= c. D= 

2a+c 2b+d 3c 3d 

2a 2b cd 
b. C= d. E= 

c ad ad 

Solution 

If det(A) = —2, then [A] = |? | = ad —be = -2. 

a b 
=a(2b+d)—b(2a+c)=ad—be =-2 . Observe _ that, 

2at+c 2b+d 
a. [BI = 

matrix B is obtained by replacing the third row of A by 2 times the first row of 

A plus the second row of A and |A| = |B| =-2, 

b. |C\= “ a = 2a(d)—2b(c) =2(ad —bc) =2x(-2)=-4. Observe that, matrix 

C is obtained by scaling the first row of A by -2 and |C|=2|A]=2x(-2)=—4. 

3a 3b 

© I=) 3a 
|= 34(34) 30) =3%3( ad be =3’ x(-2)=9x(-2)=-18. 

Observe that D =3A and |D| =3°|A| =9x(-2) =-18. 

d 
d. |E| = “ feb dad be) =2, Observe that, matrix E is obtained by 

a 

swapping the first and the second rows of A and det (E) =—det(A) =—(-2) =2. 

ay 
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Example 4 

abe 

Let A=|d e f |. If det(A) =2, then find the determinant of each of the 

ghk 

following matrices. 

def a b c 

a B=|a boc b. C=| d e f 

ghk gt3a h+3b k+3c 

a bec 4a 4b 4c 

c. D=/5d 5e Sf d. E=|4d 4e 4f 

g h_iek 4g 4h 4k 

Solution 

a. Matrix B is obtained by swapping the first and the second rows of A. 

Thus, det(B) = — det(A) = —2. 

b. Matrix C is obtained by replacing the third row of A by 3 times the first row of 

A plus the third row of A. Thus, det(C) = det(A) = 2. 

c. Matrix D is obtained by scaling the second row of A by S. 

Thus, det(D) = 5det(A) =5 x 2 = 10. 

d. Aisa 3X3 andE = 4A. 

Thus, det(E) = det(4A) = 43 det(A) = 64 x 2 = 128. 

—— Note 

Using property (b) in Theorem 4.3 we can introduce many zeros in a row of a 

square matrix and compute the determinant of the matrix by expanding the 

determinant along the row with many zeros. 

gg —__ 
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Determine the determinant of the following matrix after reducing it to a matrix in 

REF. 

Solution 

First reduce A into an upper triangular matrix using appropriate elementary row 

operations as follows. 

111 111 

A=|1 2 3|/—a3R >} 0 1 2 

13 3 0 2 2 

111 

SEE >] 0 1 2 |=B 

0 0 -2 

The last matrix, B, is a triangular matrix and hence the determinant of B is the 

product of its diagonal entries. 

That is, B] = 1 X 1 x (—2)= —2. 

Observe that matrix B is obtained from A by applying three successive elementary 

row operations. Each of these elementary row operations are of the same type; adding 

a scalar multiple of one row onto another row. 

Thus, all these elementary row operations do not make any change on the 

determinant of the matrix. 

Therefore, the determinants of both A and B are the same and hence 

|A| = |B] = —2. 

I 



Unit 4: Determinants and their Properties 

1. LetA = @ ’). If det(A) = 2, then find the determinant of each the following 

matrices. 

a b a b -3a -3b 
a. b. Cc. 

a+c b+d 2c 2d -3c -3d 

abe 

2. Let A=|d e ff jand det(A) =3. Then, compute the determinant of each of the 

ghk 

following matrices. 

abe 2a 2b 2c a b c 

alg h k b |d e f c d e ft 

def g hi ik gt+3a h+3b k+3c 

12 3 

3. LetA=|1 1 2). Determine the determinant of matrix B if: 

111 

1 
~ R;>5R; 

a A—BP& 3B b, A—R2R2R VB c. A——2" >B 

Determinant of Product of Matrices and Determinant of a Transpose 

Activity 4.8 

b e f 
Let A= a and B= ag . Then, compute each of the following. 

ed gih 

a. det(A) and det(B). b. det(AB), det(A‘) and det(B') 

In your responses in Activity 4.8, observe that; 

a. det(A)= det(A' ) , that is, the determinant of A and its transpose are equal; 

b. det(AB) = (det A)(det B); that is, the determinant of the product of A and B, 

det(AB), is equal to the product of the determinant of A and the determinant of B. 

ee — _ 
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In general, we have the following results about the determinant of a transpose and the 

determinant of product of matrices. 

Theorem 4.4 

Note 

Using Property (b) of Theorem 4.4 and the associative property of matrix 

multiplication, if A, B and C area square matrix of order n, , then 

|ABC| = |Al[BI|C. 

Example 6 |; 

Let A and B be square matrices of order 3 with |A| = 4 and |B] = 5. Then compute 

each of the following: 

a. det(AB) b. det(3A) c. det(2AB*) d. det(A®) 

Solution 

det(AB) = det(A) det(B) = 4.x 5 = 20. 

b. det(3A) = 33 det(A) = 27 x 4 = 108. 

c. det(2AB' ) =? det (AB' ), since AB‘ is a square matrix of order 3. 

The matrix AB‘ is the product of A and B'. 

This implies det(2AB') = 2° det (A) det(B')=2° det (A) det(B) and 

det (B) = det(B'). 

Therefore, det(2AB') = 2° det(A)det(B)=8x4x5=160. 

d. det(A*)=(det A)’ =4° = 1024. 

ee —— 
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Let A and B be square matrices of order 3 with |A| = 2 and |B| = 3. Then compute 

each of the following. 

a. det(AB) b. det(2A) c. det(3AB*) d. det(A*) 

Determinant of Inverse of an Invertible Matrix 

Let A be a square matrix of order n. If A is invertible, then AA“ = I, and 

det(I,) = det(AA+) = [det(A)][det(A7*)] = 1 

Therefore, det(A) # 0, because the product of det A and det(A“*) is different from 

1 

det(A) ’ 
zero and hence, det(A') = 

Thus, the following theorem is proved. 

Theorem 4.5 

If A is an invertible matrix of order n, then det(A) is not zero and the 

Example 7 

Let A and B be two invertible matrices of order 3. Suppose det(A) = 4 and 

det(B) = 3. Then find 

a. det(A~*) b. det(A~1B) 

Solution 

a. Since A is invertible and det(A) = 4 #0, thendet(A™) = a = I ; 
det(A) 4 

b. ax(8B) = (a(n) [I Js) pas 4 

Ba —__— 
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Let A and B be 3 X 3 matrices with det(A) = 2 and det(B) = 5. Then find 

a. det(A™) b.  det(A“'B) 

c. det(B") d. det(AB"') 

Inverse of a Square Matrix of Order 2 and 3 

There are different applications of determinants. One of these applications that is 

considered in this section is invertibility of a matrix. 

Adjoint of a square Matrix 

Activity 4.9 

121 

Let A= (: 3 3) Then find 

41 4 

a. the cofactors of all the entries of A. b. matrix B defined by B= (Cc, ), : 

The matrix B you have obtained in Activity 4.9 is called the adjoint of A and if A 

is invertible, then matrix B has a role in determining the inverse of A. 

Definition 4.5 

Let A =(q,),,,, be a square matrix of order n and C, =(-1)"" 'det(A,) be the 

cofactor of the element a;; fori = 1,...,n and j = 1,...,n. Then, the matrix 
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1 2 
Determine the adjoint of A = f ‘| . 

Solution 

Ai = (4) Ai2 = (3) Az = (2) Az2 = (1). 

Thus, the cofactors of all the elements A are: 

+1 1+2 
C,, =(-1)” det(A,,)=4 C,, =(-1)" det(A,,)=-3 

2+1 2+2 
C,, =(-1) 

Therefore, the adjoint of A is 

det(A,,)=—2 C,, =(-1)"? det(A,,)=1. 

Determine the adjoint of the matrix 

121 

A=|1 4 3}. 

12 0 

Solution 

4 3 teil 3 1 4 
Cc, =Cp" =-6 C,, =(-1 = Cc, =) =-2 pen" acyl ween 

2 2w2{l 1 1 2 

C,,=(-I)" =2 C,, =(-1 =- C,, =(-1)"" =0 nerf | ot necoe |? 

21 sofl 1 1 2 
C,, =(-1)*" =2 C,, =(-1 =-2 C,, =(-)** =2 eof | oof vee? 

are the cofactors of all the entries of A. 

—— _ 
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Therefore, the adjoint of A is: 

C, Cy C,) (6 3 2 6 2 2 

Adj(A)=|C,, C,, C,, | =| 2 -1 0] =| 3  -1 2 

Cy Cy Cy 22 2 2 0 2 

. _ 2 1 
1. Determine the adjoint of A = 3 4) 

1 2 3 

2. Determine the adjointof B=|6 1 9 

4 0 5 

Adjoint and Determinant 

Activity 4.10 

1 i, .2 

LetA=|3 4 3). Then find 

Ae aR 

a. det(A) b. Adj(A) c. A(Adj(A)) d. (Adj(A))A 

From your responses in Activity 4.10, observe that 

(Adj(A)) A = det (A), = A(Adj(A)). 

In general, given a square matrix of order n, A(Adj(A)) = det(A) I, = (Adj(A))A. 

If det(A) is not equal to zero, then 

Logaray)_y (1 gas 
slaty aai(a)) =I, = ( eA) aai(a))A 

This implies, A is invertible and its inverse is given by: 

At = (Adil) 
det (A) 

I 
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Thus, the following result is proved. 

Theorem 4.6 

1 2 
LetA= (; ‘}: Find the inverse of A (if it exists). 

Solution 

4 -3\ (4 2 
a. From Example 1, aaita)=[ 5 1 -( } 

b. det(A)=4-6=-240. 

This implies, A is invertible and its inverse is given by 

met agra t(* aly 4 
det(A) 23 1) |2 1 

2 

Example 4 | 

121 

Let A=|1 4 3). Find the inverse of A (if it exists). 

12 0 
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Solution 

6 2 2 

From Example 2, Adj(A)=| 3. —-1 —-2 Jand 

2 0 2 

4 3 1 3) jl 4 
|A| = —2)\+ =-6+6-2=-2#0. 

2 Oo) 1 OF fl 2 

Therefore, A is invertible and its inverse is given by 

62 2 3. -1 -l 

At=—1 Adj(A) =-~ 3-1 -2|= 31 , 
det(A) 2 9 0 2 2 

7 1 0 -l 

Remark 

Let A be a square matrix of order n. A is invertible if and only if the determinant 

of A is not zero. This is equivalent to saying that: A is singular if and only if the 

determinate of A is zero. 

Exercise 4.10 

Find the determinant, adjoint and inverse (if it exists) of each one the following 

matrices 

1 1 
a. b. 

oor or WN = Bw 

co) 

an Ww = = =v nA Re 
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Solutions of Systems of Linear Equations Using 

Cramer’s Rule 

We can use determinants to obtain another method, known as Cramer’s Rule, to solve 

systems of n linear equations in n variables if the coefficient matrix of the system is 

invertible. 

Consider a system of n linear equations AX = B, where A is a square matrix of order 

n. If A is invertible, then the system has a unique solution and this unique solution is 

given by 

X=A''B. 

Activity 4.11 

x+y=l1 
Consider a system of two linear equations in two variables given ty # 4 

x-—y= 

ti ped 

. = M3 
a. Solve the given system. b. Compute i a and oi 

1 -l 1 | 

From your responses in Activity 4.11, observe that 

; 1 , 

3-1 1 3 
a x= and y=_——__; 

1 1 

1 -l 

1 1 

1 -l 

b. The matrix (3 *) is obtained by replacing the first column of the 

. : . 1 — (1 1). 
coefficient matrix of the given system by (3) and matrix G 3) is 

obtained by replacing the second column of the coefficient matrix of the 

given system by (3) 

This method is called Cramer’s Rule. 

gy — __ 
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Theorem 4.7 ( 

Use Cramer’s rule, if possible, and solve the following system of linear equations: 

xty=l 

2x+y=5 

Solution 

The given system in matrix form is given by: 

2 ib} 1 

Thus, the system has a unique solution that is given by: 

=1-2=-140. 

; ; J 

5 1 - 2 5 — 
yor aS ig ang yok 71-52 3 85, 

1 1 -l1 -l 1 1 -l1 -l 

2 | 2 1 

Therefore, the solution set of the given system of linear equations is {(4,—3)} . 
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Exercise 4.11 

Use Cramer’s rule, if possible, and solve each of the following system of linear 

equations. 

x+y=2 b 2x+y=9 

2x+3y=4  |[3x-4y=2 

x+3y=8 4 -x+2y=0 
c. . 

2x—-3y=4 -2x+y=-1 

Theorem 4.8 (Cramer’s Rule for Three Variables) 

Given the system 

a X+a,y¥+a,2=b, 

aX + Ay + Ay,Z = b, 

Ay, X + Gy V + Ay,Z = by 

Gy Ai A 

in three variables x, y and z, if |a,, 4) 4>,|#0, then the given system has 

3, As, yy 

* 
. . . D, D, D. 

a unique solution given by x= = yan and z=—, where 

a Ar 43 hb a, a3 a, 2b a3 

D=|a, a) ay}, D,=|b, a, 4) , D, =|4y, by dy) and 

43, G3, As; by dy ay a, b, ay 

ay, A, 4, 

D.=|a, a, /, 

a, dy b, 
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Using Cramer’s Rule (if possible) and solve the following system of linear equations. 

2x+3y—-Sz=1 

xX+y-z=2 

2y+z=8 

Solution 

The given system of linear equations is given in matrix form as: 

2 3 -5\fx) (1 

1 1 -1i|yJ=/2|. 

02 1}lz} (s 

Then the determinant of the coefficient matrix is: 

2 3 -5 

D=|1 1 -lj=-7#0. 

02 1 

Thus, the system has a unique solution and by Cramer’s Rule: 

1 3 -5 2 1 -5 

2 1 -l 1 2 -l 

x-8 21 =e, y-2 sl =! 3 and 
2 3 -5| -7 23 -5) - 

11 -l 1 1 -l 

02 1 02 1 

23 1 

1 12 

0 2 8) -14 

7-3 3) 7 

1 1 -l 

0 2 =#1 

Therefore, the solution set of the given system of linear equations is {(L 3,2)} . 
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r— Remark 

It is worth mentioning that, in finding the solution set of a system of 7 linear 

equations in n variables using Cramer’s Rule, we have to evaluate n + 1 

determinants. For systems with large number of equations, Gaussian Elimination 

Method is more efficient. 

Exercise 4.12 

Use Cramer’s rule, if possible, and solve each of the following system of linear 

equations. 

x+y+z=3 x+y-z=l x+y-z=l 

a. 4-2x+2y+2z=5 b. 4 2x+z=4 Cc. 4x-ytz=2 

x+y+2z=4 y-z=5 2x+2z=3 

Systems of Linear Equations with no Solution or Infinitely Many 

Solutions 

Given a system AX = B of n linear equations in n variables, where n is a positive 

integer, if |A] = 0, we cannot apply Cramer’s rule to solve the system and further 

investigation is required. 

If |A| = 0, then there are two possibilities: the system has no solution or the system 

has infinitely many solutions. 

The cases of no solution or infinitely many solutions of a given system of linear 

equations are considered in the following two examples. 

Solve the following system of linear equations (if possible). 

—x+2y=3 

3x-6y=0 

ee y—_—— 
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Solution 

2 -1 
The coefficient matrix of the given system is ( 3 6 

-1 2 
and =6-6=0. 

This implies the system has no unique solution and we cannot use the Cramer’s rule. 

The system has no solution or it has infinitely many solutions and we can use 

2 |3 

-6|0} 

-1 2)3 -1 2/3 R,>R,+3R, 

3-6/0 0 0|9 

Thus, the given system is equivalent to the system: 

—x+2y=3 

0=9 

elimination method to determine. 

-1 
The augmented matrix of the system | 3 

and the last matrix is in REF. 

The last equation, 0 = 9, is always false. 

Therefore, the system has no solution. 

Graphing the lines represented by the two equations in Figure 4.1 reveals that the two 

lines are parallel. = =x+2y=3 

Figure 4.1 
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Example 4 

Solve the following system linear equations. 

x-2y+3z=0 

3xt+y—-2z=0 

2x—4y+6z=0 

Solution 

Let us first determine the determinant of the coefficient matrix. 

1 -2 3 

The coefficient matrix of the system is | 3. 1  —2 | and its determinant is 

2 -4 6 

1 2 3 

3 1 -2)=0. 

2 4 6 

This implies the system has no unique solution and we cannot use the Cramer’s rule. 

The system has no solution or it has infinitely many solutions and we can use 

elimination method to determine. 

The augmented matrix of the system is: 

1 -2 3{0 

3 1 204. 

2 4 6/0 

1 2 3/0 1 2 30 

3. 1 -2}0 |e] 0 7 -11/0 

2-4 6jo) 0 0 00 

and the last matrix is in Row Echelon Form. 

Then, the given system of linear equations has the same solution as the system of 

linear equations: 

x-2y+3z=0 

eae 

4 
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From the last equation, 7y-—llz=0>z= Jy 

Substituting this value in the first equation give us 

7 1 
x=2y—3z=2y-3} —y |=—y, yeR. y y (Z»} We? 

Therefore, the given system has infinitely many solutions given by: 

1 7 
—y,y,—y |: yeR>. 

(ee) * 

Exercise 4.13 

Solve each of the following systems of linear equations, if possible. 

x+y-2z=3 
x-y=2 

b. —2x-2y+4z=-6 
—2x+2y=—-4 

y-z=5 

x+y+z=3 x+y-z=l 

c. —2x+2y+2z=5 d. X-y+z=2 

xtyt+2z=4 2x+2z2=3 

Applications 

Polynomial Interpolation 

In studying a set of data that relates two variables x and y, it may be the case that we 

can use a polynomial to “fit” to the data. If such a polynomial can be established, it 

can be used to estimate values of x and y which have not been provided. 

Consider the data points (0,1), (1,2) and (2,22). Find an _ interpolating 

polynomial p(x) of degree at most two, and estimate the value of p(3). 

ye 
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Solution 

The desired polynomial p(x) is given by p(x) =at+bx+cx 

Then, p(0)=1=a, p(l)=2=a+b+cand p(2)=22=a+2b+4c . 

This gives us a system of linear equations 

a=1 

a+b+c=2 

a+2b+4c=22 

and the coefficient matrix of the given system is: 

10 0 10 0 14 

1 1 ljand{l 1 iI i-1s-2)=240. 

12 4 12 4 

Then, the given system of linear equations has a unique solution. 

We can solve the system using Cramer’s rule as follows: 

1 00 11.0 101 

211 121 112 

222 4 12 44 417 1 2 22 19 

“Tod feo 2 °° foo 72> 

11 11 11 

124 124 124 

Therefore, the required polynomial is: 

p(x)=1-8.5x+9.5x° and p(3)=1-8.5(3)+9.5(3) =61. 

Exercise 4.14 

Consider data points (0,2), (1,5) and (2,25). Find an interpolating polynomial p(x) 

of at most degree two and estimate the values of p(-1) and p(3). 

ey 



Unit 4: Determinants and their Properties 

Area of a triangle in the xy-plane 

Determinant can be used to find the area of a triangle whose three vertices are in the 

xy —plane. 

The area of a triangle with vertices A(x, J ), B(x,, y,) and C(x,, y,)is in the plane is 

given by 

if y, I x y it 

Area(AABC) = =x, y, Vif|x, y, I> and 

x, y; 1 x,y; 1 

ie y WV iy yy 1 

Area (AABC) = ~~ x, y, Viffx, y, <0. 

x, ¥; | ix, ys 1 

Find the area of the triangle with vertices A(0,5),B(O, 0) and C(5,0) . 

Solution 

Using the cofactor expansion along the second row, 

051 
05 

0 0 1=(-1]. ~)=25>0. 
5 0 

5 01 

| 

1 1 
Therefore, Area (AABC) = 7 0 0 l= 3 (25) =12.5 Square units. 

Find the area of the triangle with vertices P(1,1), Qd,3) and R(4,5) 

YQ 
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Solution 

Using the cofactor expansion along the first row, 

1 11 
3 1) ol 3 

1 3 W=l -l +1 =-2+3-7=-6<0. 
5 yj |j4 Y |4 5 

45 I 

if 1 1 ; 

Therefore, Area (APQR) = > 1 3 VYe= ~3 09) =3 Square units. 

4 5 1 

Exercise 4.15 

Find the area of the triangle with vertices the following three points. 

a. (—2,0), (0,2) and (2,0) b. (1,0), (2,1) and (2,3) 

Test for collinear points in the xy-plane 

Three points in xy —plane are said to be collinear if all the three points lie on the 

same line. Determinant can be used to determine whether three points in the 

xy —plane are collinear or not. 

Three points A(x, N)s B(x, y,) and C(x,,y,)in the xy-plane are collinear if and 

only if 

Example 4 

Determine if the points A(L1), B(2,2) and C(3,3)are collinear. 

ee —_— 
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Solution 

1 1 

2 2 W=0. 

3.3 1 

This implies, the points A(1,1), B(2,2) and C(3, 3) are collinear. 

Determine if the points A(0,1), B(1,0) and C(0, 0) in the xy —plane are collinear. 

Solution 

oro 

1 1 

0 lj=-140 

0 1 

This implies, the points A(0,1),BQ, 0)and C(0,0) are not collinear. 

Two point form of equation of a line in the xy-plane 

We can use determinant to find equation of a line in xy —plane passing through two 

points. An equation of a line passing through two distinct points P(x,,y,) and 

Q(%2, ¥2) is given by 

x y I 

x y¥ W=0, 

x, y, I 

where (x, y) is a point on the line. 

Example 6 

Find an equation of the line passing through the points P(2,0) and R(0,3) . 

I 



Unit 4: Determinants and their Properties 

Solution 

If (x, y) is a point on the line passing through P (2,0) and R(0,3), then: 

on & 

yl 

0 V=0. 

3 1 

1 
This implies —2 yy” 

3 Yj jO 3 
|-0->-2(y-3)-(2+-0)=0 

Thus, the general equation of the line passing through the two points P (2,0) and R 

(0,3) is 3x+2y—6=0. 

Exercise 4.16 

1. Determine if the following set of points are collinear. 

a. (1,1), (3,2) and (4, 3) b. (1,0), (2,1) and (3,2) 

2. Find the general form of equation of the line passing through each of the 

following pairs of points. 

a. (1,1) and (3,2) b. (1,-1) and (—2, 2) c. (—1,1) and (—4, 2) 

1. If the area of a triangle with vertices (—2, 0), (2, 0) and (0, k) is 8 sq. units, 

then determine the value(s) of k. 

2. If the points (3,k), (k,1) and (6,—1) are collinear, then determine the 

value(s) of k. 

ee ———— 
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. Tif a-( ) te det(A)=4, a, —@,)4),. 

a, Ay 

If A = (dij)nxn, then the matrix obtained by crossing out the i” row and i 

column of A is denoted by Aj;. 

a. det(A;;) is called the minor of the element a,; and 

b. G,= (-1)*/ det(A,,) is called the cofactor of aj;. 

If A = (ajj)3x3, det(A)=a,,C,, +a,,C,, +a,,C,,, expansion of the 

determinant along the first row. 

a 0 0 abd 

IfA=|5b c OjorA=/0 ¢ e , then det(A) = acf. 

def 00 f 

If A and B are two square matrices of order n, then, 

a. det(A) = det(A‘) 

b. det(AB) = det(A) det(B). 

If A is an invertible matrix of order n, then det(A) is not equal to zero and the 

determinant of A“ is given by 

1 

det(A) 

Let A = (@ij)nxn be a square matrix of order n and C, = (—1)"" det(A,) be 

det(A“') = 

the cofactor of the entry a, for i=1,...,2and j=1,...,n. 

C, C,, aa C,, 

Cy, Cy one C 
Then matrix Adj(A)=(C,)..=| 2.2? | is called Adjoint of A. 

C,, C,, wre Ci, 

Iy——__ 



| ~~ —---|| <« 3B 
eee a — I 

a ~ oO 
“=| 8 = 

| < £ =| Sz 

=} < & 
“=| 4 2 

| — aa cee ll 2 | = a as ~S 2 = >| = < ao |] < = a2} “sty Sg z o ——s!/ <2 8 Ss = -_-- 2 e ~ — <= Co) ==3| 8 ¢ = Fi 
—
 

a
 

3
 

ll
 

u
u
 

ae ; ON 7 = el ££ ¢ < oO “———s] 5 Ss oe Ee z 2] a —=8/ = < ec ~
~
 

) 

<=] § & —- 3 U8 _.. | ion oO ST a co} 

rrr rr o ae 
| 8 5 B <==] < = ¢ 

—— g vs a Q g -o 
--- =| as for) 

2 and det(B)=-3. 

c. det(A~1B) 

-l 

2 3 

2 

b. det(AB‘) 

b.B 

Find the minor and the cofactor of each entry of the following matrices. 

det(2AB) 

Then find each of the following determinants. 

if it exists. 

a. 

4. Determine the invertiblity of each of the following matrices and find the inverse 

3. Let A and B be square matrices of order 3 and det (A) 

2. Find the determinant of each of the following matrices. 

1. 



c. (1,0) and (—4, 4) 

4 

7 

3x-y+z=5 

b. 4,-1), (4,2) and (3,2) 

b. (1,0), (2,2) and (3, 3) 

x+2y-z 

2x+3y+2z 

6. Find the area of the triangle with vertices the following three set of points. 

b. (1,2) and (—2, -3) 

b. 

01 2 

0 0 -l 

=0 

5. Use Cramer’s rule to solve each of the following systems of linear equations: 

xt+y=l 

2x+3y 

(—3,0), (0,3) and (1, 1) 

(1, 1) and (—1, 2) 

8. Determine if the following set of points are collinear: 

d. D 

following pairs of points: 

b. (1,1), (3,2) and (5, —2) 

a. 

a. 

7. Find the general form of equation of the line passing through each of the 



VECTORS 

Unit Outcomes 

By the end of this unit, you will be able to: 

%* Know basic concepts and procedures about vectors and operation on vectors. 

* Know specific facts about vectors. 

%* Apply principles and theorem about vectors in solving problems involving 

vectors. 

Unit Contents 

5.1 Revision on Vectors and Scalars 

5.2 Representation of Vectors 

5.3 Vector Product 

5.4 Application of Scalar and Cross Product 

5.5 Application of Vectors 
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Unit 5: Vectors 

¢ coordinate form ofa 

Words vector 

¢ orthogonal vectors e parallel vectors 

cross product 

¢ perpendicular vectors e resolution of vectors 

Standard unit vector e unit vector e scalar quantity 

* vectors quantity ¢ zero vector 

Introduction 

In Grade 9, you have discussed that measurement of any physical quantity can be 

expressed in terms of a number and a unit. For instance, physical quantities such as 

length, time, mass, electric current, area, volume, velocity, force, acceleration, work, 

etc. can be expressed in terms of a number and a unit. 

Thus, physical quantities that are used to describe the motion of objects can be 

divided into two categories. The quantity is either a vector or a scalar. In this unit, 

you focus on various geometric and algebraic aspects of vector representation and 

vector algebra. 

Revision on Vectors and Scalars 

Activity 5.1 

Classify the following physical quantities as scalar and vector quantities: 

a. time b. mass c. work d. torque 

e. distance f. displacement g. length h. velocity 

i. force j. volume k. temperature 

From Activity 5.1, you have observed that there are physical quantities that can be 

expressed by magnitude and direction and there are physical quantities that can be 

expressed by a certain number associated with a suitable unit only. These physical 

quantities can be classified as a vector or a scalar physical quantity. 

gy 
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5.1.1 Scalars 

Definition 5.1 

Physical quantities expressed by a certain number associated with a suitable unit 

without any mention of direction in space is known as scalar. The number 

describing the quantity of a particular scalar is known as its magnitude. For 

example, time (15 sec), mass (20 kg), length (5 km), area (7 m7), volume (10 

m> ), temperature (37 °C). 

5.1.2 Vectors 

Definition 5.2 

A vector is a physical quantity which can be expressed completely by stating 

both its magnitude with particular unit and direction. For example, car 

movement is usually described by giving the speed and the direction, say 60 

km/h northeast. The car speed and car direction together form a vector quantity, 

velocity of the car. 

1. Make a list of physical quantities which are not mentioned in the introduction part, 

distinguish whether they are vectors or scalars. 

2. Classify the following physical quantities as scalar and vector quantities. 

a.length  b. velocity c. time d. force 
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Representation of Vectors 

5.2.1 Components of Vectors 

Activity 5.2 

1. Discuss how a vector quantity can be represented in a coordinate form in a 

plane by giving examples. 

2. If v =(1,1) is a vector whose initial point is the origin as shown in Figure 

5.1, then find a. the components of v. b. the direction of v. 

3. Ifu=(—1, V3) is a vector whose initial point is the origin as shown in Figure 

5.1, then find a. the components of v. b. the direction of v. 

yy 

2 

(-1,v3) 

: (ul) 

u v 

x 

2 4 oO 1 2 3 

“14 

Figure 5.1 

From Activity 5.2, you have observed that how vectors can be represented in a 

coordinate or a column form in a plane. 
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Definition 5.3 _ - 

1. If v is a vector in the plane whose initial point is the origin, O (0, 0) and 

whose terminal point is Q (x, y) then the coordinate form of a vector 

v = vector OQ = (x, y) or the column form of a vector v = (*) as shown in 

Figure 5.2. The numbers x and y are called components of a vector v, the 

direction of the vector can be given by the slope m = » . 

2. If v is a vector in the plane whose initial point P ( x; , y,) and whose terminal 

point Q( x2, yz) the coordinate form of a vector v = vector : _ (X2- PQ = (x2 — X1,¥2— ¥1) or the column form of a vector v = Gy. _ yD as 

shown in Figure 5.3. 

The numbers x2 — x, and yz — y, are called components of a vector v, the 

direction of the vector v can be given by the inclination of the line with slope 

— yarzy1 

X_—%y 

x,y) 

Figure 5.2 Figure 5.3 

-— Note 

1. If both the initial and terminal points lie at the origin, then v is the zero vector 

and is given by v = (0, 0) orv = (0): 

gy 
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Find the coordinate and column forms of the vector v that has initial point (0, 0) and 

terminal point (3, 6). 

Solution 

Let O = (0, 0) and Q = (3, 6), as shown Figure 5.4. 

A 
A 

i (3,6) 

SR ESa tae 3 4 o 

Figure 5.4 

Accordingly, coordinate form of vector v is v = (3, 6) and the column form of vector 

visv=(). 

Find the coordinate and column forms of the vector v that has initial point (1, 2) and 

terminal point (6, 7). 

Solution 

Let P = (1, 2) and Q = (6, 7), as shown in Figure 5.4. 

——_— 
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06, 7) 

“|Pa2 | 

Figure 5.5 

Thus, the coordinate form of vector v is 

BY 

v= PQ = (X2—- X1,¥2 — ¥1) = (6- 1, 7-2) = (5, 5) and the column form of 

vector v is v= (2). 

1. Find the coordinate and column forms of the vector v that has initial point (0, 0) 

and terminal point (7, 8). 

2. Find the coordinate and column forms of the vector v that has initial point (2, 5) 

and terminal point (5, 10). 

3. Find the coordinate and column forms of the vector v that has initial point 

A (aj, a2) and terminal point B (5,, b2). 
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5.2.2 Addition and Subtraction of Vectors 

a. Addition of Vectors 

1. What do you know about addition of vectors? 

2. Consider vector u as a displacement that Kebede walks 5 m due east and then 

v as a displacement that Kebede walks 6 m due north. Find these two 

displacements as a single displacement. 

From Activity 5.3, you can add two vectors geometrically by joining tail to head of 

the resultant vector r = u + v, which describes addition of vectors and can be found 

by placing v such that its tail is at the same point as the head of u. The resultant 

vector r, or addition of vectors u + v, has its tail at the tail of u and its head at the 

head of v, as shown in Figure 5.6, indicating triangular law of vector addition. 



Unit 5: Vectors 

Theorem 5.1 (Commutative property of vector addition) 

If u and v are any two vectors, thenu+v=v+u. 

Figure 5.7 

Theorem 5.2 (Associative Property of vector Addition) 

If u, v and w are any three vectors, then (u + v) +w=u+(v+w). 

Zs 

Figure 5.8 

q 

Ifu =(2, 5), v=(7, 3) and w= (1, 6) "Ta as shown in figure 5.9, then find : 25} a uty bv+u 4 ft c. (ut+v)+w d.u+(v+w) ol Oe cs oa 2 v 

1 

24ol 1234567 8a “1b 

Figure 5.9 

yy 
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Solution 

Substitute the given values of u, v and w into the definition of vector addition. 

a. u+v=(2,5)+(7,3)=(2+7,5+3)=(9, 8). 

b. v+u=(7,3) + (2,5)=(7+2,3 +5) =(9, 8). 

>» > 

- NwWt ann wo © 

p90} 4 
=“ 

Figure 5.10 

ce. (ut+v)+w=((2,5) + (7, 3)) +, 6)=(2 + 7,5 +3) + (1, 6) = (9, 8) + C1, 6) 

=(9 +1, 8 + 6) =(10, 14). 

d. u+(v+w)=(2,5) + (7, 3) + 1, 6)) = (2, 5) + (7 + 1,3 + 6) = (2, 5) + (8, 9) 

=(2+ 8,5 + 9)=(10, 14). 

2.34 3 G6 7 8 9 10 

A A 
aa (1014) TY (10,14) 

42 oo, 12 
4 / 

10 as | 10 Y, 

Za (8,9) 8 Ax (98) 8 yy 

6) £16) Sho shy 
"4, v+tw 

4y]w uty 4 

> > 
O| 2 4 6 8 10 O|} 2 4 6 8 10 

Figure 5.11 
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—— Note 

1. For any three vectors u, v and w, if u = v and v = w, then u = w. 

2. The zero vector 0 has the following property: 

For any vector u,u+0=0+uU=u. 

3. Ifu=(x1,y1) andv=( x2, y2) thenut+v=(x1 + x2,¥1 + yz). 

b. Subtraction of Vectors 

Suppose that u and v are two vectors. How can you interpret the subtraction of 

these vectors in terms of addition? 

From activity 5.4, you have observed that u - v is equal to u + (—Vv), that is the 

vector sum of u and —v. Now, you can reverse vector v and then add using the 

parallelogram method of addition of vectors. 

Figure 5.12 

This figure shows subtraction of vector u — v as addition of u and (—v) using the 

parallelogram method of addition of vectors. 

Moreover, you can also subtract these vectors using the triangular law of vector 

addition as follows. Draw the position u and v so that their initial points coincide. 

Here, the vector from the terminal point of v to the terminal point of u is then the 

vector u — v as shown in Figure 5.13. 

es 
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u 

Figure 5.13 

Note 

1. Subtraction of two vectors u and v is adding the negative of vector v to the 

vector u. That means u— v =u + (—V). 

2. You can do subtraction of vectors just like how you can do subtraction of 

scalers. You subtract the corresponding components of vectors while 

subtracting vectors. 

3. Ifvis any non-zero vector and —v is the negative of v, then v + (-v) =0. 

4. The subtraction of vectors is not commutative. 

5. The subtraction of vectors is not associative. 

If u = (3, 6), v = (8, 4) and w = (2, 7), then find 

a ou-v bv—-u c.(u— v)—Ww d.u-— (v— w) 

Solution 

Substitute the given values of u, v and w. 

a. u-v=u + (—v)=(3, 6) + (—-(8, 4)) = (3, 6) +(-8, —4) 

= (3 + (—8), 6 + (—4)) =(-S, 2). 

b. v— u=(8, 4) — (3, 6) =(8 — 3, 4 — 6) =(5, —2). 

eB __ 
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c. (u—v) —w=((3, 6) — (8, 4)) — (2, 7) = (3 — 8, 6 — 4) — (2, 7) 

=(—5, 2) — (2, 7) =(—5 —2, 2 — 7) =(-7, —5). 

d. u- (v— w) =(3, 6) — ((8, 4) — (2, 7)) =@, 6) — (8 — 2,4 - 7) 

= (3, 6) — (6, —3) = (3 — 6, 6 — (—3)) = (-3, 9). 

1. Find aoutv b. u-v c.(u+v)+we d. (u-v)—-w 

ifu=(3,4), v=(5,-1) and w=(2, —5). 

2. Write any point A, B, C and F in your notebook and draw diagrams to illustrate 

the following vector equations: 

a. AB + BC = AC b. AB + BC+ CF=AF —c.AB—BC=AC 

3. Graphically add the given vectors u and v shown in Figure 5.14 by using head to 

tail rule 

i 

u 

v 

re) x 

Figure 5.14 

5.2.3 Multiplication of Vectors by Scalars 

Let u = (2, 1). Then graph the pair of vectors on the same xy—plane. 

a. wand w, wherew=utut+u 

b. wand —u 

c. wand —2w, wherew=ututu 

a 
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Suppose you have a vector U, then if this vector is multiplied by a scalar quantity 

k =—1, 2, 3, -3, = and so on, you will get the value as shown in Figure 5.15. 

3u —3u 

u -u 2u 

Figure. 5.15 

Hence, from the above given set of vectors, you have observed that the direction of 

vector u remains the same when the value of the scalar is positive and the direction 

becomes exactly opposite when the value of the scalar is negative. In both cases the 

magnitude keeps changing depending upon the values of the scalar multiple. 

Note 

The product kv of a vector v and a scalar k is a vector with a magnitude that is |A| 

times the magnitude of v, and with a direction that is the same as the direction of 

v if k > 0, and opposite the direction of v if & < 0. This is called scalar 

multiplication. If k= 0 or v = 0, then kv = 0. 

Let u = (-1, 3). Find 7u. 

Solution 

Tu = 7(-1, 3)= (71), 7(3)) = (-7, 21). 
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Theorem 5.3 (Properties of Scalar Multiplication) 

Let u and v be vectors, let k; and kz be scalars. Then the following properties 

are true. 

1 | The magnitude of the vector which is | |k;u| = |x;|\u| 

multiplied by a scalar is equal to the 

absolute value of the scalar times the 

magnitude of the vector. 

2 | Associative Property ki(k2 w) = (kyk2) w 

3 | Distributive Property i. (ky + kp) w=kyu + kou 

i. k(ut+v)=ku + kiv 

4 | Identity Property l-u=u 

5 | Multiplicative Property of 0 0-u=0 

If u = (5, —9) and v = (3, 5), then find 

a. 2(3u) b. (33+2)u ce 3(Qu+v) d.lv eO0-v 

Solution 

a. 2(3u) = 2(3(5, — 9)) =2((3(5), 3(-9))) = 2(15, —27) = (30, —54) 

b. 8+2)u=( + 2) (5,-9) = 5(5, —9) = (25, —45) 

3(u +) = 3((5, —9) + (3, 5)) 

= 3(5, —9) +3 (3,5) =(15, -27) + 9 + 15) 

= (24, -12) 

1-v=1-@,5)=(3, 5) 

0: v=0-(3, 5) =(0, 0) 

° 

io 

2 
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1. Let u= (11, 16) and v = (-8, 12). Find 

a. Su b. 3(4u) c (5+3)u d. 4(u + v) el-v f. O-v 

2. In the triangle ABC, AB represents u and BC represents y. If D is the midpoint of 

AB, then express AC, CA and DCin terms of u and v. 

(C 

Figure 5. 16 

3. ABCD is a parallelogram. AB represents u and BC represents v. If M is the 

midpoint of AC, and N is the midpoint of BD, find BM and AN in terms of u and 

v, afterwards show that M and N are coincident. 

Q Cc 

N 

M v 

A u B 

Figure 5. 17 
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5.2.4 Unit Vectors 

Activity 5.6 

For vectors in the plane, using standard unit vector “i” and “j” as shown in 

Figure 5.18, express a, b, c, d and e in terms of i and j. 

y E+] | 

aE 

| fe a 

| 

Figure 5.18 

From Activity 5.6, you should have observed that, for example, ec =i + 3j and 

e=2i+ j. Then, the vector ¢ + e is simply 3i + 4j. Adding vectors in terms of i and 

j is just a matter of adding components. 

Consider a vector u whose initial point is the origin O (0, 0) and whose terminal 

point is the point P (a, b) as shown in Figure 5.19. 

ry 

id 

UyP(a.b) 

Py 

J 

7) ret > 

Figure 5.19 

Hence, if a vector u = (a, b), then u = (a, b) = (a, 0) + (0, b) =a (1, 0) + b (0, 1) 

= ai + bj where the unit vectors are i = (1, 0) and j = (0, 1). 

gS 
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Express the following vectors in terms of the standard unit vectors i and j: 

a. (5, —6) b. (-4, 8) c. (—7, 0) d. (0, 3) 

Solution 

a. (5, —6) = (5, 0) + (0, —6) =5 (1, 0) + (—6) (0, 1) = Si + (—6) j = S5i— 6j. 

b. (—4, 8) =(-4, 0) + (0, 8) = —4 (1, 0) + 8 (0, 1) = —4i + 8]. 

c. (—7, 0) =(-7, 0) + (0, 0) = —7 (1, 0) + 0 (0, 1) = —7i + Oj = —7i. 

d. (0,3) =(0, 0) + (0, 3) =0 (1, 0) + 3(0, 1) = Oi + 3j = 3). 

Express each of the following vectors as a vector in a coordinate: 

a. i+ 4j b. 3i — 3j c. ~7it 8j 

Solution 

a. i+ 4j=(1, 0) + 4(0, 1)=(1, 0) + (0, 4)=(1 + 0,0 + 4) =(1, 4). 

b. 3i-—3j=3(1, 0) + —3(, 1) =(, 0) + (0, -3) =(3 + 0, 0 + (-3)) =(3, —3). 

c. —7i+ 8j =—7(1, 0) + 8(0, 1) =(-7, 0) + (0, 8) =(—7 + 0, 0 + 8) =(-7, 8). 

1. Express the vector (3, 4) in terms of the standard unit vectors i and j. 

2. Express PQ in terms of unit vectors i and j, when the end points are P (6, 2) and 

Qd, 3). 

3. Let u be the vector with initial point (—4, 6) and terminal point (—10, 5). Write u 

in terms of the standard unit vectors i and j. Also, represent it graphically. 

4. Write the following vectors as a vector in the coordinate: 

a itj b. 214 3 c. -3i +(—5j) d. Si 6j 

_ — @——_— 
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5.2.5 Norm of Vectors 

If AB is a vector with initial point (x1, y,) and terminal point (x2 , yz ) as shown 

in Figure 5.20, then its position vector u is determined as 

w= (%2 — XV. — V1) = (X2 — X1 it (V2 — Vadj 

Thus, (x2 —x,) and (yz — y, ) are the coordinates of u with respect to the base 

G, j). 
A 

Ng Be ae B(x2,¥2) 

A(x) 
ree Rm 0,9 =¥)) 

Oo x 

Figure 5.20 

iv 

The norm or the magnitude of a vector u=(X2 — xX, )i+ (V2 — y1)j is given by 

ul = Jf Ge2 — x1)? + O2 —y1)?. 

Find the norms of the following vectors: 

a. (3, -3) b. (4, 6) c. (—4, 0) d. (0, 6) 

Solution 

a. The norm or magnitude of vector u = (3, —3) is 

ju| = 32 + (-3)? =V9+9= 32. 

b. The norm or magnitude of vector u = (4, 6) is 

ju| = V42 +62 =V16 + 36 = 2Vv13. 

c. The norm or magnitude of vector u = (— 4, 0) is 

jul= /(-4)2 +02 =V16+0=4. 

d. The norm or magnitude of vector u = (0, 6) is |u| = 02 + (6)? = V0 + 36=6. 

a __ 
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Definition 5.5 

Any vector that has magnitude which equals to 1 is called unit vectors and 

denoted by W(read as vcap). Unit vectors are generally used to denote the 

direction of a vector. 

e Ifu is any non -zero vector then the unit vector in the direction of u is given 

~ 1 
asad =ux—. 

|u| 

e For vectors in two dimensions, in general u = xi + yj where x and y are 

scalars and its magnitude is given by the length or norms of vector OA. 

Where OA = fx? + y? 

=> lu l= yx2 + y? 

In this case. we savy that u is expressed as a linear combination of i and i. 

If u = (1, 2) and v = (3, 4), then find: 

a. the unit vector in the direction of v. 

b. the unit vector in the direction of u + v. 

c. the unit vector in the direction of u - v. 

Solution 

a. |vy[= x2 + y2 =V32 4 42 =V9416=V25 =5 

. . ae 1 
Substitute the given values of v and |v| into V =v x wl 

x 1 
Hence, V =v xX wi 

v= 1_(3 4 
Vv = (3, 4) x 5 (S ? s 

Thus, the unit vector in the direction of v is ( : , ) = si + . J. 

b. utv=(l, 2) +(3,4) = (4,6) 

The norm of |u t+ v|= f/x? + y? =V42 + 62 =16 + 36 =V52 =2V13 

I 
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Substitute the given values of u + v and |u + y| into (u+v) =(u+y) xX 
ju+v | 

Hence, (u+v) =(u+v) X uty] 

NEE} ats 
-4,0xX (ee, (SD ES 

Thus, the unit vector in the direction of u + v is ce ats) = ais it ans j- 

c. u-v=(1, 2) — (3, 4) =(-2, 2). 

The norm of | u- v| = fx? + y? = /(—2)2 + (-2)? =V44+4=v8 =2v2. 

Substitute the given values of u— v and |u — v| into (u—v) =(u—v) x 
ju-v |" 

Hence, (u—v v) =(u—v)xX =(- 2,-2 x e=(-4,-4-- 4-4. 

Thus, the unit vector in the direction of u - v is (— a = v2) -2 i- a j- 
2 

1. Find the norm (or magnitude) of each of the following vectors. 

a. u=(l, 1) b. v=(-2, 1) c. u=(5, 0) 

2. Ifu=3it+5j and v=7i-j, then find 

a. jut v| b. Ju-v| ce. r(u+2v),rER d. |Zu-v 

3. Find a unit vector in the direction of the vector (3, 6). 

4. Find a unit vector in the direction opposite to the vector (1, 3). 

5. Find two, unit vectors, one in the same direction and the other opposite to the 

vector u = (a,b) #0. 

a 
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Definition 5.6 

Two vectors u and v are parallel if u = Av for some non-zero k. furthermore, if 

Note 

1. Two vectors u = wit uj and v = vji+ v2j are equal if and only if their 

components are equal. i.e., uj = vj and u2= vo, 

2. Two or more vectors are said to be equal if they have the same magnitude and 

the same direction. 

Determine which of the vectors are equal to each y + 

other as shown in Figure 5.21. eet 

Solution Pe 

You will compare the given vectors to determine ee A 

their magnitudes and directions. : se 

0 rae 

First, you determine the magnitudes of the vectors. Figure 5.21 

It is obvious that |u| = |w| and |v| = |r|. The magnitudes of the vectors u and w as well 

as the magnitude of vectors v and r are the same. 

To compare the directions, it can be observed that the vectors u and w are parallel to 

each other with arrows on the same direction whereas the vectors v and r are parallel 

to each other with arrows on the opposite direction. 

Thus, we can conclude that: 

1. If two vectors have the same magnitude and direction, they are equal. 

2. If two vectors have the same magnitude but opposite directions, one is inverse 

vector to the other. 

YQ 
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Example 4 

If u = 2i + j and v =i — 2j, which of the vectors below are parallel to u or v? 

1. a=-2i-j 2. b=5i—-10j 3. c=4i- 8j 

4. d=6i+ 3; 5. e=—24+4j 6. f=—4i — 2j 

Solution 

The given vectors are expressed in terms of the unit vectors i and j. To determine 

whether or not they are parallel, you can check if their respective components can be 

expressed as scalar multiples of each other or not. Therefore, vectors a, d and f are 

parallel to vector u whereas vectors b, ¢ and e are parallel to vector v. 

1. Determine whether the following two vectors are parallel or not. Then determine 

the magnitude of the two vectors. 

a. u=(3i+ 4j) and v=(9i+ 12j) b. w=(6i+ 8j) and u=—3i-4j 

=i 3 = 3 c. v=) 3) and u G , ? 

2. The column vectors u and v are defined by u= (: - *) ,Vv= (4). 

Given that u=v 

a. Find the values of x and y. b. Find the values of |u| and |v|. 
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Vector Product 

The products of vectors are discussed in this sub-unit as follows: 

9.3.1 Scalar (inner or dot) Product 

Activity 5.7 

1. Find the angle between the following pairs of vectors. 

a.4iand2j b.iand3i c.2iand-i d.it+jand3j ec. iandi+v3j 

2. Consider two vectors such as u and v both of which have the same initial 

point. The angle formed by these two vectors is 0 as shown in figure 5.22. 

Discuss how you can express 0 in terms of |u| and |v]. 

In previous section, you have seen three vector operations: vector addition, 

subtraction and multiplication by a scalar, each of which provides another vector. In 

this section, you will study another vector operation like the inner or dot product. 

This product provides a scalar, rather than a vector. 

Vv 

Figure 5.22 

As shown in Figure. 5.22, the tails of the two vectors coincide and the angle between 

the vectors has been labelled 0. It is expressed 0 in terms of |u| and |v| as u - v = |ullv| 

cos 9 which defines the scalar product of two vectors such as u and v. It is very 

important to use the dot in the formula. The dot is the symbol for the scalar product, 

and is the reason why the scalar product is also known as the dot product. 

The angle @ is always chosen to lie between 0 and 17, and the tails of the two vectors 

must coincide. 

YQ 
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Theorem 5.4 

If u and v are vectors and @ is the angle between u and vy, then the dot product of 

Lcd 

Suppose the vector u has norm 8 and the vector v has norm 7. Suppose also that the 

angle, 0, between these vectors is 30° as shown 

in Figure 5.24. Calculate u * v. i 

Solution u A 

u* v=|ullv| cos 0 E30 v 

= 8X7 cos 30 

= 5602) QO 
2 

= 28v3. Figure 5.24 

Leintiaiiad 

Find the dot product of the vectors u and v when 

a. u=(0, 2) and v=(0, 4) 

b. u=(3,0)andv=(2, 2V3) 
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Solution 

From the Theorem 5.4 you have 

a. |ul=2,|\v|=4and@=0 >u*v=2 x 4 x cosO’ = 8x1=8. 

b. Let us show these vectors graphically as shown in Figure 5.25. 

yh 

d (2,2V3) 

2 v 

+ 

9 (3.0) 

i oO oe ie “3 or od 

A 

Figure 5.25 

why? 
NIP 

2 
ju|=3,|vi= (2/3) +22 = 4andcos0= 

BIN 

Then, u* v=|ul|v| cosé 

=3x4x+ =6 
2 

Before discussing the next properties of dot product, recall the relation between 

degree and radian that you have learnt in grade 10 such as, 45° = *, 90° = . ; 

180° = 1, 270° = = and 360° =2n. 
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1. 

—— Note 

10. 

is j=0, since cos(¥) =0. 

i+ i=j*j=1, since cos(0) =1. 

If either u or v is 0 then u * v=0. 

u*u>Oifu4 0andu* u=0ifu=0. 

u*v=v-«u.... dot product of vector is commutative. 

If the vectors u and v are parallel and pointing to the same direction, then 

u* v=|ully|. 

If the vectors u and v are parallel and pointing to the opposite direction, then 

ut v=— fully. 

In particular, for any vector u, you have u* u = |u|” , you write w’ to mean 

jul? 

If the vectors u and v are perpendicular or orthogonal, then u = v = 0, since 

cos(¥) =0. 

If u and v are nonzero vectors, then the cosine of the angle between u and v 

u'tv 

lullv| ° 
is given by cos 0 = 

1. Let u and v be two vectors with |u| = 4 and |v| = 2 and 0 = 45°. 

Find their dot product. 

2. Let u and v be two vectors with |u| =7 and |v| = 3 and 0 = : . 

Find their dot product. 

3. Find the dot product of the vectors u and v when 

a. u=(2,0) and v= (4, 0). b. u=(0, 3) and v=(2v3, 2). 

ay 
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Theorem 5.5 ( 

Corollary 5.1 

——————————E7~= 

Proof 

ut v=(mit uj) * (Vii + vj) 

= ui * (vii + voj) + uj * (vii + voj) 

=u vit mit voj + uj * vii + uj * v2j 

Suit it uv jt wvj tit wvj sj 

= u1V, + U2Vv2. 

Laid 

Find the dot product of the vectors u = 5i + 3j and v = 7i —2j. 

Solution 

u* v= (5i+ 3j): (7i-2j) =5 X 7 +3 x (2) =29. 

Example 4 ; 

Find the cosine of the angle formed by two vectors u = 2i + 3j and v =—2i + 3]. 
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Solution 

From the corollary above you have 

Ut VEU + Uv? = 2(-2) + 303) =5 

The norm of vector u is V2? + 32 = V73 and the norm of vector v is 

Using the Theorem for scalar product, you have 

u* v= |ully| cos 0 

u'v 5 5 
Then, cos @= ~~ = ea 

5 
Therefore, cos0 = Be 

Let u and v be two vectors |u| = 3 and |v| = 6 and 6 = .. 

a. Find |3u — 2v|. 

b. Find the cosine of angle between 3u — 2v and u. 

Solution 

a. Using the properties of dot product, you have 

u — 2v/ = (3u — 2v)- 3u—2v 3u — 2v) = (3u — 2v)- 3u—2 

=9u? — 12u -v+ 4v" 

=9 * 37—12Iully| cost +4* 6, since uw’ =|u)? 

=81-12+3+6 + 5+144 

=117 

Thus, |3u — 2v| = V117. 

b. Let 0 be the angle between 3u — 2v and u. Then 

(3u — 2v) = u=|3u —2v|| ul cos 0 

33w-2v'u= |3u — 2v| (3) cos @ but from a you have |3u — 2v|= ¥117 

ey 
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33 + 3° 2Iy|lu| cosy =v117 *=3cos0 

33 +3°-2x6x3x == 3-VII7 cos 0 

=>27-—18= 3V117 cos 0 

=>9= 3V117 cos0 

3 

117 3v13 B 

5 
|. =>cos0 = 

ail+ w 

1. Find the dot product of the following vectors: 

a. u=4i+ 2j and v= 3i —Sj b. u=—2i+ 2j andv=7i+ 4j 

2. Find the cosine of the angle formed by the following two vectors: 

a. u=4i+ 3j and v= 4i- 3j b. u=—2i +3j and v = 3i+ 2j 

3. Letu=(1,—-1), v= (1, 1) and w = (2, 3). Find the cosines of the angles between: 

a. uandv b. vandw c. uandw 

4. Say whether the vectors are orthogonal, parallel or neither 

a. u=(—5,3) v=(6, —8) b.u=(4,6) v=(-3, 2) 

c. u=(-1,5) v=(,6) d. u=(2,6) v=(-3,-9) 

5. Find the angle between the two vectors 2i+ 3j and 5i— 2j. 

6. Show that (u — v) (u + v) =wu’?— v’. 

7. Show that (u # vy =u? F 2u+v+v’, where w=u‘u. 

8. Vectors u and v make an angle 0 = = between them. If |u| = 5 and |y| = 12, then 

find 

aou"tyv b. (u-v) * (uty) c. (ut+v) *(ut+v) d. |3u+y| 

9. Given a triangle with vertices A (1, 5), B (2, 2), and C (4, 6), find angle of BCA. 

ee —_———__ 
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5.3.2 Vectors in Three-dimensional Space 

Coordinate of a point in space 

Activity 5.8 

1. Represent each of the following points on the xy — coordinate plane. 

a. A(1,1) b. B (2, 2) c. C (-4,4) d. D (0,—5) e. E(-2, —2) 

Plot the following points, by naming the vertical axis on the plane z, and the 

horizontal axis y. 

a. P (2, 3) b. Q(-1,3) — c. (—2,-2) 

From activity 5. 8, you observed that two numbers are necessary to locate a point in a 

plane. You know that any point in the plane can be represented as an ordered pair (a, 

b) of real numbers, where a is the x-coordinate and b is the y-coordinate. For this 

reason, a plane is called two-dimensional. A plane coordinate system is extended to 

three dimensional spaces as follows: Consider a fixed-point O in space and three 

lines that are mutually perpendicular at the point O. The point O is called the origin; 

the three lines are now called the x-axis, the y-axis and the z-axis. It is common to 

have the x- and the y-axes on a horizontal plane and the z-axis vertical or 

perpendicular to the plane containing the x- and the y-axes at the point O as shown in 

Figure 5.26 below. 

A 
Zz 

id a 
O y 

x 

Figure 5.26 

gy 
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The direction of the z-axis is determined by the right-hand rule as illustrated in 

Figure 5.27: 

Figure 5.27 

If you curl the fingers of your right hand around the z-axis in the direction of a 90° 

counterclockwise rotation from the positive x-axis to the positive y-axis, then your 

thumb points 

in the positive direction of the z-axis. With these axes any point p in space can be 

assigned three coordinates p (x, y, z) as shown Figure 5.28. 

Tots. 92) 

Locate the point P (1, 3, 4) in space using the reference axes x, y and z. 

—__@——__— 
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Solution 

The process of locating the point P may be described as follows: 

The process of locating the point P may be described as follows: Start from the origin 

O and move 1 unit in the ZA, 

direction of the positive x-axis. 

Then move 3 units in the 

direction of the positive y-axis 

and finally move 4 units up in 

the direction of the positive z- 

axis to get point P (1, 3, 4) as 

shown in Figure 5.29. 

Figure 5.29 

Exercise 5.10 

Locate each of the following points in space using reference axes x, y and z. You may 

use the same or different coordinate systems in each case. 

a. P(2, 1, 2) b.Q¢3, 5, 4) c. R(2,—2, 3) 

d. $((2, -5 4) e. T (0, 0, 4) f. Q (0, +, 0) 

Vectors in Space 

1. How do you represent a vector on a plane? 

2. How do you represent the magnitude of a vector? 

3. How do you express the vector P (x, y) using the standard unit vectors i and j? 

gy 
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From activity 5.9, you have observed that the vector OP can be named using a 

single letter. That is, OP may be named P, or simply by P so that P=xi + yj. Just as 

you worked with vectors on a plane by using the coordinates of their terminal points, 

you can handle vectors in a three-dimensional space with the help of the coordinates 

of the terminal points. 

Now, let the initial point of a vector in space be the origin O of the coordinate system 

and let its terminal point be at P (x, y, z) as shown in Figure 5.30. 

“ 

Figure 5.30 

Then the vector OP can be expressed as the sum of its three components in the 

directions of the x, the y and the z-axis, in the form: 

OP =xi+ yj + zk where i= (1, 0, 0), 

j= (0, 1,0) and k = (0, 0, 1) are standard Unit 
P 

n 
vectors in the directions of the positive x, “4 

positive y and positive z-axis respectively as B 3 

shown in Figure 5.31. ' 

owt v 
ry iis 

Do you observe that the vector OP is the sum 

of the three perpendicular vectors oc ; OB 

and OD? 

Figure 5.31 

+g —_— 
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If the initial point of a vector in space is at the origin and its terminal point or head is 

at P (4, 6, 5), show the vector using a coordinate system and identify its three 

perpendicular components in the directions of the three axes. 

Solution 

The three components are the vectors with common initial point O (0, 0, 0) and 

terminal points A (4, 0, 0) on the x-axis, B (0, 6, 0) on the y-axis and 

C (0, 0, 5) on the z-axis as shown in Figure 5.32. 

275 

P(4,6,5) 

That means OP = OA + OD + OP or in terms of the unit vectors, 

(4, 6, 5) =4i + 6j + 5k = (4, 0, 0) + (0, 6, 0) + (0, 0, 5). 

Magnitude of a vector 

At the beginning of the discussion about vectors in space, it was mentioned that a 

vector is usually represented by an arrow, where the arrow head indicates the 

direction and the length of the arrow represents the magnitude of the vector. Thus, to 

+ y—_—— 
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find the magnitude of a vector, it will be sufficient to find the distance between the 

initial point and the terminal point of the vector in the coordinate space. 

If the initial point of a vector is at the origin of the coordinate space and the terminal 

point is at P (3, 2, 2), then find the magnitude of the vector OP. 

Solution 

The magnitude of the vector OP is the distance from O to P. This is, 

Note 

1. If the initial point of a vector u is at the origin and its terminal point is at a 

point 

Qc, y, Z) or if u = xi + yj+ zk then |u| =/x?2 + y2 +2? . 

2. If the initial point of u is at P( x1, yy, Z,) and the terminal point at Q( x2, y2, 

Zz) then |u| =/(x2 — %1) 2 + (2-1) 2+ (22 —%4)?. 

1. Calculate the magnitude of each of the following vectors. 

13 4 
a. (1,2, 0) b. Q,1,-1) . G24 

2. Make a three-dimensional sketch showing each of the following vectors with 

initial point at the origin. 

a. u=3it+jt+4k b. v=4i+5j—k 

c. W=-2i + 4j+ 4k d. u=3j—5k 

+ —_— 
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5.3.3 Cross Product 

Activity 5.10 

1. What do you know about cross product of vectors? 

2. Find det(A) ira=[4 “4 
2 

5 -—3 1 

3. Find det(A) if A=] 0 1 3 

-1 4 -1 

From Activity 5.10, recall 2 by 2 and 3 by 3 matrix that you have already seen in 

previous unit. 

. ~ (Ur U2) . 
The determinant of 2 by 2 matrix (; v) is defined by wjv2— uv}. 

Again, a determinant of 3 by 3 matrix can be defined in terms of 2 by 2 determinants 

as follows: 

Uy U2) U3 
Vv, > val —u V2 | lr 0 | he | 

2 2 3 1|w2 W3 2|w, W3 3|w, We 
Wi Wz W3 

Observe that each term on the right side of the above equation involves a number 

u; in the first row of the determinant, and u; is multiplied by 2 by 2 determinant 

obtained from the left side by deleting the row and column in which u; appears. This 

implies that 2 by 2 determinants and the standard basis vectors 

i=(1, 0, 0), j =(0, 1, 0) and k = (0, 0, 1) define the cross product of the vectors 

u=uUwit+ u,j+ugkandv=v,i+ vzj+v3k as 

ij k 

uXv=|U, U2 Us 

Vy V2 V3 

Uz Uzy, [Ur Us), ui U2 

= |e, valim for vli* [oy v,lk V2 «V3 V1 v3 Vy V2 

= (UgV3 — UzV2) i— (Uy V3 — U3V1) j + (Uy V2- U2) k 

Thus, the cross product of two vectors, say u X v, is equal to another vector at right 

angles to both vectors, and it happens in the three-dimensions. 

oc “Sane 



Unit 5: Vectors 

Definition 5.7 

Given two non-zero vectors, u = u,i+ uz j tu3kandv=v,i+ v2 j+v3k then 

Ifu=i+ 3j+4k andv=2i+7j-— 5k, then find the cross product of u X v. 

Solution 

lf F Flog ain 4). (1 3), uXv ; 3 4 |; “ili F “ith | 

=(—15-28)i- (-5—-8)j+(0-6k =— 431+ 13) +k 

Thus, the cross product of u X vis — 43i+ 13j +k. 

Find | u X v| where u = 3i + 4j + 5k and v= 7i + 8j + 9k. 

Solution 

ij k 

uxv=|3 4 5] =((4* 9)—(5x 8) i- (3x 9) — (5x 7) j + (BX 8) — (4% 7)k 

7 8 9 

= (36 ~ 40) i— (27-35) j + (24-28) k= -4i + 8j — 4k 

=-4i + 8j- 4k 

Therefore, [u x v| =./(—4)? + 82+ (—4)? =4v6. 

+ —_— 
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Theorem 5.6 ( 

If u, v and w are vectors and r is a scalar 

1. Anticommutativity: u x v=—(v X u) 

—— Note 

ixj=k,jxk=i,k xi=j, jxi=—k,kxj=—iandixk=—j 

1. Ifu= ; i+ 3j + kand v=2i- sj — 2k, then find the following. 

a. uXv b. -(vV xu) cuxXu 

d. u-(u X v) e. v-(u Xv) f. Ju X v| 

2. Let u=i+ 3j+5k and v=5i+ 6j—6k be vectors. Then, find u x v and 

ju xX vj. 

3. Findu X vifu=2i+kandv=it+jt+k. 

4. Given a vector u = (i+ 3j — 2k) x (i+ 3k) then find the magnitude of u. 

I 



Unit 5: Vectors 

The cross-product u X v is perpendicular or orthogonal to both u and v. 

If u and v are represented by directed line segments with the same initial point 

then the cross-product u X v points in a direction perpendicular to the plane 

through wu and v. 

Its magnitude determines area of 

the parallelogram A = |u X v | 

as shown in Figure 5.33. 

@ | v 

u 

Figure 5.33 

Find the area of the parallelogram formed by the vectors u = 3i + j and v = 2i + 3), 

spanned between them. 

Solution 

Area of the parallelogram = |u X v | 

ij k 

|A|=luxXvj/=|]3 1 Of] 

230 

=|Qi- OI+MK| 

= 7 square units 

Example 4 

If u and Vv are two vectors represented as 2i + 3j + 4k andi + 3j + 5k, find the area 

of the parallelogram spanned between them. 

_-———__— 
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Solution 

Area of the parallelogram A = |u X v | 

ijk 

uxXv=|2 3 4/=|(S— 12)i- (0— 4)j+ (6-3) k=3i— 6j + 3k 

1305 

Then, A=|u X v|=[3i— 6j + 3k|= 32 + (6)? + 32 

=3V6. 

Theorem 5.8 

Since a vector is completely determined by its magnitude and direction, we can now 

say that u X v is the vector that is perpendicular to both u and v, whose orientation is 

determined by the right-hand rule, and whose length is | u | | v |sin0 as shown in 

Figure 5.34. 

uUuxyv 

iv sin8 

(3) | 
> 

u 

Figure 5.34 

If u and v are represented by directed line segments with the same initial point, then 

they determine a parallelogram with base | u |, altitude | v |sin 0, and area 

A=|uXv|=|u]| v |sin 0 as shown in the Figure 5. 34. 

yy 
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Exercise 5.13 

1. Find the area of the parallelogram defined by the vectors u = 2i + j and 

v=it 3j. 

2. Find the area of the triangle with vertices (— 1, 2), (4, — 1) and (8, 7). 

3. Find the area of the parallelogram defined by the vectors u = 2i+ 3j + k and 

v=4it+j+2k. 

Application of Scalar and Cross Product 

The dot product is used to find the angle between two vectors, the length of the 

vector as well as work done by the force, whereas the cross product is mostly used to 

determine the vector, which is perpendicular to the plane surface spanned by two 

vectors. 

Find the measure of the angle between each pair of the vectors. 

a. u=4i —jandv=Si + 3j 

b. uw=2i + Sj andv=—+ 

Solution 

a. To find the cosine of the angle formed by two vectors. substitute the components 

"Vv 
of the vector into equation cos 0 = a 

Butus v=(4i—j) * (it3j)=4(5)+ (—1)G) = 20-3 =17, |u| = 4? + (1)? = V17 

and |v| = /52 + (3)? = V34 

=>cos 0= 
sls x al ial Ta = 

>6= cos-12) 

> 6=45°. 

+ ———__ 
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b. To find the cosine of the angle formed by two vectors, substitute the components 

u'v 

fully] 
of the vector into equation cos@ = 

But u + v=(2i + 5j) (-Si+ 3) =2- D+5Q=-14 S=4 2? 

jul = V2? + 52 = /29 and 

= Jp? + = jvTs 

11 
utv va _ 11 

ully| V29xVI8 377 
=>cos 0= 

>0= cos“"(F=) 

Suppose a child is pulling a wagon with a force having a magnitude of 8 N on the 

handle at an angle of 60° , as shown in Figure 5.35. If the child pulls the wagon 50 m, 

then find the work done by the force. 

Solution 

According to physics formula, work done is got by dot product of force and 

displacement. Hence, the work done by the force F, acting at an angle 0 = 60° form 

the line of motion which is given by 

W = |F,| S = ([F| cos 0) S = |F| S cos 8, where S is the displacement of the wagon. 

= 8N (50 m) cos 60° = 400) N m= 200J 8N 

60° 

50m 

Figure 5.35 

Ty 
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Find the area of the triangle with vertices P (1, 4, 6), O (-2, 5, -1), and R (1, -1, 1). 

Solution 

PQ=(-2- lit (5-4) j+(-1 -6 k=—3i+ j -7k 

PR=(1—-l)i+(-1 —4)j + (1 — 6) k= 0i— 5j — 5k 

ji j k 

Then, POx PR=|-3 1 —7])=(—5 —35)i— (15-0) j + (15-0) k 

0 -5 -5 

= —40i —15j +15k 

Thus, PQ x PR = —40i —15j +15k. The area of the parallelogram with adjacent 

sides PQand PR is the magnitude of this cross product: 

IPQ x PR | =./(—40)? + (-15)? + (15)? 

= 5V82 

The area A of the triangle PQR is half the area of this parallelogram. 

Thus, A => V82, 

Example 4 

A bolt is tightened by applying a 40 N force to a 0.25 m wrench, as shown in Figure 

5.36. 

Figure 5.36 

Find the magnitude of the torque about the centre of the bolt. 

~——— 
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Solution 

According to physics formula, the torque vector is calculated by cross product of the 

position vector and the force. 

Thus, |t |=|r x F|=|r || F | sin 75° 

= (0.25) (40) sin 75° 

= 10 sin 75° = 9.66 N m, 

If the bolt is right-threaded, then the torque vector itself is t=|t|n~9.66n 

where n is a unit vector directed down into the page. 

Exercise 5.14 

1. Find the measure of the angle between each pair of the vector. 

a. u=3i + 2j andv=S5i-j b.u=i+ 7j andv=—it+j 

c. u=6i+jandv=i+t 8j 

2. A conveyor belt generates a force F= Si —3j + 3k that moves a suitcase from 

point P (1, 1, 1) to Point Q (9, 4, 7) along a straight line. Find the work done by 

the conveyor belt. The distance is measured in meters and the force is measured in 

newtons. 

3. Ifu and v are vectors represented as 2i + 3 j + 4k andi-+ 2j + 3k, then find the 

area of the parallelogram spanned between them. 

4. Find the area of the triangle whose vertices are A (3, —1, 2), B (1, — 1, —3) and 

C4, — 3, 1). 

5. Find the area of the quadrilateral whose vertices are A (1, 0), B (3, 5), C (7, 2) 

and D (5, —2). 

6. Acar mechanic applies a force of 800 N to a wrench to loosen a bolt. She applies 

the force perpendicular to the arm of the wrench. The distance from the bolt to 

her hand is 0.40 m. What is the magnitude of the torque applied? 

ee -gy——_ 
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Application of Vectors 

In previous section, you have seen that vectors have many applications. 

Geometrically, any two points in the plane determine a straight line. A straight line in 

the plane is determined by its slope and a point through which it passes. These lines 

have been determined to have a certain direction. Thus, related to vectors, you will 

see how one can write equations of lines, circles, and tangent line to a circle using 

vectors. 

5.5.1 Vectors and Lines 

Activity 5.11 

Consider two points in the line such as Ro (Xo , Yo) and Ry (x1, y1), then the 

vector from Ry to R, is vV=(x, — Xo, ¥1 — Yo) as shown in Figure 5.36. 

Discuss what will happen to the magnitude and direction of vector 

V=% — T=(X1— Xo, V1 — Yo), where Fz and 79 are position vectors 

corresponding to the points Ro and R; respectively, if t= 1,2, 3,4 andsoon 

and generalize it for 7 =7o9 + tv. where fis a scalar, t ER and vis a direction 

vector of the line. 

Ry(X, Yo) 

0 c 

Figure 5.37 
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From Activity 5.11, you have observed that the line L that passes through Ro and R; 

is parallel to the vector v = (x, — X9, ¥1 — Yo). 

Let R (x, y) be any point on L. Then the position vector (7) from the origin to any 

point on line L is obtained by 

OR, + RoR = OR 

>To + Ww =F 

=F = To + tv where fisa scalar, ¢ € R and v is a direction vector of the line. 

Thus, 

1. Ifa direction vector v and a point Ro(xo, yo) are given, then the vector equation of 

the line L determined by Fg andv_ is givenby 7 =7T9 + w,t€Randv#0 

where t is a scalar, tf € R and v is a direction vector of the line. 

2. If v=(p, q), R & y) and Ro(xo, yo), then the above equation can be written as 

(%, ¥) = Co Yo) + tp, 4) = &o, Yo) + (tp, tg) = Oo + tp, yo + tq) 

Then, from equality of vectors you have 

X=xo + tp and y= yo + tg where t € R, (p, gq) # (0,0) 

This system of the equations is called the parametric equations of the line L 

through Ro(xo, yo) whose direction is that of the vector v = (p, q), tis called a 

parameter. 

3. If p and q are both different from 0 then from (2) above 

7 Xo y—-Vo 

q 
t= and t= 

> — = = which is called the standard equations of the line. 

Consider the line passing through the point (1, 4) and (2, 2), then 

a. Find the vector equation. 

b. Find the parametric equations. 

c. Find the standard equations. 

gy 
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Solution 

Let Ro = (1, 4) and R= (2, 2) as shown in Figure 5.38. 

a. The vector equation of the line is: 

= (1,4) + t(1,-2) a 

R,C.4) 

Thus, (x,y) = (1,4) + t(1,-2),tER, 

b. From the vector equation of question i) R, (2,2) 

(a), you have the parametric equations: 

x=1+ty=4-2t,tER | 

c. From parametric equation of question 
ay 

(b), you have the standard equation 

x-1=% > 2x +y -6=0. Figure 5.38 

Consider a line passing through (2, 2) and with direction vector (1, 4), then 

a. Find the vector equation of the line. 

b. Find the parametric equation. 6 

Solution 5 (x7) 

Let Ro = (2, 2) and v = (1, 4) as shown in * 4 fi 

Figure 5.39. 2 8 

a. The vector equation of the line is: / (2,2) 

(~%,y) = (2,2) + t(,4,tER. : af 

b. The parametric equations are: A 9 es q x 

x=24+ty=2+4tteER : / 

Figure 5.39 
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1. Consider the line defined by the following points: 

a. (2, —9) and (8, 4) b. (7, 3) and (4, —3) c. (1, -1) and (3, 10) 

1) Sketch the line. 

2) Find the vector equation of the line. 

3) Find the parametric equations of the line. 

4) Find the standard equation of the line. 

2. Find the vector equation of the line passing through (1, —3) with direction vector 

(—5, 6). 

3. Find the vector equation of line passing through the point having vector 5i+ 4j 

and having direction vector ( —3, 4). 

4. Find the vector equation of the line passing through the point having position 

vector —i— j and parallel to the line L, i + 2). 

5.5.2 Vectors and Circles 

Activity 5.12 

Consider a circle with centre C (xo, yo) and radius r> 0 and any point R (x, y) ona 

circle such that |f — ¢| =r. where? and @ are position vectors of R (x, y) and 

C (Xo, yo) respectively as shown in Figure 5.40. Discuss how to show that 

7-7 —27-¢+€-E= Fr represents an equation of the circle at C(x, yo) and 

radius r through a position vector of any point on the circle R(x, y). 

Consider a circle with centre C (xo, yo) and radius r > 0 as the set of points R (x, y) in 

the plane such that |? — ¢| =r, where 7 and @ are position vectors of R (x, y) and C 

(xo, yo), respectively as shown in Figure 5.40. 

ee -g—— 
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By squaring both sides [7 — ¢|?=r° 

> P-8)P— 8 HP ees 1 

SP PAW OH HP eee 2 

C(%0-¥o) 

Ray) 

x 

v 

Figure 5.40 

Thus, equation 2 represents the equation of the circle centred at C (xo, yo) and radius r 

by using a position vector of any point on the circle R (x, y). 

Substituting the corresponding components of 7 and @ in equation 1 and 

simplification, we obtain: 

(x- xo)” +(y- yoy = which is called the standard equation of a circle. 

This equation can be expressed as: 

x + y + Ax + By + C=0 where A = —2xy, B = —2yp and C = xr + yo — 

Vr veccceneeeneneeenenens by expanding and rearranging the terms. 

Find an equation of the circle centred at C (2, 3) and radius 4. 

Solution 

Let R (x, y) be a point on the circle as shown in Figure 5.41. 

+ ———__ 
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y 
La | 

¥ C23 

ad R(x,y 

a5 ae” 

mare 

4 - Oey eee a 

) 

¥V 

Figure 5.41 

Let 7 and Cbe the position vectors of R (x, y) and C (xo, yo) respectively. Then from 

equation 2, you have 

rr We +é-¢=r 

Substituting the corresponding components of F and in equation 2, you obtain: 

(x,y) + y¥) - 20) * (2,3) + (2,3) * (2,3) = 4? 

Sx +i — 22x + 3y) + 44+9= 16 ------- by corollary 5.1 

Sixty — 4x — 6y +13 =16 

Sx +" — 4x — 6y + 13 — 16 = 16 —16 ----------- subtracting both sides 

Sixty — 4x — 6y -3=0. 

Find the equation of the circle whose end points of a diameter are P (—1, —1) and 

Q=4, 11). 

Solution 

The centre of the circle is C (xo, yo) =C = , —) =C G ,5) 

2 2 2 2 
The radius of the circle is given by r= a = Ve - G@i+9? _ YG) * G2) 

= ¥169 _ 13 
2 2 
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Let R(x, vy) be a point on the circle and and € be position vectors of R and C 

respectively. 

Substituting the corresponding components of F’and € in equation 2, you obtain: 

(@% ¥)* @& ¥)— 20 y): G. 5) +6, 5): G. 5)= CS =)? 

>x+y-2 Gxt Sy) +2 + 25 =~, -------by corollary 5.1 

=x +y —3x —10y —15=0. 

Exercise 5.16 

1. Find an equation of the circle centred at C (1, —3) and radius 6. 

2. Find the equation of the circle whose end points of a diameter are P (2, 1) and 

Q= (6, 3). 

3. Find an equation of the circle centred at origin and passing through (3, 3). 

4. Find an equation of the circle centred at C (—4, 2) and passing through (2, —5). 

5.5.3 Equations of Tangent Lines to a Circle 

Consider a circle with center Ry (xo, yo) and a radius of r units as shown in the 

figure 5.41. Discuss how to show that the equation of the tangent line is 

(X = Xo) (X41 — Xo) + (VY —Vo) (V1 — Yo) = ° where (x), y;) is a point of tangency to 

the circle at Ry and (x, y) is any point on line L. 

Consider a circle with center C (xo, yo) and a radius of r units as shown in the Figure 

5.42. 
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Figure 5.42 

Let Ri(x;, y:) be a point of tangency to the circle and it fulfills the following equation 

because it is on the point of the circle: (x) —xo)’ + (v7) = 7°, > 0. 

A tangent line is a straight line that touches the circumference of a circle at the point 

of tangency. 

The radius of the circle r is perpendicular (orthogonal) to the tangent L at the point of 

contact Rj(x;, y1). 

If R (, y) is an arbitrary point on L, RR . CR; =0 

Thus, the equation of the tangent line is 

(X — x1 Y— yi) * 1 — Xo. YI — Yo) = 0 

> (x — x7) (41 —X0) + (¥ — VD (V1 Yo) HO wee by corollary 5.1 

Adding both sides of the equation above and (x; — x0)’ + (¥1— yo)” =" 

you obtain 

(1) G1 0) + (YY) 1 Yo) + Cd HY + (YI YY =P 

Factorizing (x; — x.) and (vy; — y.) from respective terms, you have 

(ear +1 —%0) y= ¥e) + (Y= YI FYI ~ Yo) G1 Yo) =P? 

> (x0) 1-0) + (Y—Yo) (V1 Yo) = 1". 

a 
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Note 

If the circle is centred at the origin, then the above equation becomes: 

XxX1 + yy) =r, 

Find the equation of the tangent line to the circle x° + y° + 0x + 2y +13 =0 

at the point (—3, 2) 

Solution 

Let Ri(x1, yp = R(-3, 2) as 

shown in Figure 5.43 

R(x, y) yy 

= NOOO A OG 

Vv 

ob 6 8 4 

Figure 5.43 

From x* +y + 10x +2y +13 =0 

>x + 10x +y +2y +13 =0 

> (x + 5% — 254 (y +1 —-1 413 =0....... By completing square 

> (x + 52 + (y +1" - 26 +13 =0 

S(x+5P4+(ytlyY =13 

Therefore, the equation of the circle is 

(x +57 + yy +7)” =13 with centre C (—5, —1) and radius r = ¥13 . 

The equation of the tangent line is given by (x — x0) (x1 —X0) + WV —Yo) (V1 — Yo) =" 

Substituting the corresponding components of Ri(—3, 2) 

and Ro (—5, —1) in equation above, you obtain: 

a —Q—_—— 
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@+5)(-3 +5) +(vt¢ (24 1I)=VvI3° 

>(«+5)2)4+(~4 1) B)=13 

>2x+10+3y+3=13 

> 2x + 3y=0 

Thus, the tangent line to the graph of the circle at the point (—3, 2) is 2x + 3y =0 

Find equation of tangent line through Rj (3, 4) a point on the circle e+ y = 25 as 

shown in Figure 5.44 — — 

Solution ore) ES shi 

Recall that the equation of tangent / 

origin is given by xx; + yy) = r 

an 

line if the circle is centred at the [ 

Since, the circle is centred at the Y 

origin with radius 5, the equation of IN ot Z| 

the tangent line to the circle is 

xX3+yX4=5 B3x4 4y=25, Figure 5.44 

Exercise 5.17 

1. Find the equation of the tangent line to the circle x° + y’ + 4x — 8y = 0 at the 

point R;(—4, 8). 

2. Find the equation of the line tangent to the circle x° + y° — 8x — 10y —128 = 0 at 

the point R;(—8, 10). 

3. Find equation of the tangent line through R\(—4, —3) point on the circle 

x + y = 25. 

4. Find equation of tangent line to the circle x’ + y’ = 29 at the point R (—2, 5). 

+ g——_— 
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Applications 

In this unit, you discussed definition and properties of scalar as well as cross product 

of vectors with their application, application of vectors such as determining the 

equations of a line, and the equations of a tangent line to a circle. Now, you will 

consider further applications involving vectors. 

Prove the diagonals of a parallelogram meet at right angles if and only if it is a 

rhombus. sks y Cc 

Proof 

u 

u 

oO > 

ig B 

Figure 5.45 

Let OA=uand OB = v, as shown in Figure 5.45. 

Therefore, BC =OA=u 

AC = OB =v 

OC =ut+yv 

AB=v-u 

OC -AB=(ut+v):(v—u) 

=uwv-wutv-v—wuv---- distributive property 

=v v—wu=|v/ — jul” 

Now for vectors to be perpendicular, the scalar product must be 0. 

Therefore, 0 = [v/? — |ul? 

= |v? = |ul? >[y| = |u| 

Hence, when the length of u is the same as v (i.e., a rhombus) the angle is 90°. 

+g —__ 
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A ball is thrown with an initial velocity of 70 m/s at an angle of 35° horizontally. 

Find the vertical and horizontal components of the velocity. 

Solution 

Let v represent the velocity and use the given information to write v in unit vector 

form: 

v=70cos35°X + 70sin35°%j 

Simplify the scalars, you get: 

v =~ 57.34i + 40.157 since the scalars are the horizontal and vertical components of v. 

Therefore, the horizontal component is 57.34 m/s and the vertical component is 40.15 

m/s. 

Exercise 5.18 

1. Prove the diagonals of a rectangle meet at right angles if and only if it is a square. 

2. Use vectors to prove the sum of the squares of the lengths of a parallelogram’s 

diagonals is equal to the sum of the squares of the lengths of the sides. 

3. Ahmed is pulling her toy duck (mass 1kg) at a constant speed of 2.5 m/s. The 

string she uses to pull the duck makes an angle 45° above the horizontal and 

Ahmed keeps a constant tension in the string of 2 N. What is the work done by the 

tension force when the duck is pulled forward a distance of 2.8 m? 

4. An airplane is flying in the direction of 43° east of north (also abbreviated as 

N43E at a speed of 550 m/h. A wind with speed 25 m/h comes from the southwest 

at a bearing of NISE. What is the ground speed and new direction of the airplane? 

+g 
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1. A plane leaves the airport on the bearing of 45° traveling at 400 km/h if the 

bearing angles are measured clockwise from north. The wind is blowing at a 

bearing of 135° at a speed of 40 km/h. What is the actual velocity of the 

plane? 

2. Two children are playing with a ball. The girl throws the ball to the boy. The 

ball travels in the air, curves 3 m to the right, and falls 5 m away from the girl, 

as shown in Figure 5.46. If the plane that contains the trajectory of the ball is 

perpendicular to the ground, find its equation. 

Figure 5.46 

3. In square DEFG, side DE has column vector (°) . Find two possible column 

vectors for EF. 



1. Vector 

a. A scalar quantity is a physical quantity which can be expressed completely by 

its magnitude and particular units alone. 

b. A vector quantity is a physical quantity which can be expressed completely by 

stating both its magnitude with particular unit and directions. 

c. Two vectors are said to be equal, if they have the same magnitude and 

direction. 

d. A zero vector or null vector is a vector whose magnitude is zero and whose 

direction is indeterminate. 

e. A unit vector is a vector whose magnitude is one. 

2. Addition and subtraction of vectors 

Let u and v be vectors, then the sum u + v is a vector given by the parallelogram 

law or triangle law satisfying the following properties. 

a. Vector addition is commutative. u-+v=v+u. 

b. Vector addition is associative. (u + v) +w=u+(v+w). 

c ut0=u. d. ut+(Cu)=0. 

e. For any three vectors u, v and w, if u = v and v= w, then u=w. 

3. Multiplication of a vector by a scalar 

Let u and v be vectors, let k; and k, be scalars hen the following properties are true. 

a. |kyu| = |A;\u. b. Associative Property: k)(k2 u) = (k7k2) u. 

c. Distributive Property: (k;) + k2) u=kyu + kou or k)(u + v) = kyu + kpv. 

d. Identity Property: 1*u=u. — e. Multiplicative Property of zero:0 = u=0. 

4. Scalar product or dot product 

If u, v and w be vectors, k is a scalar and 0 is an angle between two vectors then 

the dot product of two vectors is defined as u* v = |ul| v| cos @ satisfying the 

following properties. 

go — __ 



e. 

f. 

The scalar product of vectors is commutative. u* V=Vv*" u. 

k(u * v)= (ku) * v=u" (ky). 

The scalar product of vectors is distributive: us (v+w)=u'v+u* w. 

If u=0 or v=0, then u: v=0. 

Two vectors u and v are orthogonal if u * v= 0. 

If u = (uy, U2) and v = (vj, v2) are vectors, then u. V = uyVv) + Unv2. 

5. Cross product 

If u, v and w are vectors and r is a scalar the cross product of vectors has the 

following properties 

a. 

b. 

io 

Poo m 9 

Anticommutativity: u X v=—v Xu. 

Multiplication by scalars: (ru) X v=r(u X v) =u X (rv). 

Distributivity: u X (ut+ w)=uxXv+uXxXw. 

Orthogonal properties: (u X v) * u=(u X v) * v=0. 

Cross product of the zero vector: ux 0=0. 

Cross product of the vector with itself: uX u=0. 

The cross product of the unit vectors: ixi=jx j=kx k=0. 

Triple scalar product: u * (v X w) = (u Xv). w. 



Review Exercise 

1. 

. A constant force of 60N is applied at angle 

If vector u = (3, —2), v=(—2, —1) and w = (5, 1), then find 

a. 2u — 3Vv b. Bu —2v + w| c.u+ 4v —w d. |2u + 2w| 

e. Find unit vector in the directionofu+w  f. Findaifa+v=2u—w 

Ifu=i+ 2j,v=2i+4j and w=Si - j, then find each of the following product 

b.u* Bw) 

Ifu = 3i + 2j + 5k and v=i + 3j + 6k, then find 

a.(u" Vv) Ww c. |v? 

auXxv bvxu 

. If vector v = 2i + 3j, then find the angle formed by the following vectors: 

a. vandi b. v and j 

. Determine whether u = i+ 5k and v = 10i + 3j — 2k are orthogonal vectors or 

not. 

. Let u = (-5, 3, 7) and v = (6, —8, 2). Determine if the vectors are parallel, 

perpendicular or neither. 

. Given the vectors u = 6i + j — 3k and v= 2i + 3j + k, then find 

a. the area of the parallelogram formed by u and v. 

b. the area of the triangle formed by u and v. 

of 30° to pull a handcart of 10 m across the 30° 

ground, as shown in Figure 5.47. What is 10m 

the work done by this force? 

Figure 5.47 

. If the line L passing through the point P (—2, 1) and parallel to the vector 2i + 3j, 

then find a. vector equation of the line. 

b. parametric equation of the line. 

10. Find the equation of the line tangent to the circle x’ + y’ + x — y=7 at point 

a. A(2—5) b. B(-1, 4) 

+a — __ 



53” 

Figure 5.48 

5j are acted on the body, then 

40° 

53°, respectively, with the horizontal, as shown 

in Figure 5.48. Find the magnitudes of the forces 

of tension T, and T, in the cables if the resultant 

Find the resultant velocity of the balloon. 

13. A 50-N weight is hung by a cable so that the two 

portions of the cable make angles of 40° and 

force acting on the object is zero. 

find the resultant force. 

12. A balloon is rising vertically at 4 m/s. Wind is blowing from east to west at 3 m/s. 

11. If three forces F, = 3i — 4j, F. = 4i + 5j and F; 
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Unit Outcomes 

By the end of this unit, you will be able to 

%* Know basic concepts about transforming of the plane. 

* Apply methods and procedures of transformation to transform plane figures. 
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Unit 6: Transformations of the Plane 

e identity transformation e initial point 

KEY |Words 
¢ non-rigid motion ¢ reflection 

¢ rigid motion ¢ rotation 

e standard position ¢ terminal point e transformation 

e vector translation 

Introduction 

In unit 5, you have discussed that various geometric and algebraic aspects of vector 

representation and vector algebra. In this unit, you focus on transformations and rigid 

motions which will be helpful to discuss translations, reflections and rotations. 

Activity 6.1 

Consider the following conditions and discuss what will happen to the shape or 

size or both of the object: 

a. when a spring is compressed or stretched. 

b. when the earth rotates about its axis. 

c. when you see your image in a plane mirror. 

d. when you draw your home’s door. 

From Activity 6.1, you have observed that some mappings of objects preserve shape, 

size or distance between any two points and some other mapping of objects are not 

preserve shape, size or distance between any two points. Due to this reason, 

transformations are classified as either rigid motion or non-rigid motion. But in this 

section, you will focus only on rigid motions. 



Unit 6: Transformations of the Plane 

Definition 6.1 

A rigid motion is a motion which preserves distance. 

That means, for A and B, AB = A’B’ where A’ and B’ 

are the images of A and B respectively 

-— Note 

Rigid motion carries any plane figures to a congruent plane figure. That means 

rigid motion carries triangles to congruent triangles, parallelograms to congruent 

parallelograms, etc. 

Within the rigid motion, there are three main types of transformations that you 

will learn in this unit. These are translation, reflection and rotations. 

Translatio 

Consider a triangle PQR and discuss what will x Q’ 

happen to the shape, size and orientation of 

a triangle when you slide it as shown in Figure 6.2. Pp’ h A 

z > 

Bz 

P 

Figure 6.2 
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From Activity 6.2, you have observed that A PQR and A P’Q’R’ have the same size, 

shape and orientation. 

Definition 6.2 

A translation is a transformation that occurs when every point of a figure is 

You can state a translation formula in terms of coordinates as follows: 

Let T = (a, b) be a translation vector, then 

Le T(a,b) 
a. The origin is translated to (a, b) That means (0, 0) anaes (a, b) 

b. The image of the point P (x, y) under the translation vector T will be the point 

P’ (x+a,y+b). 

1. Let T = (2, 3) be the translation vector. Find the image of the points A (2, 1), 

B (—1, 2) and C (—5, 1) through translation vector T. 

2. Iftranslation T takes the origin to (—2, 2) then find the image of the points 

P (3, 5) and Q (-1, 4). 

3. The image of point (1, 2) under translation T is (2, 4). What is the image of the 

point (-2, 3) under the same translation? 

Solution 

1. To translate A (2, 1) through translation vector T = (2, 3), it has to move 2 units 

right and then 3 units up which is the point (4, 4) as shown in the Figure 6.3. 
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y 
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Figure 6.3 

Hence, A’ (4, 4) is the image of the point A (2, 1) under the translation vector T, 

“AA’ = (2, 3); 

. T(a, b) 
ie., A (2,1) ———> A’ (4, 4) 

Let us see the following table for some other points on the same graph and their 

corresponding images under the translation through translation vector T = (2, 3). 

1 A (2, 1) A’ (4, 4) 

2 B(-1, 2) B’ (1,5) 

3 C(-5, 1) C’ (-3, 4) 

4 RQ, y) R’ (x +2,y +3) 

From the above table, you can see that the image of any point under the translation T 

through translation vector (2, 3) is obtained by adding 2 to x-coordinate and 3 to 

y-coordinate of the given point; i.e., the image of R (x, y) is R’ = (x +2, y + 3) 

Similarly, if the translation vector is PQ where P = (a, b) and Q = (c, d) then 

a. the origin is translated to (c — a, d — b) 

b. the point R (x, y) is translated to (x + c —a, y +d —b) 

2. The image of point P (3, 5) is P’: (8 + (—2),5 + 2)=(,, 7). 

The image of point Q (—1, 4) is Q’: ((-1) + (-2),4 + 2)=(-3, 6). 

YQ 



Unit 6: Transformations of the Plane 

3. The translation vector is T = (2 -1,4- 2) = (1, 2). 

The image of point (—2, 3) is (-2 +1,3+ 2) = (-1, 5) 

If A (—4, —4), B (-2, —-1) and C (—1, —5) are the vertices of a triangle ABC, find 

the coordinates of the image of AABC under the translation T = (6, 5). Draw AABC 

and its image on the same plane. 

Solution 

As A (—4, —4), B (—2, —1) and C (1, —S) are the vertices of AABC, 

the coordinates of the vertices of image of AABC can be obtained by using the 

formula below: 

you have, P(x, y)=(x + a,y + b) =(x + 6, y + 5). 

Hence, A’: (—4 + 6, —4 + 5) =(2, 1). J 
hy 

BY (-2+6,-145)=(4, 4). é BAA) 

3 
C’: (-1+ 6, -5 +5)=(5, 0). 3 

Graphically, you can show these +}4'(2,1) 

4 2 2 
points as shown in Figure 6.4. senie 

Aa, oO C0) x 

-2 

-3} 

A(-4,— e 

5 
(—1;—5): 

Figure 6.4 
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Unit 6: Transformations of the Plane 

. Let T = (2, 3) be the translation vector. Find the image of the pint A (—1, 4) and 

(3, 5) through the translation vector T. 

. The image of point (—2, 3) under translation T is (3, —1). What is the image of 

the point (4, 2) under the same translation? 

. A (-4, 2), B (0, 1) and C (—2, —3) are the vertices of AABC. If A’ (—1, 6) be the 

image under the translation of vertex A, find the images B’ and C’ of B and C 

under the same translation. 

. Draw a square S (1, 2), O (4, 1), R (5, 4) and E (2, 5). Find the image after the 

translation (x, y) > (x — 2, y + 3). Then, draw and label the image. 

. Ifa translation T takes the origin to (3, 4), then find the image of the points 

P (5, 7) and Q (3, 6). 

Line Translation 

If a translation T takes the point (—2, 3) to the point (1, 2), then what are the images 

of the following line 

a. Li:3x-y+4=0 

b. Li 4y+2x4+/=0 

Solution 

Let T be the translation vector, A = (—2, 3) and B = (4, 2). Then, 

T=AB =B-A =(1-(—2), 2-3) = (3, -1). Thus, T:(3, — 1). 

The point P (x, y) is translated to the point P’ = (x’, y’). 

Here, x’ =x+3,y’=y-1. 

Therefore, x = x'—-—3,y=y'+1. 

ay 
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A translation map lines onto parallel lines. Let L’ be the image of L under T. Then, 

a. L:3x-y+4=0 

> 30'-3)-6'+1D+4=0 

=> 3x'-9-y’-14+4=0 

> 3x'-y'-6=0 

=>L':3x-y-6=0. 

b. L:4y+2x+1=0 

> 40'4+1)4+2@'-3)4+1=0 

=> 4y'+44+2x'-64+1=0 

=> 4Ay'+2x'-1=0 

=SL:4y+2x-1=0. 

Note 

Generally, a translation vector T: (a, b) translates point P (x, y) to point 

P’(x’, y’). 

The equation of P’(x’, y’) can be got by P> P’, x’ =x-a, y'=y-b. 

1. Ifa translation T takes (1, —4) to (—3, 2), then find the image of the line 

L: 5x + 4y + 9=0. 

2. Ifa translation T takes the origin to (0, 2), then find the image of each of the 

following lines. 

a. y=3x-1 b. 3y+x=12 

3. Ifthe image of the line 2x —3y = 7 under a translation is 2x — 3y = 0, then what 

is the translation vector of the translation line which is parallel to the x — axis or 

y —axis? 

——g——__ 
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Circle Translation 

Example 4 

If a translation T takes the origin to (—2, 2), then find the equation of the image for 

the circle whose equation is x” + y° =4. 

Solution 

Let T be the translation vector. The image of (x, y) under T is T (x, y) = (x — 2, y + 2) 

as shown in Figure 6.5. 

a it 

C'(-2,2) 

alt aE 

—— A leo 5 

AAR 

\ 

tS; 

Figure 6.5 

The centre of the circle (0, 0) is translated to (—2, 2) 

Therefore, the image of the circle given by x’ + y’ =4 is (x + 2)’ + (y — 2) =4. 

— Note 

As a translation is a rigid motion, to translate a circle it suffices to translate the 

center of the circle by the translation vector T (a, b) and keep its radius for the 

image too. 
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1. Ifa translation T takes the origin to (—3, 3), then find the equation of the image 

for the circle whose equation is x” + y’ = 16. 

2. Ifa translation T takes the origin to (—6, 8), then find the equation of the image for the 

circle whose equation is x7 + y? = 9. 

3. Find the equation of the image of the circle (x + 4 + vt 2)? = 7 when 

translated by the vector AB where A = (2, 3) and B = (-5, 4). 

4. Translate a circle x” + y — 4y = 21 by the translation vector T (3, —5). Find the 

image circle. 

Reflection 

Consider a triangle ABC and discuss what will happen to the shape, size and 

orientation of a triangle when you fold or flip over the fixed line as shown in 

Figure 6.6. 

equal 

Figure 6.6 

From Activity 6.3, you have observed that A ABC and its reflection (A A’B’C’) have 

the same shape and size, but the figures face in opposite directions. Having these 

concepts, let us define reflection as follows. 

gy 
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Definition 6.3 

Let L be a fixed line in the plane. A reflection A about a line L is a 

transformation of the plane onto itself which carries point A of the plane into the 

point A' of the plane such that L is the perpendicular bisector of AA’. 

The line L is called the line of reflection or the axis of reflection 

A 

x 

Figure 6.7 

Notation: The reflection of a point A about the line L, is denoted by M(A); 

Le., A’ =M(A). 

—— Basic Properties of Reflection 

1. A reflection about a line L has the property that, for two points A and B in the 

plane, if A = B, then M(A) = M(B). Hence, reflection is a function mapping 

the set of points in the plane into the set of points in the plane except 

reflection of points about the axis of reflection. 

2. A reflection about a line L maps distinct points to distinct points, i.e., if 

A +B, then M(A) # M(B). Equivalently, it has the property that, for points A 

and B in the plane, M(A) = M(B), then A = B. Thus, reflection is a 

one-to-one mapping. 

3. For every point A' in the plane, there exists a point A such that M(A) = A’. 

If the point A‘ is on L, then there exists A = A' such that M(A) = A’. Thus, 

reflection is an onto mapping. 

gy 



Unit 6: Transformations of the Plane 

Now, consider reflections with respect to the line y = mx and the line y = mx + b for 

b#0. 

A. Reflection in the line y = mx 

Let L be a line passing through the origin y 

and making an angle 0 with the positive e “(x y’) 

X-axis. ‘s 
S 

You will now find the image of a point “SP (xy) 

P (x, y) when it is reflected about the line 8g 

Las shown in Figure 6.8. RY 

Figure 6.8 

You will have the following four special cases based on the value of 0: 

1. When 6 = 0, you will have reflection in the x- axis. Thus, (x, y) is mapped 

to (x, -y) 

Find a reflection of a point P (2, 3) over the x-axis. 

Solution 1 

As shown in the Figure 6.9, the reflection is ; is re 3) 

P’ (2, —3). , H 

4 * 

+ i 
H 
i | > 

2 4 O 3 xX 

: 2 : 

at | 3 
P’(4,-3) 

Figure 6.9 
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Unit 6: Transformations of the Plane 

2. When 0 == , you will have reflection in the y - axis and (x, y) is mapped to 

(x, y)- 

Example 2 

Find a reflection of a point P (2, 3) over the y — axis. 

Solution 

As shown in the Figure 6.10, the reflection is p’( —2, 3). 

A 

y 

e- ~@ 

P'(-2,3 P(2,/3) 

> 

toy OB LO! eo x 

of 

Figure 6.10 

3. When 0= > you will have reflection about the line y =x and hence (x, y) is 

mapped to (y, x). 

Example 3 

Find a reflection of a point P (—3, 2) over the line y =x. 

+ ga—_ 
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Solution 1 

As shown in the Figure 6.11, the reflection is 3 

P(-3,2) 
0 —*® 2 

P’ (2, —3). x yelx 

ra 

NA “ > 
of 2 4 K x 

N 

4 3 

€ tras) 

Figure 6.11 

4. When 0 = = > you will have reflection about the line y =-x and (x, y) is 

mapped to (-y, —x). 

Example 4 

Find a reflection of a point P (2, 3) over the line y = —x. 

Solution 

As shown in the Figure 6.12, the reflection is P’( —3, —2) 

| bY 
N (2, o 

wo % 2 xy 

Figure 6.12 
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In general, reflection of points by the lines y = 0, x = 0, y =x and y = —x using 

coordinate rules for reflection are: 

= If (x, y) is reflected in the x-axis (y = 0), then its image is the point (x, —y). 

2. If (x, y) is reflected in the y-axis (x = 0), then its image is the point (—x, y). 

3. If (x, y) is reflected in the line y = x, then its image is the point (y, x). 

4. If (x, y) is reflected in the line y = —x, then its image is the point (—y, —x). 

1. Find a reflection of a point P (4, 5) over the following. 

a. X-axis. b. y-axis c. the line y=x d. the line y = —x 

2. The vertices of ADEF are D (1, 4), E (5, 5), and F (4, 1). Find a reflection Graph 

A DEF over the following. 

a. X-axis. b. y-axis c. the line y=x d. the line y = —x 

Let L be a line passing through the vA 

origin and making an angle 8 with 
A'(x',y') 

the positive x-axis. 

Then, the slope of L is given by 

m= tan @ and its equation is y = mx 

as shown in Figure 6.13. 
ot 

Figure 6.13 

You will now find the image of a point A (x, y) when it is reflected about the line L 

as shown in Figure 6.13. 

Suppose a is the angle measured from positive x-axis counter clockwise to the vector 

OA and A'(x', y') be the image of A (x, y), and let OA =r, then OA’ = r (why?). 

g—_ 
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The coordinates of A are: 

x=rcosa andy=rsina 

The angle measured from L to vector OA’ is 8 — a. Thus, the angle measured from 

positive x-axis to the vector 0A’ is 

06+(@-—a)=20-a 

Therefore, the coordinates of A' are: 

x'=rcos (2 0— a) and y'=r sin (2 0 —-a) 

Now, use the following trigonometric identities 

1. Sine of the sum and the difference 

sin (a + B)=sina cos B + cosa sin B 

sin (a — B)=sin a cos B —cos a sin B 

2. Cosine of the sum and difference 

cos (a + B)=cos acos BP —sin asin 6 

cos (a — B)= cos a cos B + sin asin B 

Using these trigonometric identities, you obtain: 

x'=r [cos 20 cos a + sin 20 sina] =(r cos a) cos 20 + (r sin @) sin 20. 

= xcos20 + y sin 20 and 

y'=r{[sin 20 cosa — cos20 sina] =(r cosa)sin2 8 — (r sina)cos2 0 , 

= xsin20 — ycos20 

Therefore, the coordinates of P'(x', y') is the image of the point P (x, y) when reflected 

about the line y = mx is: 

x'=x cos 20 + y sin 20 

y'=x sin 20—ycos 20 where 0 is the angle of inclination of the line L: y = mx. 

Find the image of the points A (2, 1), B (0, —3) and C (—6, 8) when reflected about 

the line y = raid 

+ gy—— 
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Solution 

i =1 = tant (4 == Since tan 0==7 > 8 = tan (=)>6 ‘ 

Thus, if A' (x', y’) is the image of A (2,1), then 

x'=x cos 20 + y sin20 = 2cos 20) + 1sin2 (=) = 2cos st 1sin> 

=2xi41x 8-28 
2 2 2 

y' =x sin 20 — ycos20 =2sin 20) - lcos2(Z) = 2sin 5 loos} =2x a Ix> 

_ 2v3-1 

2 

Therefore, the images of A (2, 1) is A'( 248 ; ae *) 

Again, if B' (x', y’') is the image of B (0, -3), then 

1 v3 _ -3v3 
x'=x cos 20 + ysin26 =0 x cos# + (3) sinZ=0x23x=5 

3 3 2 2 2 

y'=x sin 20 —y cos2@ = 0 x sin 5 —(-3) cosy = 0 x B+ 3x 
Nie 

_3 

2 

Thus, the image of B (0, -3) is B' 22, 4, 

Similarly, if C' (x', y') is the image of C (—6, 8), then 

x'=x cos 20 + ysin20 =—6 x cos = + 8 sint =—6 x> +8 x 8-3 + 4V3 

y'=xsin 20 —y cos20 =—6 x sin > — 8 cos; =—6 x Bs xt=-3 3-4 

Thus, the image of C (—6, 8) is C'(—3 + 4V3 ,-3 V3 -4). 

1. Find the image of the point (0, 1) when reflected about the line y = V3x. 

2. Find the image of the point (2, 3) when reflected about the line y = —V3x. 

3. Find the image of the point (3, 0) when reflected about the line y = 2x. 

——&— 
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B. Reflection in the line y = mx + b 

1. Reflection of a point in the line 

Let L: y = mx + b be the line of reflection, where mER\ {0}. 

Let A (x, y) be a point on the plane, not on L. 

Let A'(', y') be the image of A (x, y) when reflected about the line L. 

A(x,y) |v 
‘ 4 

\ 
x 
cK 

N B 

‘ 
L:y=mx+b SA(x',y') 

Figure 6.14 

Let s be the line passing through the points A (x, y) and A' (*' y), AA’ is 

perpendicular to L, since L is perpendicular bisector of AA’ . Since the slope of L is 

m, the slope of AA’ is -= . 

Then, one can determine the equation of the line AA’ . If B is the point of 

intersection of L and Ad’, taking B as the mid-point of AA’, you can find the 

coordinates of A'. 

Thus, to find the image of a point A (x, y) when reflected about a line L, you follow 

the following four steps. 

1. Find the slope of the line L, say m. 

2. 2. Find the equation of the line AA’ , which passes through the point A (x, y) 

and has slope — + 
m 

3. Find the point of intersection B of L and AA’ which serves as the midpoint of 

AA’ 

4. Using B as the mid-point of AA’, find the coordinates of A’. 
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Example 6 

Find the image of the point (4, 0) when reflected about the line L: y = 2x + 1. 

Solution 

Let A (4, 0) be a point on the plane, not on L. 

Let A'(x', y') be the image of A (4, 0) when reflected about the line L. 

“| Ty 

—— 2 =, y B - - — - —_ 

“+. A(4,0) 

a ae 0 4 4x 

y=2x+il * 

I 

Figure 6.15 

Let s be the line passing through the points A (4, 0) and A' (x', y'). AA’ is 

perpendicular to L since L is perpendicular bisector of AA’ and the slope of L is 2. 

Thus, slope of AA’ is -5 . 

The equation of the line AA’, which passes through the point A (4, 0) and has slope 

1. y-0 1 1 
—tist = =-+ sy=-=x42 

2° x-4 2 2 

Now, let us find the point of intersection B of L and AA’ which serves as the 

midpoint of AA’ 

=i ysrzxt 2 
Then, B is obtained by solving the system of linear equations { 

y=2x4+1 

Thus, G, =) is its solution. 
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Using B as the midpoint, the image of A (4, 0) can be obtained by using the two 

points B G, 2) and A (4, 0). 

Then, the image of the point A (4, 0) is: 

x! +4 2 -16 "+0 9 18 
=. 35x’ = and? = ays 

2 5 5 2 5 5 

Thus, the image of A (4, 0) is AS, >. 

Example 7 

Find the image of (—2, 4) when reflected about the lines 

a. y=-2 b. x=1 

Solution 

a. Line y = —2 is a straight line parallel to x-axis and at a distance of 2 units in 

negative direction of y-axis. Point (—2,4) is 6 units away from given line y = —2. 

Therefore, distance of image from the line is also 6 units. Thus, distance of image 

from x-axis = 6 + 2= 8 units in negative direction of y-axis. Thus, the image of 

the point (2, 4) when reflected about the line y = —2 is (2, -8). 

b. Line x = 1 is a straight line parallel to y-axis and at a distance of | unit in positive 

direction of x-axis. Point (—2,4) is 3 unit away from given line x =1. Therefore, 

distance of image from the line is also 3 units. Thus, distance of image from 

y-axis = 3 +1=4 units in positive direction of x-axis. Thus, the image of the 

point (—2, 4) when reflected about the line x = 1 is (4, 4). 

1. Find the images of the points (4, 2) when reflected about the line y = 2x - 1. 

2. Find the images of the points (—3, —2) when reflected about the line y = —x — 2. 
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3. Find the image of (2, 4) when reflected about the lines 

a y=l b. y=—-2 

4. If the image of the point (—5, 4) under reflection is (3, 0), find the line of 

reflection. 

5. If P is the reflection of point (4, — 4) in the line 2y = x + J, find the coordinates 

of point P. 

1. Reflection of a line in the line 

—— Note 

To find the images of a line s when reflected about the line L, take the following 

way. 

1. Ifaline AA’ is perpendicular to the axis of reflection L, then AA’ is its own 

image. 

2. If AA’ is a line parallel to the line of reflection L, to find the image of 

AA’ when reflected about L, we follow the following steps. 

a. Choose any point B on AA’. 

b. Find the image of B, M(B) = B' 

c. Find the equation of AA’ which is the line passing through B' with slope 

equal to the slope of L. 

Example 8 

Find the image of the line s: —3x + y =2 after reflection in the line L: y =x + 4. 

Solution 

Let s: y = 3x + 2 and s’ be its image after reflecting about the line L: y = x+4. 

Let A (a, b) be any point on s, say A (0, 2), so that its image A’( a’, b') lies on s' as 

shown in figure 6.16. 
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By using the following reflecting procedure: 

a. Choose any point A ons. 

b. Find the image of A, M(A) = A’ 

Find the intersection of L and sas C. 

d. Find the line passing through both A’ and C. This line is the image s’ 

b'-2 

a'-0 
=-1 M (0, 2)=(a', b') => 

=a’ =—b'+2. 

The midpoint of (0, 2) and (a', b’) which is (¢ , mt) lies on the reflecting axis L. 

Then, from 

Liy =x + 4, it follows 

ot? _ +4. 

=>So,a'=b'-6. 

Since a’ = —b'+ 2 anda’ =b'— 6, then 

—b'+2=b'—6 

It implies b'= 4 anda’ = —b'+2=-4+4+2=—-2. 

Therefore, A’ (a', b') = A’ ( —2, 4). 
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It follows that (— 2, 4) lies on s'. 

Now, let us find a point that belongs to both L and s, say C. Then C is obtained by 

. . y=xt+4 
solving the system of equations { =3x42° 

Thus, (1, 5) is its solution. 

Finally, the equation of the image line can be obtained by using the two points of 

A’ ( —2, 4) and C (1, 5). 

Then, the equation of the imaged line is: 

ge Jot 5-4 

“x-(-2)” 1-(-2) 

ors’;2 4 =2 
“x42 3° 

ors: x—3y +14=0. 

Thus, the image of line —3x + y =2 after reflecting about the line y = x + 4 is s': 

x—3y +14=0. 

1. Find the image of the line s: y = 2x + 3 after it has been reflected about the line 

Liy=x- 2. 

2. What’s the equation of the image ofa line s: y = 3x + 4 when it is reflected along 

the line y = 2x — 3? 

2. Reflection of a circle in the line 

—— Note 

1. Ifthe centre of a circle C is on the line of reflection L, then the image of C is 

itself. 

2. Ifthe centre O of a circle C has image O' when reflected about a line L, then 

the image circle has centre O' and radius the same as C. 
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Example 9 

Find image of the circle x° + y’ — 4x — 2y + 4 = 0 after reflection in the line L: 

y=x-1. 

Solution 

By applying completing square method on x? + y° — 4x — 2y +4 =0, 

you find (x — 2)? + (vy - 1)? =1. 

Clearly, the centre of the circle is (2, 1) and it lies on the line of reflection y = x — / 

Therefore, the circle is its own image. 

Example 10 

Given the equation of the circle x” + (y — 3)’ = 1, find the equation of the circle after 

a reflection about the line y = x. 

Solution 

The centre of the circle is (0, 3). The reflection of (0, 3) about the line y = x is (3, 0), 

which is the centre of the image circle. Therefore, the equation of the image circle is 

(x - 3 +y7=1. 

1. Find the image of the circle x? + y? = 4 after reflection in the line L: y = x. 

2. Find the image of the circle (x — 4)? + (y — 1)? = 9 after reflection in the line 

L:y=x-1. 

3. Given an equation of a circle (x — 1)’ + (y — 2)’ = 36, find the equation of the 

image circle after a reflection about the line y =x + 2. 
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4. The image of the circle x 24 yr x + 2y = 0 when it is reflected about the line L is 

x? + y?— 2x + y = 0. Find the equation of L. 

Activity 6.4 

1. Discuss rotation of points through 90 ° and 180° about the origin. 

2. Consider a triangle ABC, discuss what happened the shape, size and 

orientation of a triangle when you turn counter clockwise it around a fixed 

point as shown in Figure 6.17 and try to define what does rotation of figures 

mean. 

Figure 6.17 

As you have observed form Figure 6.17, when A ABC is rotated about a point O or 

the centre of rotation to be the origin, A ABC and A A’B’C’ have the same shape and 

size. 

Definition 6.4 

A rotation R about a point O through an angle 0 is a transformation of the plane 

onto itself which carries every point A of the plane into the point A' of the plane 
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A. Rotation when the center of rotation is about the origin 

Note 

1. The rotation is in the counter clockwise direction, if 8 > 0 and in the clockwise 

direction if 0 <0. 

2. Rotation is a rigid motion but the figures may be turned in different directions. 

O > 

0 (6 <0) 

6 (8 >0) 

O > 

Figure 6.18 

Find the image of point A (2, 0) when it is rotated through 30° about the origin. 

Solution 

Let the image of the point A (2, 0) be A'(a, b) as shown in the Figure 6.19. 

A 

y 

aa 
aa ~ 

‘N ’ 
Pe. , A'(V3,1) 

/ 

== Q@ | A(2,0) 

3 2 z O 4 2 es 

\ / 

N i / 
ne / 

~ on 
~2- 

Figure 6.19 

From trigonometry, you have A’(a, b) = (r cos 0, r sin 8) where r = 2 and 0 = 30° 

+ yy— 
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Therefore, A'(a, b) = (2cos30°, 2sin30°). 

Henee, A’ (a, b) = (2 C2), 2 @)) = (V3.0). 

Thus, the image of A (2, 0) is A'(V3, 1). 

—— Notation 

If R is rotation through an angle 0, then the image of A (x, y) is denoted by 

Rg (x, y). For example, in the above example, Rye (2, 0) = (V3, 1) 

Find the image of point P (3, 0) when it is rotated through the following angle about 

the origin: 

a.@ = 45° b. @ = 60° c. 8 = 120° d. 8 = 135° 

e. 6 = 150° f. 8 =—45° g. 0 = —60° h. @ = —120° 

i. @ = —135° j.@ =—150° 

Rotation when the center of rotation is about the origin (1) 

Theorem 6.1 

Let R be a rotation through angle 0 about the origin. If Rg (x,y) = (x',y’), then 

Proof 

From trigonometry, you have, 

(x, y) =(r cos a, r sin a) and (x', y') = (r cos (a + 9), r sin (a + 8)), 

where r cos (a + 0) =rcos a cos 0—rsin a sin 0... (cosine of the sum formula) 

=xcos@-—ysin@............ because x =r cos aandy=rsina 

andr sin (a+ #)=rsinacos@+rcosasin@......... (sine of the sum formula) 

=ycos@+xsinO............ because x =r cos a and y=rsina 

+O _ 



Unit 6: Transformations of the Plane 

- Rg (x, y) = (x cos 8-y sin 8, y cos 6 + x sin @) 

A 

y A(x',y') 

Figure 6.20 

Find the images of the following points under a rotation by the indicated angle about 

the origin. 

a. (1, 3), 30° b. (3, — 4), 810° 

Solution 

From theorem 6.1, you have 

a. x'=xcos 8—ysin 0; x = 1, y=3; 0 =30° 

= lcos 30° — 3 xsin 30° 

-1x8_3x1-83 
2 2 2 

y'=xsin§@+ycos 0 

= Isin 30° + 3xcos30° 

a 43x V3 _ 14+3V3" 

2 2 2 

Thus, Rsor(1, 3) = (= AE, 

b. A rotation of 810 ° is the same as two consecutive rotations by 360 ° followed by 

a rotation by 90° (because 810 ° =2x360 ° + 90°). 

I 
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Hence, a rotation by 810° is the same as a rotation by 90°. Thus, we can 

simply use theorem 6.1 for 0 =90° 

=x cos 0-ysin 0; x =3, y= —4; 8=90° 

=3 x cos (90°) — (— 4) xsin (90° ) 

=3x0+4x1=4 

y'=xsin®@ + ycos 0 

=3 x sin (90°) +(— 4) X cos (90°) 

=3 x 1-4x0=3 

Thus, R g19°(3, —4) = RB 99°(3, 4) = (4, 3). 

Exercise 6.10 

1. Find the images of the following points under a rotation by the indicated angle 

about the origin: 

a. (2, 4), 30° b. (4, -5), 5 c. (5, — 6),5 d. (2, 1), — 45° 

2. Determine the images of the following points after a rotation of the indicated angle 

about the origin: 

a. (—2, 4), 60° —_b. (5, —6), —180° c.(2,-2),- —d. (3,4), 540° 

Rotation when the center of rotation is about the origin (2) 

— Note 

1. 9=2 
2 

Let R be a counter-clockwise rotation through an angle 0 about the origin. Then 

0 =+ => (x',y’) = (-y, x). This means when 0 = 5 ; 

x’ =xcos0—ysin@ =—-y 

y' =xsin@+ycos0=x 

——_g—_ 



Unit 6: Transformations of the Plane 

The image of a triangle ABC when of (15) 
(45,4) 3 cas 

it is rotated through 0 = ; or 90° % / 

about the origin is shown in Figure 2 ; 

B (-5 4 Att 
6.21. ' t > ra LL 1 , 

To see that this is a rotation of 0 = 5b 43 dS + 3 4 x 

. , Imagine point B attached to the 3 

red arrow. The red arrow is then 3 

moved 0 =5 (Notice that the 5 or is 

90 °is formed by the two red 

arrows). Figure 6.21 

Look at the new position of B, labelled B’ = (—5,/). This same approach can be used 

for all three vertices. 

2.0 =m > R(x y) = (-x,-y). 

Example 4 

The image of a triangle ABC when it is rotated zy ie 

through @ = m or 180 ° about the origin is shown ‘Sh 

in Figure 6.22. 2 

Starting with AABC, draw the rotation of 180° = B(4l1) 

centred at the origin. As you did in the previous wn i 4] 5) 

4x 
example, imagine point B attached to the red 

arrow from the center (0, 0). 

hk & Figure 6.22 c= 
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The arrow is then moved 9 =1 or 180° (which forms a straight line). Notice the 

new position of B, labeled B’ = (—4, —1). 

3.0= = =>R (xy) =( -2). 

The image of a quadrilateral ABCD when it is A 

B(-14) | ¥ 

rotated through 0 = = or 270 ° about the origin is =| \~ (34) 

shown in Figure 6.23. 

A(0,1)4 (2.1) |B'(4,) 

Starting with quadrilateral ABCD, draw the rotati ae aod A arting with quadrilatera , draw the rotation ar: baal PUR) = 

of 270° centred at the origin. As you did in the 7) 

previous examples, imagine point A attached to the D'(1-2 " 
> c'(4,-3 

red arrow from the centre (0, 0). The arrow is then 4 

moved 270°. Notice the new position of A, labelled “si ideili 

A'=(1, 0). Figure 6.23 

4. 0 =2nm for n € Z> R is the identity transformation. 

5. Every circle with centre at the centre of rotation is fixed. 

In general, you can summarize rotation of point centred at the origin as follows 

Rotation of 90° (x, y) becomes (—y, x) 

Rotation of 180° (x, y) becomes (—x, —y) 

Rotation of 270° (x, y) becomes (y, —x) 

Exercise 6.11 

1. A triangle CDE has vertices C = (2, 1), D= (5, 3) and E = (3, 4). Find the image of 

a 5: 

Be 

the triangle when rotated about the origin through an angle 0 = 



Unit 6: Transformations of the Plane 

2. Determine the image of the straight-line AB under an anticlockwise rotation of 90° 

about O in the Figure 6.24. 

. If A (2, —2), B (3, —1) and C (—6, 1) are the vertices of a triangle ABC as shown 

in Figure 6.25, determine the image of the triangle ABC under a clockwise 

rotation of 180° about the origin. 

A 
y 

x A(2.5) E 

C(-6.1) 

, pease — tg 3 B(6.3) Le BG-) 
. 2 ‘A(2,-2) 

1 

“i 
fe) 1 2 $ 4 + 6x 

Figure 6.24 Figure 6.25 

4. Given an equation of a circle (x +/)° + (y + 3)’ = 4, find the image circle under 

an anticlockwise rotation of 180° about the origin. 

na 

B. Rotation when the center of rotation is the point (a, b) 

In previous section, you saw rotation about the origin. In this section you will 

discuss rotation about an arbitrary point (a, b). 

3 



Unit 6: Transformations of the Plane 

Consider the Figure 6.27 as shown below. 7 A 

A 
It indicates how the original triangle ABC that els = 

AY 

has vertices A (4,7), B (2,7) and C (4, 2) is Zz 
at 

rotated through 180° about the point (4, 1) to i 

give triangle A’B’C’. i 27 sig 
e 

44 
AN Oo 2 

vot 

N 
4RS 

Se 

6+ x 

Figure 6.27 

As you can observed from Figure 6.27, you can generalize the following formula: 

Corollary 6.1 

Rotation about the point (a,b) can be divided the following three 

transformation. 

1. Translation by T = (—a, — b) 

(41, y1')=(@-a, yb) 

— The center of rotation is moved to the origin 

2. Rotation through an angle @ about the origin 

Xz’ = x,'cos8 —y,' sin@ 

yz’ = x,'sin@ + y,' cos@ 

3. Translation by T = (a, b) 

x3, =atx2' =a+x,'cosd—y,' sind 

=a+(x —a)cos0—-(y—b)sind 

y3'=b+y2' =b+x,'sin@ + yz’ cos é 

=b+(x-—a)sin@d + (y—b)cos8 

gg —__— 
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Example 6 

Find the image of the point A (3, 4) when it is rotated through 8 = z about (6, 5). 

Solution 

From the corollary 6.1, you have, 

x =a+(x—a) cos 0— (y— 5b) sin® 

y =b+ (x—a)sin8+ (y— db) cos 8 

where (x, y) = (3, 4), (a, b) = (6, 5), 0=2 

x = 6+(3—6)cosa—(4—5)sina 

=6 + (-3)(-)-(-1) ©) 

=9 

y =5+(3—6)sinn+(4—5)cosa 

=5+(-J/O+CYDC) 

=6 

Thus, the image of the point A (3, 4) after rotating 180° about (6, 5) is (9, 6). 

Note 

One can also obtain the image of a line under a given rotation as follows: 

1. Choose two points on the line. 

2. Find the images of the two points under the given rotation. 

Thus, the image line will be the line passing through the two image points. 

Example 7 

Determine the image of the line L:y = 3x + / after a rotation of 0 = * about the point 

(2, 2). 

+ 
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Solution 

From the above note, you choose any two arbitrary points, say (x; , y; ) = (1, 4) and 

(X2 ,Y2 ) =(—2, —5) as shown in figure 6.28 

Figure 6.28 

But from corollary 6.1, you have 

x’ =a + (x—a) cos 8 — (y — 5) sin 8 

y=b+(x-—a)sin0+(—b)cos0 

where (x, y) = (X1, ¥1 ) = (1, 4) or (x2 , y2 ) = (—2, —5), (a, b) = (2, 2) and 0 => 

Thus, P (x1, y1) =(a + (x, — a) cos 0 — (y, — b) sin, b + (x, — a) sin8 + 

(11 — b) cos 8) 

P(1,4) =(2 +(1 -2) cos + (4-2) sing, 24+(1-2) siny + (4-2) coss ) 

=(2 — 0—2(1), 2 — (1) + 2(0)) 

= (0, 1) 

P (x2 ,Y2 )=(at (Xz —a) cos 8 —(y2 — b) sinO, b + (x2 — a) sin® + (yz — b) cos 8) 

P (—2, —5) = (2 + (—2 —2) cos> — (—5 — 2) sin5, 2 + (—2—2) sind + 

(—5 — 2) coss ) 

= (2 + ((—2—2)0) — ((—5 — 2) 1), 2 + ((-2—2)1) + ((—5 — 2) 0) 

ss * se 
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Now, let L’ be the imaged line containing the points (0,1) and (9, —2). 

2-1 3 
Thus, slope of L’ = [—> =—-5=— 3 

1 yot_-1 

“x-0 3 

SL y=-5x+ 1. 

Note 

As in the case of translation and reflection, to find the image of a circle under a 

given rotation we follow the following steps: 

1. Find the centre and radius of the given circle. 

2. Find the image of the centre of the circle under the given rotation. 

3. Equation of the image circle will be an equation of the circle centred at the 

image of the centre of the given circle with radius the same as the radius of 

the given circle. 

Example 8 

Find the image of the circle (x + 4)’ + (v — 6)?= 9 when it is rotated through 0 = x 

about (—7, —3). 

Solution 

From the above note, you compute only the image of the centre of the circle. 

The centre is (—4, 6) and its radius is 3 

But from corollary 6.1, you have 

x =a+(x—a) cos 0-(y—b)sin® 

y =b+(x—a)sin8 + (vy — b) cos 8 

where (x, y) = (—4, 6), (a, b) =(—7, —3), 9=1 

x’ =—7 + (—4— (-7)) cos m- (6 — (—3)) sina 

=-7+3(-1) -9(0) 

=-10 

+ —_— 
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y =—3 + (-4 -(-7)) sina + (6 — (—3)) cosa 

=-3+3(0)+9(-1) 

= -12 

Thus, the equation of the image of the circle is (x + 10 y +41 2y =3°, 

Exercise 6.12 

1. Find the image of (0, 1) after it has been rotated 45° about (5, 3). 

2. Find an equation of the line into which the line with the given equation is 

transformed under a rotation through the indicated angle about (0, 1): 

a. 2x-3y=5;0=5 b. 4x + Sy=4;0=— 

3. Find an equation of the circle into which the circle with the given equation is 

transformed under a rotation through the indicated angle, about the (1, 0): 

a x7? +y?=3,0=— b. @ + I) + (2) =6,0=" 

Applications 

In this unit, you discussed definition and properties of transformation (translation, 

reflection and rotation) with their application in determining the images of a point, a 

line, a circle and plane figures. Now, you will consider further applications involving 

transformations. 

Laila 

Figure 6.29 shows a reflection in line L. 

a. Which two points are invariant? 

b. Ifthe length of FG is 14cm, what is the length of GH? 

c. Ifthe length of FH is 16 cm, what is the length of 

EH? H 

Figure 6.29 

+ gy——__ 
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Solution 

a. The invariant points are E and G. 

b. Let FG= 14cm then GH= 14cm. Since, GH = FG = 14cm. 

c. Ifthe length of FH = 16cm then the length of 

EH = ; (length of FH) = ; x 16cm = 8cm. 

Given the translation (x + 6, y — 2), find the image of the point (2, 6). 

Solution 

The given translation is, (x, y) > (x + 6, y — 2). 

It is given that (x, y) = (2, 6). Hence, the translated point is, 

(x + 6, y — 2) =(2 + 6, 6 — 2) =(8, 4). 

Exercise 6.13 

1. Figure 6.30 below shows a reflection in a horizontal axis. Some length in this 

Figure are AB = 4cm, HI = 3cm and FH = 3cm. 

A J 

H I 

Pe) a 7 

F E 

Cc D 

Figure 6.30 

a. What point is the image of I? b. What line segment is the image of CD? 

c. Write down any invariant points. d. What is the length of EF? 

e. What is the length of GH? f. What is the length of AC? 

ee —_—— 
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2. A shape is formed with vertices (1, 6), (—3, —3), (-4, 5), and (-6, —4). Plot the 

image of this shape with respect to the translation (x, y) > (x + 6,y + 1). 

1. Let D (—5S, 3), E (-—3, 0) and F(—5, —2) be the three vertices of a triangle. If 

this triangle is reflected about the line x = —2, what will be the new vertices 

D’, E' and F'"? 

2. AABC with A (1,1), B (7,—2) and C (1,—2) is rotated 90° about point R 

(—2,—4). What are the coordinates of the image of point B? 

3 

7 

6 

5 

4) 

3 

2} A 

Fe) 

5) ~4. -3) -2) +1! =| 1 67x 

-2 

-3| c B 

_ 4 

R os 

6 

Figure 6.31 

3. Triangle ABC has vertices at A (2,3), B (5,7), and C (5,3) in the coordinate 

plane. The triangle will be reflected over the x-axis and then rotated 180° 

about the origin to form AA’B’C’ . What are the vertices of AA’B’C’ ? 



1. Transformation of the plane 

a. Transformation can be classified as rigid motion and non-rigid motion. 

b. Rigid motion is a motion that preserves distance. Otherwise, it is non-rigid. 

c. Identity transformation is a transformation in which image of every point is 

itself. 

2. Translation 

A translation is a transformation that occurs when every point of a figure is moved 

from one location to another location along the same direction through the same 

distance: 

1. If point A is translated to point A’, then the vector AA’ is called the translation 

vector. 

2. If T = (a, 5) is a translation vector, then 

i. The origin is translated to (a, b). That means (0, 0) ———»a, b). 

ii. The image of the point A (x, y) under the translation T = A’ (x +a, y +5). 

3. Reflection 

Let L be a fixed line in the plane. A reflection M about a line L is a transformation of 

the plane onto itself which carries each point A of the plane into the point A' of the 

plane such that L is the perpendicular bisector of AA’. 

a. Reflection in the x-axis, M (x, y) = (x, -y). 

b. Reflection in the y-axis, M (x, y) = Gy y). 

2 Reflection in the line y = x, M (%, y) = (y, x). 

oa Reflection in the line y = —x, M (x, y) = (~y, —x). 

e. Reflection in the line y = mx, M (x, y) = (x! y’) where 

x'=x cos 20 + y sin 20; y’=x sin 20 —y cos 20 and m = tan 8 

a 



4. Rotation 

A rotation R about a point O through an angle 0 is a transformation of the plane onto 

itself which carries every point A of the plane into the point A' of the plane such that 

OA = OA' and m (<AOA') = 8. O is called the centre of rotation and 0 is called the 

angle of rotation. 

1. If R is a rotation through angle 0 about the origin), then 

Ro wy) = (' y) = (x' =x cos 0—y sin 0, y’ =x sin 8 + y cos 8) 

2. Let R be a counter-clockwise rotation through an angle 8 about the origin. Then 

a. If@ == then Rg (x, y) = (—y, x). 

b. If@=7 then Rg (x, y) = (—x, y). 

c. If6=— then Rg (x, y) = (v, x). 

d. If@=2n mthen Rg (x, y) is the identity transformation. 

e. Every circle with centre at the centre of rotation is fixed. 



Review Exercise 

1. 

10. 

If a translation T takes the point (3, —5) to the point (1, 4), then find the images 

of the following line and circle. 

a. Sx—3y=5 b. y+ 3x =6 

ec x+2y=7 dx +y- 4+ 6y=8 

exwr+y=4 fx +y'—3x + 5p =0 

The image of the point A (4, 9) in a reflection is A' (5, 1). Find the line of 

reflection's equation. 

Find the image of the circle x 24 y — 6y = 3 when it is rotated through ; about 

(-1,5). 

Rotate triangle ABC if A (5, 1), B (3, 2), C (3, —2) 90° clockwise about the 

origin, then reflect the image over the line x = 4. 

If the image of the point (—3, 1) under reflection is (0, 2), then find the line of 

reflection. 

If the image of the line 3x — 4y = 11 under a translation is 3x — 4y = 0. What is the 

translation vector of the translation line? 

Find the equation of the image of the circle x? + y? + 16x —24y + 183 = 0 

when it is reflected about the line 4x + 7y + 13 =0? 

If the line with equation 3x + 2y = 1 is rotated clockwise about the point (—1, 2) 

through 6 = 45°, then find the equation of this new line? 

Find the image of the circle (x + 10)’ + (y + 12)°=9 when it is rotated through 0 

= 30° about (7, 3). 

Find the image of the line s: y=x + 5 after it has been reflected about the line 

a. Liy= 5x42, bL:y=x-1. 

c Liy=x+1. d.L:y=2x41. 

+ g—__ 



STATISTICS 

Unit Outcomes 

By the end of this unit, you will be able to: 

Know specific facts about types of data. 

Understand basic concepts about grouped data. 

Use statistical method to solve real life problems. 

Analyze statistical data. 

Compare statistical data. 

* * * KK H Appreciate the value of statistics in real life. 

Unit Contents 

7.1 Types of Data 

7.2 Introduction to Grouped Data 

7.3 Graphical Representation of Grouped Data 

7.4 Measures of Central Tendency and Their Interpretation 
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KEV \w e class interval e class limit 

KEY ords ¢ class midpoint ¢ continuous data 

e deciles e discrete data 

e frequency e mean e measures of location 

¢ mode ¢ percentiles ¢ qualitative data 

e quantitative data quartiles 

Introduction 

In grade 9, you have seen the meaning, importance and purpose of statistics. 

Moreover, you have seen presentation of data using different forms like a histogram, 

measures of central tendency, and measures of dispersion of ungrouped data. 

At this grade, you will start types of data but initially through discussion. 

Florence Nightingale (1820 — 1910), was a famous nurse during 

the Crimean War, which took place between 1853 and 1856. She 

is generally considered to have founded the modern nursing 

profession, by establishing her own nursing school at St Thomas’ 

Hospital in London in 1860. She was also a gifted mathematician, 

and used statistical diagrams to illustrate the conditions that 

existed in the hospitals where she worked. Although she did not 

invent pie chart, she popularized its use, along with other diagrams 

such as the rose diagram, which is like a circular histogram. In 

1859, she was elected the first female member of the Royal 

Statistical Society. 

Source: Cambridge IGCSE Mathematics Fifth Edition. 

YB —_— 
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Types of Data 

Qualitative and Quantitative Data 

Consider the following data: gender, height, weight, beauty, time, colour, price 

and temperature. Discuss which of these data can be or cannot be 

measured/expressed in the form of numbers. 

From Activity 7.1 you have observed that there are data that can be measured in a 

form of number values while there are also data that cannot be expressed in the form 

of number values. These data can be classified as quantitative or qualitative data. 

Definition 7.1 

Quantitative data is the type of data whose value is measured in the form of 

numbers or counts, with a unique numerical value associated with each data set. 

Qualitative data is non-numerical data describing the attributes or properties 

Classify the following data as qualitative or quantitative: height, weight, the street a 

person lives on, the car a person drives, income, length, time, distance, religion, 

social status, number of mathematics teachers in your school and price. 

Solution 

The street a person lives on, the car a person drives, religion and social status are 

qualitative, while height, weight, income, length, time, number of mathematics 

teachers in your school, price and distance are quantitative. 

YQ _ 
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Discrete Data and Continuous Data 

Activity 7.2 

Consider the following quantitative data: height, weight of the students, number 

of teachers in your school, length of a road, number of chairs in a room, 

temperature of a body of students and number of houses along a street. Discuss 

which of these data can be quantified in terms of whole numbers values. Which 

can be quantified in terms of fractional values? 

There are quantitative data that can be quantified in terms of whole number values 

only or fractional values and varying data values that are measured over a specific 

time interval. Depending on this criterion, therefore, these data can be classified as 

discrete or continuous data. 

Definition 7.2 

A Discrete data is a numerical type of data that includes whole, concrete 

numbers with specific and fixed data values determined by counting. There is a 

Example 2 

Which of the following are discrete data? Which are continuous? 

The number of persons per household, the weight of each shipment of exported 

coffee, the units of an item in inventory, the length of time between successive 

landings of airplane at Bole Airport, the number of assembled components which are 

found to be defective. 

——_@—___—— 
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Solution 

Table 7.1 

The number of persons per house hold | The weight of each shipment of 

exported coffee 

The units of an item in inventory The length of time between successive 

landings of airplane at Bole Airport 

The number of assembled components 

which are found to be defective 

Definition 7.3 

Variables are the characteristics of a unit being observed that may assume more 

Suppose in your class the height, weight, age of students, eye colour of students, dog 

breed, climate, electrical conductivity, customer service satisfaction and class 

attendance vary. Thus, these quantities are some examples of variables. 

1. Classify the following data as quantitative and qualitative: 

a. Gender b. Religion c. Amount of money you have 

d. State of birth e. Number of students f. Educational qualification 

g. Shoe size h. Hair color i. Volume of water in a barrel 

j. score of a team in a soccer match 

2. Identify whether each of the following is discrete or continuous data: 

a. weight of a package ready to be shipped 

b. rank of students by examination results 

eH —_—_— 
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c. volume of water in a glass d. yield of wheat in quintals 

e. number of red marbles in a jar f. time it takes to get to school 

g. distance travelled between classes h. students’ grade level 

i. year of birth j. winning time in a race 

Introduction to Grouped Data 

Having a collected and edited data, the next important step is to organize it. That is to 

present it in a readily comprehensible condensed form in order to draw conclusion 

from it. Hence, before discussing about grouped data let us define a grouped data and 

frequency distribution of a data as follows. 

Definition 7.4 

1. Grouped data are data formed by aggregating individual observations of a 

variable into groups. 

7.2.1 Grouped Discrete Data 

Activity 7.3 

Consider the following data. 

4 5 2 8 8 7 5 5 6 7 

6 6 8 8 7 5 7 7 4 4 

4 4 1 0 0 6 1 9 

It represents students’ results of mathematics test out of ten. Discuss how this 

data can be organized into three groups of classes. 

From Activity 7.3, you can make a frequency distribution table with a group of three 

classes that help you to define the grouped frequency distribution, grouped discrete 

data and other related definitions. 
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Definition 7.5 a - 

1. Grouped discrete data is a discrete data that has been grouped into 

categories. 

2. Grouped frequency distribution is the organization of raw data in table 

form using classes and frequencies for the purpose of summarizing a large 

sample of data. When the range of the data is large, the data can be divided 

into classes with more than one unit in width. 

3. Class interval is the numerical width of any class in a particular distribution. 

4. Class limit is the minimum value and the maximum value the class interval 

may contain. 

5. Class width is the difference between the upper- and lower-class limit of any 

class (category). 

[— Note 

Steps for constructing grouped frequency distribution 

1. Determine the number of classes required (usually between 5 and 20). 

2. Approximate the interval of each class or class width using the following 

formula 

Largest Value in ungrouped data — Smallest Value in ungrouped data 
Class width = 

number of classes required 

The following raw data represents the number of people who visited Unity Park per 

day for 20 days 

11 29 6 33 14 31 22 27 19 20 

18 17 22 38 23 21 26 34 39 27 

a. Construct a grouped frequency distribution with 6 classes. 

b. What is the frequency of the 34 class? 

c. What is the frequency of the 6" class? 
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Solution 

a. The data given is raw data, or ungrouped data. Follow these steps to summarize 

the raw data into a grouped frequency distribution: 

Step 1: Determine the number of classes. 

To prepare the grouped frequency distribution, you decide the number of classes. For 

this case, let the number of classes be 6. 

Step 2: Find class Width. 

From the formula for class width, you have: 

Largest Value in ungrouped data — Smallest Value in ungrouped data 
Class width (w) = 

number of classes required 

From the formula, the class width (w) is calculated as 5.5. For practical purposes, it 

will be convenient to choose the class width to be a whole number. For this case, you 

can take class width as 6. (This is obtained by rounding 5.5 to the nearest whole 

number). Therefore, w = 6. 

The complete grouped frequency distribution is as follows: 

Table 7.2 

6-11 // 2 

12-17 // 2 

18 — 23 HE |/ 7 

24-29 II 4 

30-35 /I/ 3 

36-41 // 2 

Total 20 

b. The frequency of 3% class is 7. 

c. The frequency of 6" class is 2. 

I 
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For the above table, give the lower- and upper-class limits for the 3" and the 6" 

classes. 

Solution 

For the 3 class 18 — 23, 18 is called the lower-class limit and 23 is called the upper- 

class limit, while the lower limit and the upper limit of the 6" class are 36 and 41, 

respectively. 

The following data shows the test results of 20 students in mathematics: 

123 3 45 5 5 6 6 

6 6 6 7 8 8 9 10 10 10 

Construct a grouped frequency distribution with 5 classes. 

s What is the frequency of the 4" class? 

c. What is the frequency of the 2™ class? 

oa What is the upper-class limit and lower-class limit of the 3" class? 

Definition 7.6 

1. Cumulative frequency is the total of a frequency and all frequencies in a 

Construct a cumulative frequency distribution for example | above. 
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Solution 

In the above grouped frequency distribution, you are considering frequencies of each 

class. But in reality, you may be interested to know about other issues such as how 

many days fewer than 24 people visited the Unity Park. To answer such a question, 

the frequency distribution given above may not always be suitable. For such a 

purpose, you need to construct what is called a cumulative frequency distribution. 

A cumulative frequency distribution is constructed by successively adding the 

frequencies of each class. 

The cumulative frequency distribution of the above data of people that visit Unity 

Park per day is as follows: 

Table 7.3 

6-11 // 2 2 

12-17 // 2 4 

18 —23 HH // 7 11 

24-29 //// 4 15 

30 —35 /// 3 18 

36-41 // 2 20 

1. The following data represents the number of people who paid TAX per day for 

30 working days (hint: use excel software to present the ascending order of the 

data) 1 1 4 4 3 6 5 3 6 § 

3 7 7 6 7 8 7 8 8 8 

9 9 10 11 21 16 «1206220619 «(16 

Construct a grouped frequency distribution with 6 classes. 

Ss What is the frequency of the 34 class? 

c. What is the frequency of the 6" class? 

p Determine the cumulative frequency distribution. 
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2. The following are scores of 80 students in a mathematics exam. 

Construct a grouped frequency distribution, using 8 classes width. Answer the 

22 

31 

36 

46 

46 

50 

50 

55 

36 

41 

49 

50 

56 

69 

72 

76 

following questions. 

Ss 

me a2 Oo 

32 

49 

50 

51 

54 

56 

60 

71 

31 

36 

49 

58 

59 

60 

65 

66 

32 

36 

38 

48 

50 

56 

62 

76 

Determine the number of classes. 

Determine the lower-class limit of the fourth class. 

Determine the upper-class limit of the fourth class. 

33 

36 

38 

41 

46 

47 

55 

58 

Determine the frequency of the first class. 

33 

36 

41 

42 

48 

56 

63 

76 

Determine the cumulative frequency distribution. 

36 

42 

43 

47 

50 

54 

67 

70 

How many students got mathematics score less than 55? 

Determine the cumulative frequency at the fifth class. 

31 

34 

Al 

4l 

44 

47 

58 

62 

22 

35 

42 

45 

46 

56 

62 

62 

7.2.2 Grouped Continuous Data 

Activity 7.4 

Consider the following data. 

46 

50 

49 

55 

67 

47 

50 

49 

60 

50 

60 

50 

60 

45 

55 

63 

63 

61 

46 

55 

69 

63 

62 

46 

69 

49 

48 

70 

60 

47 

organized into 5 categories using class width. 

50 

48 

51 

55 

60 

49 

51 

57 

60 

70 

70 

59 

70 

70 

70 

60 

It represents weight of grade 11 students (in kg) in which the highest observed 

weight was 70 kg and the lowest was 45 kg. Discuss how this data can be 
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For Activity 7.4, you have to group this data in table form into 5 categories using 

class width that represents grouped frequency distribution that helps you to define 

grouped continuous data and other related definitions. 

Definition 7.7 

1. Grouped continuous data is a continuous data that has been grouped into 

— Note 

Steps for constructing grouped frequency distribution 

1. Determine the number of classes required 

2. Approximate the interval of each class or class width using the following 

formula 

Largest Value in ungrouped data — Smallest Value in ungrouped data 

number of classes required . 
Class width = 

On a certain construction site, the weekly wages (in Birr) of 100 labourers taken from 

a list (1.e., ungrouped data) in which the highest observed wage was Birr 258 and the 

lowest was Birr 142 are required to be given in 6 classes of a frequency distribution 

as follows. Let x be the weekly wage. 
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Table 7.4 

[ Weekly wage (in Birr) [| Number of labourers) | 

140 < x< 160 7 

160 < x < 180 20 

180 < x < 200 33 

200 < x < 220 25 

220 < x < 240 11 

240 < x < 260 4 

Total 100 

Based on the above table, answer the following questions. 

a. Construct a cumulative frequency distribution. 

b. What is the range? 

c. What is the class width? 

d. What is the frequency of 4" class? 

e. How many people are paid Birr 220 and more? 

Solution 

a. 

Table 7.5 

140 < x < 160 7 7 

160 < x < 180 20 27 

180 < x < 200 33 60 

200 < x < 220 25 85 

220 < x < 240 11 96 

240 < x < 260 4 100 

b. Range = 258 —142=116. 

c. Class width is 20. 

d. The frequency of 4" class is 25. 

e. Number of people that are paid Birr 220 and more is 15. 
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In a certain secondary school, the monthly wages (in Birr) of 100 teachers taken from 

a list (i.e. ungrouped data) in which the highest observed wage was Birr 11,000 and 

the lowest was Birr 4,200 are required to be given in 5 categories (classes) of a 

frequency distribution as shown in Table 7.6. 

Table 7.6 

Monthly wage (in Birr) Number of Teachers(/) 

4,200 < x < 5,600 23 

5,600 < x < 7,000 16 

7,000 < x < 8,400 30 

8,400 < x < 9,800 20 

9,800 < x < 11,200 11 

Based on the above table, answer the following questions. 

a. Construct a cumulative frequency distribution. 

b. What is the range? 

c. What is the frequency of 4" class? 

d. What is the class width? 

Determine the lower-class limit for the third class. 

m 92 What is the class mark of the second class? 

g. How many people are paid Birr 7,000 and more? 

Graphical Representation of Grouped Data 

What knowledge do you have about graphical representation of grouped data 

such as histogram and frequency polygon? 

In the previous section representation of data by tables has already been discussed. 

Now let us turn our attention to another representation of data, i.e., the graphical 

representation. Usually, comparisons among the group data are best shown by means 
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of graphs. The representation then becomes easier to understand than the actual data. 

The histogram, and frequency polygon graph are most commonly applied graphical 

representation for continuous data. 

— Note 

Steps for constructing histogram, and frequency polygon 

1. Draw and label the x- and y- axis. 

2. Choose a suitable scale for the frequencies or cumulative frequencies and 

label it on the y- axis. 

3. Represent the class boundaries for the histogram or the mid points for the 

frequency polygon on the x -axis. 

4. Plot the points. 

5. Draw the bars or lines to connect the points. 

Definition 7.8 

Frequency Polygon is a graph constructed by using lines to join the midpoints 

Construct histograms, and Frequency polygons for data shown in Table 7.7. Let x be 

the weekly wage. 

Table 7.7 

140 < x< 160 7 

160 < x< 180 20 

180 < x < 200 33 

200 < x < 220 25 

220 < x < 240 11 

240 < x < 260 4 
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Solution 

To construct histogram, and Frequency Polygon for the above data, you can apply the 

following steps; 

1. Draw and label the x- and y- axis. 

2. Choose a suitable scale for the frequencies and label it on the y- axis. 

3. Represent the class limits for the histogram or the mid points for the frequency 

polygon on the x- axis. 

4. Plot the points. 

5. Draw the bars or lines to connect the points. 

i) Histogram 

Histogram 

40 
S 
4 % 30 

8 S 20 
Ss = 
= 10 
° 

5 0 

| 140 <x<160 160s x <180 180s x <200 200s x <220 220s x <240 240s x <260 

= 
Z 

Weekly Wage (in Birr) 

ii) Frequency polygon 

Frequency Polygon 

Number of labours(f) 

PrRPNN W ououwne 

ou 

150 170 190 210 230 250 

Weekly wage(in Birr) 
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1. Draw 

a. the histograms b. the Frequency polygons of the previous Exercise 7.4 

2. The Table below shows weight of grade 11 section A male students. 

a. Draw the histogram __ b. Draw frequency polygon. Let the weight be w. 

Table 7.8 

Weight (w) (in kg) No. of student 

40<w<45 4 

45<w<50 8 

50<w<55 12 

55<w< 60 9 

60 <w< 65 3 

Measures of Central Tendency and Their 

Interpretation 

Revision of mean for ungrouped data 

1. Do you know how to calculate mean of ungrouped data? 

2. Discuss how to calculate mean of the following ungrouped data. 

a. 8, 6,8, 10 and 13 

b. 6,7,7, 5, 6, 2,4 and 6 

From Activity 7.6, you may recall how to calculate the mean for ungrouped data that 

you have learnt in grade 9. 
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Definition 7.9 

The mean x of a set of data, denoted by X is equal to the sum of the data items 

Consider the following values which show the number of radios sold by an 

electronics shop for 26 days. 

7 7 2 6 7 10 8 10 2 7 

0 1 7 2 7 6 10 6 7 8 

7 6 7 10 6 10 

a. Construct a frequency distribution table. 

b. Find the mean from the raw data. 

Solution 

a. From the above data, you may have found the following frequency distribution 

table which shows the number of radios sold by the shop for 26 days; 

0 1 2 |6 7 8 10 

1 1 3 5 9 2 5 

b. You use the above formula to find the mean from the frequency distribution 

table. 

X= fy x1 + fyx2 + f3x3 + f4yx4 + f5x54 fox6 tfyx7 _ 1x 041K 143 X 245 X 6+9 X 74+2X B+5X10 

fy + f2 +f3 + fa +fs+ fe + f7 1414345494245 

166 
=— = 6.38 

26 
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Thus, the typical number of radios sold daily by the shop is about 6.4 or 62 % of the 

radios sold daily is above the average. 

1. Find the mean of the following data. 

3,5, 7, 1, 8, 6 

2. The following frequency distribution tables represent the score and weight of 

grade 11 students in mathematics. Find the mean for each of them. 

a. 

5 9 10 12 13, | 19 

2 10 5 5 7 1 

41 43 52 54 60 

7.4.1 Mean for Grouped Data 

1. Do you know how to calculate mean of grouped data? 

2. Suppose the first group of 8 students have mean score 7 in mathematics exam. 

A second and third group of 10 students and 12 students have mean score 8 

and 6 in the same exam. What is the mean score of all students? 

Form Activity 7.7, you have observed that the procedure for finding the mean for 

grouped data is similar to that of ungrouped data, except that the mid points of the 

classes are used for the x values. 
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Calculate the mean of this grouped frequency table for students’ test scores. 

Table 7.9 

| Classinterval | Frequency) 

6— 10 35 

11-15 23 

16 — 20 15 

21-25 12 

26 — 30 9 

31 —35 6 

Solution 

First, find the class marks (class midpoint). 

Second, find the product of frequency class mark. 

Third, find mean using the formula. 

Table 7.10 

6—10 35 8 280 

11-15 23 13 299 

16 — 20 15 18 270 

21-25 12 23 276 

26 — 30 9 28 252 

31 —35 6 33 198 

Total 100 1575 

Now, total number of students = 100; Total marks(approximate) = 1575 

x= fim + fama + fams + fama t+ foms t+ feme = _ 1575 _ 15.75 

fitfatfs+ fat fs + fo 100 , 

Hence, on average, the students’ test score is approximately 15.75 
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[-— Note 

— _ fim, +f,m2 + fgm3 +... + fim) 

i 

fi+ftfst+.. +h 

class and calculated by 

Steps to find the mean from a grouped frequency distribution 

1. Find the class mark (midpoint)m;,of each class. 

2. Multiply m; by its corresponding frequency and add. 

3. Divide the sum obtained in step 2 by the sum of the frequencies 

__ lower class boundary + upper class bundary 

2 

, where m; is the class mark (midpoint) of a 

Example 2 

Table 7.11 indicates the age distribution of 30 students in a class of extension 

students attending evening classes. Find the mean age of these students. 

Table 7.11 

16 — 20 18 4 72 

21— 25 23 11 253 

26 — 30 28 9 252 

31-— 35 33 6 198 

Total 30 7715 

Solution 

= _ fymi+f,m2 + fgm3 + fymyg _775 _ 
= i thth+h 30 25.83 years 

Thus, the average age of students in the class is about 25.83. 

a 
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Example 3 

Table 7.12 gives data on the height of 60 students in a class. Find the mean height of 

these students. Let the height be h. 

Table 7.12 

130 <h< 140 135 5 675 

140<h< 150 145 6 870 

150<h< 160 155 18 2,790 

160 <h<170 165 22 3,630 

170 <h< 180 175 9 1,575 

Total 60 9540 

Solution 

R= fym, + f,m2 + fgm3 + fym4+ fsms _ 9540 = 159 em. 

fy + fp + fg +f, + fs 60 

Thus, the average height of students in the class is about 159cm. 

1. The following frequency distribution tables represent the mid- year mark of grade 

11 students in mathematics and their weight in kg. Find the mean for each of 

them. 

a. 

41-45 | 36—40 | 31-35 | 26-30 | 21—25 | 16—20 

1 8 8 14 7 2 
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40<w <45 

45< w < 50 

505 w <55 

55< w < 60 

60<w<65 

65<w<70 

705 w <75 

75< w < 80 1 

2. The following table gives the frequency distribution of the number of people 

DI N| di} ~1} oo} sap 

attacked by COVID-19 Pandemic per day for 50 consecutive days reported by 

Ministry of Health of Ethiopia. Calculate the mean. 

10-12 | 13-15 | 16-18 | 19-21 | Total 

4 12 20 14 50 

Revision of Median for ungrouped Data 

Activity 7.8 

1. Do you know how to calculate the median of ungrouped data? 

2. Discuss how to calculate median of the following ungrouped data. 

a. 9, 7,9, 11 and 14 b. 7, 8, 8, 6, 7, 3, 5 and 7 

From Activity 7.8, you may have observed that median of ungrouped data is half way 

point in data, when the data is arranged in order. The median will be a value in the 

data or will fall between two values. 

Note: Median is denoted by (X ) 
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Note 

Steps in computing the median of ungrouped data 

1. Arrange the data in increasing order. 

2. Select the middle number. 

th 

3. 3.Ifnis odd, median = on observation. 

nyth . n th . 
(2) observation+ (E+ 1) observation 2 

2 
4. Ifnis even, median = 

Example 4 

The following data shows the number of car accident for 9 days. 

What will be the median of this data distribution? 

7,9, 6, 7, 11, 8,4, 11,7 

Solution 

Step 1. Arranging the data in an increasing order gives 4, 6, 7, 7, 7, 8, 9, 11,11 

Step 2. Select the middle value 

Since the number of observations is 9 and this number is odd; 

therefore, 

_ th y= (n+ 1) 
item 

th 

= (=) item = 5" item shows = 7 

Thus, the median is 7. 

Therefore, the median value of car accident is 7. 

Find the median from the following data; 70, 73, 69, 82, 60, 59. 
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Solution 

Step 1: Arranging the data in an increasing order gives 59, 60, 69, 70, 73, 82. 

Step 2: Select the middle value. 

Since the number of observations is 6 and this number is even; therefore, 

@)" item+ Gg + 1)" item 
2 . X= 

6\th 6 th | 
(3) item+ (6 + 1) item 

2 

374 item + 4°" item 

Hence, the median is 69.5. That is, the median value of the data is 69.5. 

1. Consider the following data which shows grade 11 students mathematics score out 

of 20. 

10 11 12 11 13 15 15 13 12 11 

10 9 13 12 11 10 9 13 13 12 

11 10 11 12 13 15 13 12 11 10 

20 20 

Find the median from the raw data. 

2. The Bills paid (in Birr) for water consumption by Ato Girma in the last 8 months 

is as follows. 

62, 78, 57, 66, 88, 58, 113, 92. 

a. Find the median of Bills paid for the water consumption. 

b. Calculate the mean and compare it with the median. 
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7.4.2 The Median of Grouped Data 

Activity 7.9 

1. Do you know how to calculate the median of grouped data? 

2. Discuss how to calculate the median of the following data on mathematics test 

score of 20 students out of 10 (full mark). 

Math test Score 1-2 3-4 5-6 71-8 9-10 

f 2 4 8 5 1 

From Activity 7.9, you can observe that the procedure for finding the median from 

grouped data is similar to that of ungrouped data; except preparing the cumulative 

frequency distribution. 

Note 

Steps to find the median of a grouped frequency distribution 

1. Prepare a cumulative frequency distribution. 

2. Find the class where the median is located. It is the lowest class for which the 

. n 
cumulative frequency equals or exceeds 3: 

3. Determine the median by the formula 

v_ 2 cfB\. 
x B. + ( fe ji 

where, 

B,= Lower limit of the class containing the median (median class) 

n = total number of observations. 

cfg = the cumulative frequency in the class preceding ("coming before") the class 

containing the median. 

fc = the number of observations (frequency) in the class containing the median. 

i = the size of the class interval. (i.e. width of the median class) 
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The following is the time 50 students take to travel to school. Find the median time 

to travel to school. Let ¢ be the time. 

1st <10 | 10<t<20 | 20<t <30 | 30<t < 40 | 40<t < 50 

8 14 12 9 7 

Solution 

From this, you can prepare the cumulative frequency column as follows; 

Table 7.12 

l<t< 10 8 8 

10<t< 20 14 8+14=22 

20<t< 30 12 22 + 12=34 

30<t< 40 9 34+9=43 

40<t< 50 7 43 +7=50 

Total 50 

th 

The median class is the class containing the CF) item = 25" item. In this case, it 

is in the 34 class. 

Therefore, the median class is 20 < t < 30 

Thus, By = 20, "= 25, fe = 12, i= 40 — 30 = 10, cfp= 22 

Therefore, 

25-22 

12 
=20+ ( )10=20 +2.5 =22.5 

Thus, the median time to travel to school is 22.5 minutes. 
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1. The following data shows the number of people attacked by COVID-19 epidemic 

within 40 days. 

57 59 54 57 58 56 59 53 59 57 

53 54 56 53 54 57 54 56 58 55 

56 53 55 52 54 53 54 57 58 55 

58 56 57 60 56 57 61 61 57 56 

a. Find the median from the raw data. 

b. Construct a grouped frequency distribution with 5 classes. 

2. Calculate the median of the following data about weight of students in a class. 

Let w be the weight. 

Weight (in kg) Number of students 

35<w< 40 8 

40<w< 45 9 

45<w<_50 14 

50<w<_ 55 15 

55<w< 60 10 

60S w < 65 4 

3. The following set of data shows about mark of students in mathematics exam: 

Marks 41-47 | 48-54 | 55-61 | 62-68 | 69-75 | 76-82 | 83-89 | 90-96 

No of 4 7 9 14 9 8 5 4 

students 

Find the median marks of the students. 

7.4.3 Quartiles, Deciles and Percentiles 

Measures of central tendency like median is a measure of location that divides the 

data into two equal parts. In addition, there are other measures of position or location 

such as percentiles, deciles, and quartiles. These measures are used to locate the 

relative position of a data value in the data set. For example, if a value is located at 
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the 80" percentile, it means that 80% of the values fall below it in the distribution 

and 20% of the values fall above it. The median is the value that corresponds to the 

50" percentile, since one-half of the values fall below it and the remaining half of the 

values fall above it. Before discussing these measures of position for grouped data, 

let us see how they work for ungrouped data and then move to grouped data. 

7.4.3.1 Quartiles, Deciles and Percentiles for Ungrouped Data 

1. Quartiles 

1. Do you know how to calculate the quartiles of ungrouped data? 

2. Explain meaning and steps to calculate quartiles for ungrouped data? 

A quartile divides data into three points, namely a lower quartile, median, and 

upper quartile to form four groups of the dataset. The lower quartile, or first 

quartile, is denoted as Q; and is the middle number that falls between the smallest 

value of the dataset and the median. The second quartile, Qo, is also the median. The 

upper or third quartile, denoted as Q3, is the central point that lies between the 

median and the highest number of the distribution. 

Median and Quartiles 

25% 25% 25% 25% 

Interquartile Range 

aA 
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Now, the four groups formed from the quartiles are the first group of values contains 

the smallest number up to Q;; the second group includes Q; to the median; the 

third set is the median to Q;; the fourth category comprises Q; to the highest data 

point of the entire set. 

Definition 7.10 

The difference of the upper quartile and the lower quartile is the interquartile 

Example 1 

Suppose the distribution of math scores in a class of 20 students in ascending order 

is: 

59 60 65 65 68 69 70 72 75 75 

76 77 81 82 84 87 90 93 95 98 

Then, find Q;, Q and Q; and interpret what the value of each shows? 

Solution 

First, mark down the median, Q2, which in this case is the average of the 10" and 11" 

score: 75.5. 

Q, is the central point between the smallest score and the median. In this case, Q; lies 

between the 5" and 6" score: 68.5 (Note that the median can also be included when 

calculating Q; or Q3 for an even score). If you were to include the median on either 

side of the middle point, then Q; will be the middle value between the 5™ and 6" 

scores. It is the average of the 5" and 6" scores. 

Er+e) (68+ 69) 

2 
Le., = 68.5. 

Q; is the middle value between Q> and the highest score: 98. Q3 = one = 85.5 

This means, Q; tells us that 25% of the scores are less than 68.5 and 75 % of the class 

scores are greater than 68.5. Q» (the median) shows that 50% of the scores are less 
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than 75.5, and 50% of the scores are above 75.5. Finally, Q3 reveals that 25% of the 

scores are greater than 85.5 and 75% are less than 85.5. 

| Note 

Steps to calculate quartiles for ungrouped data 

1. Arrange the data in increasing order of magnitude. 

2. If the number of observations is: 

i) odd, Qe = (SER) sem 

kn), (kn, ,)\ th 

ii) Even, QQ = (So) item 
2 

Find Q:, Qo, Q3 and IQR for the following data; 

30, 43, 47, 51, 36, 34, 26, 14, 11, 5, 7, 54, 57 

Solution 

Arranging the data in increasing order of magnitude, you get, 

5, 7, 11, 14, 26, 30, 34, 36,43, 47, 51, 54, 57 

Q- ( 

Q, lies between the 3 and 4" items. 

Therefore, Q; =3" item + 0.5(4" item — 3“ item) 

=x3 + 0.5 (x4 — x3) 

=114+0.5(14-11)=11+1.5=12.5 

Thus, Q,= 12.5. 

Q= ae ~) =7" item 

1(13 + 1) 
ri ) = (3.5) > item. What does this mean? 

Thus, Q> is the 7" item 

Therefore, Qo = 34. 
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= S*®) = 105" item 

It is half of the way between the 10" (X19 ) and oh (x11) items 

Thus, Q3 = x41 + 0.5 (X11 — X40) 

=47 + 0.5(47— 43) =47+2=49 

IQR = Q3— Q; = 49 — 12.5 = 36.5. 

Exercise 7.10 

1. For each of the following data sets: 

a. 12,5, 22, 30, 7, 36, 14, 42, 15, 53, 25, 58, 62,63, 55 

b. 10, 13, 15, 12, 18, 15, 16, 12, 13, 20, 17, 14, 19, 18, 23,28 

c. 

Score 15 19 20 22 24 25 31 

f 11 16 15 7 5 5 2 

Find Q;, Qo, and Q; 

2. The marks obtained by 19 students of a class are given below: 

27, 36, 22, 31, 25, 26, 33, 24, 37, 32, 29, 28, 36, 35, 27, 26, 32, 35 and 28. 

Find: 

a. median b. lower quartile c. upper quartile d. interquartile range 

2. Deciles 

1. Do you know how to calculate the deciles of ungrouped data? 

2. Explain meaning and steps to calculate deciles for ungrouped data? 

Deciles divide a set of data into ten equal number of parts. There are nine deciles. 

Like the quartile, a decile consists of nine data points that divide a data set into 10 

equal parts and it is usually used to assign decile ranks to a data set. A decile rank 

arranges the data in order from lowest to highest and is done on a scale of one to 10 
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where each successive number corresponds to an increase of 10 percentage points. In 

other words, there are nine decile points. Namely, D;, D2, D3, D4, Ds, D6, D7, Ds, 

and Dy. The 1* decile, or Dj, is the point that has 10% of the observations lies below 

it, D2 has 20% of the observations lies below it, D3 has 30% of the observations lies 

below it, and so on. The example below clarifies the point. 

The table below shows the ungrouped scores (out of 100) for 29 exam takers: 

45 52 55 57 58 60 61 64 65 66 

69 72 73 75 76 78 81 82 84 87 

88 90 91 92 93 94 95 96 97 

Using the information presented in the table, find D;, D3; and Ds and interpret what 

the value of each shows. 

Solution 

Using the information presented in the table, the 1‘ decile can be calculated as: 

th 

D, = Value of (= *) data 

= Value of 3“ data 

=55 

Thus, D; means that 10% of the scores of exam takers falls below 55. 

Let’s calculate the 3" decile: 

_ value of 3(29 +1)" 

10 
D; 

= Value of 9 position. 

= 65 

This means, 30% of the scores of exam takers lies below 65. 

What would you get if we were to calculate the 5"" decile? 

value of 5(29 +1) 
D:= 

5 10 

= Value of 15 position 

=76 

Ig —_— 



Unit 7: Statistics 

This means, 50% of the scores of exam takers fall below 76. 

The 5™ decile is also the median of the scores of exam takers. Looking at the data in 

the table, the median can be calculated as 76 = median = Ds. At this point, half of the 

scores of exam takers lie above and below the distribution. 

In general, follow these steps, to calculate deciles; 

Note 

Steps to calculate deciles for ungrouped data 

1. Arrange the data in increasing order of magnitude. 

2. If the number of observations is: 

; h in) , (in th 

i) odd, Dj = (AX*2)" item. ii) even, Dy = (f-be=2) item. 

Example 4 

Find D3 and Ds for the following data: 27, 40, 44, 48, 52, 33, 31, 23, 11, 7. 

Solution 

Arranging in increasing order of magnitude; you get, 

7, 11, 23, 27, 31, 33, 40, 44, 48, 52. 

th 

2 

th 

= (*=*)" item = 6.5)" item ==” = 25 

This means, 30% of the data lies below 25. 

a(10)) , (80) , ,)\*" 

ge a\eh . th: (44 +48) 
= =) item = (8.5) "item = > = 46 

Thus, 80% of the data lies below 46. 

388 



Unit 7: Statistics 

Exercise 7.11 

Find D>, D3, Ds, Dg for each of the following data sets: 

a. 12,5, 22, 30, 7, 36, 14, 42, 15, 53, 25, 58, 62,63, 55 

b. 10, 13, 15, 12, 18, 15, 16, 12, 13, 20, 17, 14, 19, 18, 23, 2 

Cc. 

Score 15 19 20 22 24 25 31 

f 11 16 15 7 5 5 2 

3. Percentiles 

1. Do you know how to calculate the Percentiles of ungrouped data? 

2. Explain meaning and steps to calculate Percentiles for ungrouped data? 

Percentiles divide the data set into 100 equal groups. There are 99 percentiles, 

namely, Pi, Po, ... Poo. 

Percentiles are also used to compare an individual’s test score with the national 

norm. For example, tests such as the National examination are taken by students in 

gh grade. A student’s scores are compared with those of other students locally and 

nationally by using percentile ranks. 

Percentiles and percentages are two different concepts. Thus, the percentage is a 

mathematical quantity which is written out of a total of 100 whereas a percentile is 

the percentage of values found under the specific values. Percentiles are mostly used 

for the ranking system. For instance, if you get 72 correct answers out of a possible 

100. You obtain a percentage score of 72. There is no indication of your position 

with respect to the rest of the class. You could have scored the highest, the lowest, or 

somewhere in between. On the other hand, if a raw score of 72 corresponds to the 

64" percentile, then you did better than 64% of the students in your class. 
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Note 

Steps to calculate Percentiles for ungrouped data 

1. Arrange the data in increasing order of magnitude. 

2. Ifthe number of observations is: 

F th Sn) 4 (in 4 y\™ 

i) odd, Pj = (=) item. ii) even,P; = (SoG) item. 
100 

Find P47 and Pg; for the following data: 

27 40 57 48 52 33 31 23 11 7 

35 34 24 34 59 35 10 23 54 18 

29 43 45 47 49 37 42 34 45 47 

23 39 55 37 58 48 26 37 17 49 

Solution 

Arranging in increasing order of magnitude; you get, 

7,10, 11, 18, 23, 23, 23, 24, 26, 27, 29, 31, 33, 34, 34, 34, 35, 35, 37, 37, 37, 39, 40, 

42, 43, 45, 45, 47, 47, 48, 48, 49, 49, 53, 54, 55, 57, 58, and 59. 

th 

2 

th 
= (FE) item = (19.3) ® item =37 + 0.337 — 37) =37 

th 

_ (2 + 34.2 
, ye item = (33.7) " item = 49 + 0.7(53 — 49) = 49 + 0.7(4) 

=51.8 

Note that Pg3 = 51.8, that means 83% of the data values are less than 51.8 and the 

rest are above it. 
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Exercise 7.12 

Find P59, P24, and Ps7 for each of the following data sets: 

a. 12,5, 22, 30, 7, 36, 14, 42, 15, 53, 25, 58, 62,63, 55 

b. 10, 13, 15, 12, 18, 15, 16, 12, 13, 20, 17, 14, 19, 18, 23, 2 

Cc. 

Score | 15 19 20 22 24 25 31 

f 11 16 15 7 5 5 2 

7.4.3.2 Quartiles, Deciles and Percentiles for Grouped data 

When you have a very large raw data, grouping the data in a frequency distribution 

will make it easier. 

1. Quartiles for grouped data 

1. Do you know how to calculate the Quartiles for grouped data? 

2. Explain steps to calculate quartiles for grouped data by giving your own 

examples. 

Just like quartiles for ungrouped data, when the observation is arranged in increasing 

order then the values that divide the whole data into four (4) equal parts are called 

quartiles for grouped frequency distributions. These values are denoted by Qi, Q» and 

Q. It is to be noted that 25% of the data falls below Q;, 50% of the data falls below 

Q, and 75% of the data falls below Q3. 

Example 6 

Find the quartiles of the following grouped data 

Score | 41 —50]51—60 | 61—70 | 71—80 | 81—90 | 91—100 | 101—110 

f 17 29 20 12 9 25 8 
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Solution 

Table 7.13 

Score f ef 

41 —50 17 17 

51 — 60 29 46 

61 — 70 20 66 

71 — 80 12 78 

81 — 90 9 87 

91 — 100 25 112 

101 — 110 8 120 

Q, is the 30“item in the distribution. By assuming that the items are equally spread 

through each class, we calculate the value of the required item by means of 

proportions. 

Now, since the first 17 items lie in earlier classes, Q; is the 30 — 17 = 13"item in a 

class of 29 items. This means it lies (53)" of the way into the class. Since this class 

has an interval length of 10, this means that = X 10 = 4.48 is to be added to the 

lower end. Now, the quartile class starts at 51, so that the first quartile is 51 + 4.48 = 

55.48. 

90 — 87 

25 
Similarly, 03; =91 + x10=91 + 1.2=92.2. 

Thus, let us summarize the above example in the following formula: 

The k quartile for a grouped frequency distribution is: 

kn 

Qx (ke quartile) = By + (= — “hi 

k=1, 2,3 and 

B, = lower class limit of the kh quartile class 

n = number of observations 

cfg = the cumulative frequency before the Kk” quartile class 

fe= the number of observations (frequency) in the k’" quartile class 

i= the size of the class interval 
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[— Note 

Steps to find quartiles for grouped data 

1. Prepare a cumulative frequency distribution. 

th 

2. Find the class where the k" quartile belongs: the (=) item. 

3. Use the formula above. 

Example 7 

Find Q;, Qo, Q3 and IQR of the following distribution; 

Table 7.14 

| Score [| f | of | 
141 — 150 21 21 

151 — 160 19 40 

161 — 170 15 55 

171 — 180 17 72 

181 — 190 8 80 

191 — 200 5 85 

201 — 210 4 89 

211 — 220 3 92 

221 — 230 2 94 

231 — 240 2 96 

241 — 250 4 100 

Solution 

n=100 

. (100) , . th: . : nd 
Q, is (*) item; that is, 25" item which falls in the 2” class. cfg = 21, f= 19 and 

1X100 54 

=151+ (FS) 
19 
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=151 + (= )10 

=151+(4 10 

=1514+2.11 

= 153.11 

th 

Q> is ¢ x ) item; that is, 50" item, it is found in the 3™ class. cfg = 40, f,= 15 

and i=10 

a a 

“ Gre 

ee )10= 161 + 6.7=167.7 

) 

a | + 

g 
1+ 

th 

item; that is, 75" item, and Q3 found in the 5" class. cfg= 72, f.= 8 
i 3 is (7 x100 

andi=10 

3 x100 _ 

+ 2p 

=181 + (2)10 = 181 + 3.7= 184.7 

3 

IQR = Q; — Q: = 184.7 — 153.11 = 31.59 

Note 

Q) = median i.e., the and quartile is the same as the median. 
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Exercise 7.13 

1. The following table gives the amount of time (in minutes) spent on the internet 

each evening by a group of 56 students. Let ¢ be the time. 

Time spent on | 10<t<15 | 15S t <20 | 20<t <25 | 25<t <30) 305 t <35 

internet 

No of students 9 10 18 10 9 

Find Qi, Qo, and Q; 

2. Find Q), Q> and Q; of the following data. It is a distribution of marks obtained in 

a mathematics exam (out of 50). 

Score 30-32 | 33-35 | 36-38 | 39—41 | 42-44 | 45-47 

Number of students | 12 18 16 12 8 6 

a. From the above data, if students in the top 25% are to be awarded a certificate, 

what is the minimum mark for a certificate? 

b. If students whose scores are in the bottom 25% of the marks are considered as 

failures, then what is the maximum failing mark? 

2. Deciles for grouped data 

1. Do you know how to calculate the deciles for grouped data? 

2. Explain steps and formulas to calculate deciles for grouped data by giving 

your own examples. 

Just like deciles for ungrouped data, when the observation is arranged in increasing 

order, then the values that divide the whole data into ten (10) equal parts are called 

deciles for grouped frequency distributions. These values are denoted by Dj, Ds, ..., 
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Do. It is to be noted that 10% of the data falls below D;, 20% of the data falls below 

Dy, ..., and 90% of the data falls below Do. 

The j™ decile for grouped frequency distributions is calculated in a similar way as 

follows; 

D,(jth decile) =By, + (=) 

J=1,2,3,...,9 and 

B, = lower class limit of the jt decile class. 

n= number of observations. 

cfg = the cumulative frequency before the j” decile class. 

fe= the number of observations (frequency) in the /” decile class, and 

i= the size of the class interval 

Note 

Steps to find deciles for grouped data 

1. Prepare a cumulative frequency distribution. 

: sth : jn th . 
2. Find the class where the j"’ decile belongs: the () item 

3. Use the formula above 

Example 8 

Table 7.15 

Find Dg and Dg of the following data. [Score | f | cf | 

141 — 150 21 21 

151 —160 19 40 

161 — 170 15 55 

171 — 180 17 72 

181 — 190 8 80 

191 — 200 5 85 

201 — 210 4 89 

211 — 220 3 92 

221 — 230 2 94 

231 — 240 2 96 

241 — 250 4 100 
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Solution 

6 x100 th 

rr ) item = (60)* item, it is found in the 4" class. cfg = 55, f= 17 and i) Deis ( 

i= 10 

Thus, 

=~ cfp\. 
De =B, + fe 1 

6X100 

-1n+ ("io 
17 

_ 60-55 
=171 +( = )10 

=171 + (=)10 = 171 +2.94= 173.94 

8 x100 

10 

th 

ii) Dy is (<*) "item = (80)"* item, it is found in the 5" class. cfg = 72, f= 8 

andi=10 

Thus, Dg =B.+ (=) 

8x100 75 

= 181+ (=o 

=181+ (“10 

=181+ (=)10 = 181 + 10=191 

Exercise 7.14 

1. The following Table gives the amount of time (in minutes) spent on the internet 

each evening by a group of 41 students. Let ¢ be the time. 

Find D3, Ds, and D3. 

10<st<15] 1I5st<20 | 20<5t<25 | 25<t<30 | 30<5t<35 

3 9 10 12 7 
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2. The following Table shows the frequency distribution of monthly income of 

workers in a factory. Let x be the income in thousands. 

Find, Dz, Ds and Dg Income (in thousands) | Number of workers 

l<x <5 10 

5x <9 12 

9<x <13 8 

13<x <17 7 

l7<x <21 5 

21<x <25 8 

25<x <29 4 

29<x <33 6 

3. Percentiles for grouped data 

1. Do you know how to calculate the percentiles for grouped data? 

2. Explain steps and formulas to calculate percentiles for grouped data by giving 

your own examples. 

Just like percentiles for grouped data, when the observation is arranged in increasing 

order then the values that divide the whole data into hundred (100) equal parts are 

called percentiles for grouped frequency distribution. These values are denoted by Pj, 

Po, ..., Poo. It is to be noted that 1% of the data falls below P,, 2% of the data falls 

below Py, ..., and 99% of the data falls below Poo. 

in 

P,(jth percentile) = By + (2) 

Where j=1,2,3,...,99 and 

B, = lower class limit of the jt percentile class; 

n= number of observations; 

cfg =the cumulative frequency before the jt percentile class; 

fo = the number of observations (frequency) in the j” percentile class; and 

i= the size of the class interval. 
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—— Note 

Steps to find percentile for grouped data 

1. Prepare a cumulative frequency distribution. 

: -th : jn th 
2. Find the class where the j" percentile belongs: the (=) item 

too FB 
jn 

3. Use the formula P;(jth percentile) = By + (=) 
fe 

Example 9 

Find P35, and Po; of the following data. 

Table 7.16 

| Score | f___|_ Cumulative frequency (Cf)_| 

141 — 150 21 21 

151 — 160 19 40 

161 — 170 15 55 

171 — 180 17 72 

181 — 190 8 80 

191 — 200 5 85 

201 — 210 4 89 

211 — 220 3 92 

221 — 230 2 94 

231 — 240 2 96 

241 — 250 4 100 

Solution 

i) P35 is (5200) item = (35)*” item, and it is found in the 2™ class. 

cfg =21, fe= 19 andi=10 

en ofp). 
Thus, p35 = By + {| — ]i 

_ sont 21 _ 35-21 _ 14 
= 15] +(22—* 10=151 + ( )10= 151 + (4)10 

19 19 19, 

= 151 + 7.37 = 158.37 
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This means, 35% of the data falls below 158.37. 

th 

ii). Po, is (=) item = (91) item, it is found in the 8" class. cfg = 89, f= 3 

and i= 10 

91n 

Thus, po, =BL+ (#2) 

— 941 + (=?) 19-911 + (7=*)10 
7 3 7 3 

= 2 =211 + (2)10 

= 217.67 

This means, 91% of the data falls below 217.67. 

Exercise 7.15 

1. The following Table shows mathematics test scores of 100 students. 

Find Pos, P61, Pso 

21—30 | 31-40 | 41-50 | 51—60 | 61-70 | 71—80 | 81—90 | 91— 100 

4 18 9 13 14 10 24 8 

2. The following Table gives the amount of time spent (in minutes) spend studying 

for a mathematics test by a group of 41 students. Let ¢ be the time. 

Find P33, Ps and Py. 

30<t<35 | 35<t<40 | 40<t¢<45 | 45<t< 50 | 50<t<55 

3 12 20 2 4 
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3. The following Table gives a frequency distribution of weight (in kilogram) of 57 

children at a day care centre. Let w be the weight. 

10<w< 20 5 

20 < w < 30 19 

30<w< 40 10 

40<w< 50 13 

50<w< 60 4 

60<w<70 4 

70 < w < 80 2 

Calculate 

a. The maximum weight of lower 30% of the children 

b. The minimum weight of upper 30% of the children. 

7.4.4 The Mode for a Grouped Data 

Activity 7.16 

1. Do you know how to calculate the mode of ungrouped data as you have seen 

in grade 9? 

2. Consider the following sets of data and discuss the most frequently occurring 

value in the data. 

a. 5,3,5, 8 and9 b. 8,9, 9, 7, 8, 2 and 5 

From Activity 7.16, you have observed the most frequently occurring value for a 

data. 

Definition 7.11 

A data set that has only one value that occurs with the greatest frequency is said to be 

unimodal. 
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If a data set has two values that occur with the same greatest frequency, both values 

are considered to be the mode and the data set is said to be bimodal. 

If a data set has more than two values that occur with the same greatest frequency, 

each value is used as the mode, and the data set is said to be multimodal. 

When no data value occurs more than once, the data set is said to have no mode. A 

data set can have more than one mode or no mode at all. These situations will be 

shown in some of the examples that follow. 

Find the mode of the bonuses of students for one semester. The bonuses are: 

a. 18,14, 15, 10, 11,3, 10, 12, 10 marks. 

b. 6, 10,9, 6, 10, 4 marks. 

c. 5,6, 7, 11, 12 marks. 

d. Xx 7 12 15 17 19 23 

f 6 4 6 5 6 5 

Solution 

a. In this observation, the most frequent value is 10. Therefore, the mode is X= 

10 since it appears three times. This data has only one mode and is called 

unimodal. 

b. Here both 6 and 10 appear twice but the rest appear only once. Hence the 

modes are 6 and 10. This distribution has two modes. Such distributions are 

said to be bimodal. 

c. Every number appeared only once. Hence there is no mode for this 

distribution. 

d. Three values 7, 15 and 19 all appear 6 times. Hence the modes are 7, 15 

and 19. Distributions that have more than two modes are called multimodal. 
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1. Do you know how to calculate the mode of grouped data? 

2. Explain steps to find mode from grouped data and calculate mode of grouped 

data by giving your own examples. 

For Activity 7.17, just like ungrouped data, you have to see the frequency of each 

number or variable, and the variable that has the greater frequency is the mode. This 

changes when you work with grouped data, because when you work with grouped 

data there are no numbers to count how many times each number is repeated. Instead 

the data is organized in intervals and the way the mode is found changes. 

Now, before you find any mode(s) that might exist, check the class interval of all 

classes should be equal (uniform class interval). 

You can use the following steps to compute the mode of grouped or continuous 

frequency distribution with equal class intervals: 

Step 1: Prepare the frequency distribution table in such a way that its first column 

consists of the observations and the second column the respective frequency. 

Step 2: Determine the class of maximum frequency by inspection. This class is 

called the modal class. 

Step 3: To calculate mode, use the following formula: 

Mode=%=B, + ( ay ji 
di+ dz 

Where, 

By = lower class limit of the modal class. 

d\= the difference between the frequency of the modal class(fmo) and the 

frequency of the preceding class (pre-modal class) = (fmo) — fi 

d>= the difference between the frequency of the modal class and the 

frequency of the subsequent class (next class) = (fimo) — fr 

i= size of the class interval. 
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Following is the distribution of the lifespans, in days, of the bees in a colony. 

Calculate the mode of the distribution. Table 7.17 

| Lifespan(days) | Number of bees _| 

16 — 35 10 

36 — 55 12 

56 — 75 19 

76 — 95 31 

96 — 115 33 

116 — 135 7 

136 — 155 5 

Solution 

96 — 115 is the modal class since it is a class with the highest frequency. 

BL= 96 d= 33 —31=2 dy=33—-7=26 i=115—96=20 

=96 + (4)20 =96 + 1.36 =97.43 
28. 

Exercise 7.16 

1. The following is a distribution of the number of drivers who violated traffic-safety 

in Addis Ababa. Find mode of the distribution. 

1-3 | 4-7 | 8-11 | 12-15 | 16-19 | 20 — 23 

6 10 20 22 6 2 

2. The following represents the number of minutes that students spent studying for a 

math test. Find the mode of distribution. Let t be the time. 

0<t<10} 10st < 20 | 20<5t<30 | 30St< 40 | 40<5t <50 

10 6 4 3 
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Real-life Application of Statistics 

There are numerous applications of statistics in different professions. For instance, 

statistics can be applied in clinical trial and design, corporate sectors, weather 

forecasting, sports and financial markets. Moreover, it can be used in a variety of 

domains including business, industry, agriculture, computer science, science, health 

science and other disciplines. Now, you will discuss further applications involving 

statistics. 

The number of people who paid a tax were registered for 80 days and the data are as 

follows: 

74 96 101 83 105 | 83 88 84 89 74 

100 | 101 | 93 89 89 94 76 94 98 92 

110 | 82 81 109 | 75 70 83. 74 104 | 64 

85 2B 74 84 111 94 98 98 95 102 

64 64 91 115 | 76 63 61 100 | 84 94 

70 89 75 92 83 96 84 73 96 109 

65 100 | 95 60 98 98 B 64 76 81 

84 113 | 99 78 2B 73 94 90 89 75 

a. Construct a grouped frequency distribution with 10 classes. 

b. Find the mean, mode and median from the grouped frequency distribution. 

c. Find Q, Ds, D,, P50, and P75. 
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Solution 

a. Table 7.19 

60 — 65 8 62.5 500 8 

66-71 2 68.5 137 10 

72-77 15 74.5 | 1117.5 25 

78 — 83 8 80.5 644 33 

84 — 89 12 86.5 1038 45 

90 — 95 12 92.5 1110 57 

96 — 101 14 98.5 1379 71 

102 —107 3 104.5 | 313.5 74 

108 — 113 5 110.5 | 552.5 79 

114-119 1 116.5 | 116.5 80 

b. 

x= f,m, + f,mz2 + fgm3 + fym4t fgmsiteme + fym7 + fgmg + fomo+t fiom10 — 6908 _ 86.35 

fy + fo + fg +f, + fstfe + fp + fg + fo + fio 80 

This means, the mean number of people who paid a tax is 86.35. 

The median class is that class containing the (F) item = 40" item. 

It is in the 5™ class. 

Therefore, the median class is 84 - 89. 

Thus, B, = 84, = 40, fc = 12,1 = 6, cfg= 33, Therefore, 

= fe = 2 . 
X=BL+ ( fe ji 

40 — 33 

12 
=844+ (“= )o=8443.5 =87.5 

Thus, the median of the number of the people who paid a tax is 87.5. 

72 - 77 is the modal class, since it is a class with the highest frequency. 

By= 72 dq=15 -2=13 d=15—8=T7and i=6 

=72+ (=)6 =75.9 
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Hence, the mode of the number of people who paid a tax is 75.9 

c. Qo = Ds = Ps = 87.5 

This means, in 50% of the days, the number of people who paid a Tax fall below 87. 

The 5™ decile and the 50" percentile is also the median of the number of people who 

paid a tax a day. Looking at the data in the Table 7.19, the median can be calculated 

as 87.5 = median = Ds = Psp. At this point, in half of the days, the number of the 

people who paid a tax lies above and below 87.5. 

7 xX 80 

10 

th 

D7, is ( ) item, that is, 56" item which lies in the 6" class. cfp =45, fo= 12 and 

i=6 

7mm _ cfr 7x 80 ~45 
= 10 : 10 \6= Dz =BL+ ( fe |i 90 + ay JO= 95-5 

This means, in 70% of the days, the number of the people who paid a tax lies below 

95.5. 

th 

Prs is (=~) " item, that is, 60" item which lies in the 7" class. cfg = 57, fo= 14 

andi=6 

75n 75 x80 

Py =BL+ i= 96 + (42 — Jo = 97.29 
fC 

This means, in 75% of the days, the number of the people who paid a tax lies below 

97.29. 

Exercise 7.17 

1. The lifespans, in days, of the bees in a colony are recorded. 

Lifespan(days) | 1-20 |21—40 [41-60 | 61-80 | 81-100 

Number of bees 6 11 22 32 29 

a. Calculate the mean for lifespan of the bees. 

b. State the modal number of days. 

c. Find Qo, Do, Pas 

ee -Jg_— 



Unit 7: Statistics 

2. The table below shows the frequency distribution of the mass of 200 rebars that 

have to be transported from the warehouse to the construction site. Let m be the 

mass of the rebar. 

Mass(kg) Number of rebars 

10<m<20 32 

20 < m <30 38 

30 < m <40 64 

40 <m <50 35 

50 <m <60 22 

60 < m <70 9 

Calculate the mean, median and mode mass of the steel bars. 

1. A house building company wanting to find out what type of houses they 

should build most often in a region carried out a survey in that region to find 

out the number of people in a family. Will they use mean, median or mode to 

decide what type of houses should be built most? 

2. A car battery factory wants to give a warranty to their customers as to the 

lifetime of their batteries. i.e., they want to tell the customer if you have a 

problem with the battery in the next months, we will replace your battery with 

new one. They checked the lifetime of 100 batteries. Will they use mean, 

median or mode to decide on the number of months to guarantee their 

batteries? 

3. In a mathematics test, Tolosa got 62%. For the whole class, the mean mark 

was 64% and the median mark was 59%. Which average tells Tolosa whether 

he is in the top half or the bottom half of the class? 

4. The mean age of three people is 22 and their median age is 20. The range of 

their ages is 16. How old is each person? 
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1. Quantitative data can be quantified in terms of number value. 

2. Qualitative data cannot be quantified as number value and expressed as quality. 

3. The characteristics of a unit being observed that may assume more than one of a 

set of values to which a numerical measure can be assigned is variable. 

4. Discrete data is a numerical type of data that includes whole, concrete numbers 

with specific and fixed data values determined by counting. 

5. Continuous data is one which takes any fractional point along a specified interval 

of values. 

6. Frequency means the number of times a certain value of a variable is repeated in 

the given data. 

7. A grouped frequency distribution is constructed to summarize a large sample of 

data. 

8. The appropriate class width is given by 

: Largest Value in ungrouped data — Smallest Value in ungrouped data 
Class width = “8 grep oe . 

number of classes required 

9. A measure of location is a single value that is used to represent a mass of data. 

The common measures of location are mean, median, mode, quartiles, deciles and 

percentiles. 

ee Xy +X2+X3+...4+X; 
Mean = X = —ai for raw data. 

_ fyx1 + fox2 + £3x3+ ...+ fxn 
= for ungrouped data. 

f, + fo + fg+ + fy group’ 

_ f;m, + fgm2 + fgm34.. + fim; 
x= = for grouped data. 

fy + fo +fgt.. +f group’ 

10. Mode is the value with the highest frequency. 

11. Ifa distribution has a single mode, it is "unimodal". 

If it has two modes, it is "bimodal". 

If it has more than two modes, it is called "multimodal". 

II __ 



13. 

14. 

15. 

16. 

17. 

18. 

19. 

20. 

. Median of ungrouped data is given by 

th th 
th myth mn : ~ n4+1 . . . > item+ +1) item , . 

X= ee ) item, ifn is odd. X = G) item+ G+) item G ) , if n is even. 

Median of grouped data is given by X=B, + (2 i 

Quartiles for ungrouped frequency distributions are given by 

i) Q= ka 4D) th item; if number of observations is odd. 
4 

ii) Q= (Gee + 
- ‘\s item; if number of observations is even. 

Decile for ungrouped frequency distributions are given by 

i) D, = (2*2)* item; if number of observations is odd. 
J 10 

- ) item; if number of observations is even. 

Percentile for ungrouped frequency distributions are given by 

i) R= (a=) item; if number of observations is odd. 

th : : : 
5 ) item; if number of observations is even. 

Quartiles for grouped frequency distributions are given by 

Me  ofg 
a =B. + (4 Fe ji 

Decile for grouped frequency distributions are given by 

2 _ ofp : 
D; =Br, + (2). 

Percentile for grouped frequency distributions are given by 

J ~ cfs), 
Pj =BL+ (2), 

The mode is given by 

ay 

1+ dz 

— —o ——__— 

Mode =X =B, + ( Ji for grouped frequency distributions. 



Review Exercise 

1. Construct a grouped frequency distribution table and histogram for the following 

data using 6 classes: 

61 83 92 87 74 60 71 57 61 69 

85 40 85 59 80 52 56 81 77 79 

78 82 43 64 67 48 81 68 37 43 

65 85 49 69 61 54 56 69 68 78 

74 59 76 65 69 49 57 38 73 81 

2. Find mean, mode(s) and median of each of the following scores: 

a. 12, 13, 26, 15, 25, 38, 28, 27, 32 

b. 8, 7, 11, 13, 17, 9, 8, 7, 6, 11 

c. 

22 | 23 24 26 29 36 

6 | 13 30 23 17 9 

3. The following table gives the daily income of 100 workers of a factory: Let x be 

the daily income. 

Daily income(birr) Number of Workers 

200< x < 220 18 

220s x < 240 28 

240< x < 260 21 

260< x < 280 21 

280 x < 300 12 

Find the mean, median and mode of the above data. 

4. In a small business 2 cleaners earn Birr 340 each, 6 persons handling the 

machinery earn Birr 600 each, the manager earns Birr 1500 and the director Birr 

3500 per month. Which measure, mean, median or mode best represents these 

data? 

a 



74 

92 

64 

102 

94 

109 
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94 

74 

98 

100 
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64 
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88 
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61 

84 

73 

94 

83 

94 

70 

94 

63 

96 

98 

73 

105 

89 

75 

111 

76 

83 

98 

73 

83 

89 

109 

84 

115 

92 

60 

78 

101 

93 

81 

74 

91 

75 

95 

99 

96 

101 

82 

73 

64 

89 

100 

113 

100 

110 

74 

85 

64 

70 

65 

84 

a. Construct a grouped frequency distribution, with 10 classes. 

b. Find the mean, mode and median from the data. 

c. Find Q, Ds, Dy, P50, and Ps. 

5. The number of people who paid a tax were registered for 80 days and the data are 

as follows: 



PROBABILITY 

Unit Outcomes 

By the end of this unit, you will be able to: 

Distinguish certain and uncertain events. 

Know principles of counting. 

Explain the concept of probability. 

Understand Binomial Theorem. 

Calculate the probability of an event. 

Calculate the probability of a compound event. 

Apply facts and principles in computation of probability. 

Represent probabilities as fractions, decimals and percentages. 

Interpret probabilities as fractions, decimals and percentages. 

* * * Ke KH HK KH KH KH K Represent the probability of an event as fraction or decimal between 0 and 1 

or as a percentage. 

* Use probability concept to solve real life problems. 
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~ Unit 8: Probability 

Unit Contents 

8.1 Introduction 

8.2 Fundamental Principle of Counting 

8.3 Permutations and Combinations 

8.4 Binomial Theorem 

8.5 Random Experiments and Their Outcomes 

¢ combination e dependent events 

Words e exhaustive events e fundamental counting 

principles 

e independent events e permutation 

¢ probability of an event 

Introduction 

From the time you awake until you go to bed, you make decisions regarding the 

possible events that are governed at least in part by chance. For example, should you 

carry an umbrella to school today? Should you accept that new home work? Thus, 

probability can be defined as the chance of an event occurring. Many people are 

familiar with probability from observing or playing games of chance, such as card 

games, slot machines, or lotteries. In addition to being used in games of chance, it is 

used in the fields of insurance, investments, and weather forecasting and in various 

other areas. Finally, probability is the basis of inferential statistics. For example, 

predictions are based on probability and hypotheses are tested by using probability. 
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Unit 8: Probability 

Blaise Pascal (1623 — 1662) suffered the most appalling ill- 

health throughout his short life. He is best known with Fermat 

on probability. This followed correspondence with a gentleman 

gambler who was puzzled as to why he lost so much in betting 

on the basis of appearance of a throw of dice. Pascal’s work on 

probability become of enormous importance and showed for the 

first time that absolute certainty is not a necessity in 

mathematics and science. He also studied physics, but his last 

years were spent in religious meditation and illness. 

Source: Cambridge IGCSE Mathematics Fifth Edition. 

Revision about Probability 

You will revise some terms before you proceed to the next section as discussed in 

grade 9. 

1. An experiment is an activity (measurement or observation) that generates well- 

defined results (Outcomes). 

2. An outcome (Sample point) is the result of a single trial of an experiment. 

3. A sample space (S) is a set that contains all possible outcomes of an experiment. 

4. An Event is any subset of a sample space. 

If a fair die is rolled once the possible results are either 1, 2, 3, 4, 5 or 6, then from 

this: 

a. Give the sample space. 

b. Give the event of obtaining odd numbers. 

c. Give the event of obtaining even numbers. 

d. Give the event of obtaining number seven. 

+ g——__ 
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Solution 

a. sample space(S) is {1, 2, 3, 4, 5, 6}. 

b. the event of obtaining odd numbers is {1, 3, 5}. 

c. the event of obtaining even numbers is {2, 4, 6}. 

d. the event of obtaining number seven is @ ; which is an impossible event. 

When a "fair" coin is tossed, the possible results are either head (H) or tail (T). 

Consider an experiment of tossing a fair coin three times. 

a. What are the possible outcomes? 

b. Give the sample space. 

c. Give the event of H appearing on the second throw. 

d. Give the event of at least one T appearing. 

Solution 

a. HHH, HHT, HTH, THH, TTH, THT, HTT, TTT. 

b. S= {HHH, HHT, HTH, THH, TTH, THT, HTT, TTT}. 

c. A= {HHH, HHT, THH, THT}. 

d. B= {HHT, HTH, THH, TTH, THT, HTT, TTT}. 

Note 

Events which have the same chance of occurring are equally likely events. 

1. A fair die is rolled once: 

a. Give the event of obtaining a number equal to or greater than 4. 

b. Give the event of obtaining number zero. 

ee —_—__ 
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2. A fair coin is tossed twice: 

a. What are possible outcomes? 

b. Give the sample space. 

c. Give the event of at least one H appearing. 

Fundamental Principle of Counting 

1. Consider that six students leave the class; re-enter one by one and take a seat. 

In how many ways can you seat these students? 

2. Consider students observing car plate numbers. The first digit is from 26 

English alphabet, the other five digits are a number from 0 to 9. Discuss in 

how many different ways a car plate number is written. 

From Activity 8.1, in order to calculate probabilities, you have to know the number 

of elements of an event and the number of elements of the sample space. Thus, if the 

experiment is leaving and re-entering of 6 students into the class, what is the total 

number of possible outcomes? If an event E is defined by number of ways the 

students can seat, similarly if the experiment is car plate number, what is the total 

number of possible outcomes? If an event E is defined by "6 English alphabet and 6- 

digit number", then how do you find n(E)? From this, you can observe that counting 

plays a very important role in finding probabilities of events. 

Thus, when the number of possible outcomes is very large, it will be difficult to find 

the number of possible outcomes by listing. One may use fundamental principle of 

counting which helps us to find the number of ways of occurrence (selections) of 

events in a given order such as the multiplication and the addition principle. 

8.2.1 Multiplication Principle 

Consider the following example before stating the multiplication principle. 

+ g—_— 
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Consider that Girma goes to the nearest snack to have breakfast. He can take tea, 

coffee, or milk with bread, cake, or sandwich. How many possibilities does he have? 

Solution 

As shown below, use a tree diagram to show the number of events. 

Bread 

Cake 

Sandwich 
Tea 

Bread 

Cake 

Sandwich 

Bread 

Cake 

andwich 

Figure 8.1 

There are 3 X 3 = 9 possibilities as shown in Figure 8.1 

From these possible choices, Girma can take tea with bread, tea with cake, tea with 

sandwich or coffee with bread, coffee with cake, coffee with sandwich or milk with 

bread, milk with cake, milk with sandwich. 

The above example, therefore, illustrates the multiplication principle of counting. 

Multiplication principle 

If an event can occur in m different ways, and for every such choice another 

event can occur in n different ways, then both the events can occur in the given 

order in m X n different ways. That is, the number of ways in which a series of 

successive things can occur is found by multiplying the number of ways each 

thing can occur. 

I 
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Suppose there are 6 seats arranged in a row. In how many different ways can six 

people be seated on them? 

Solution 

The first man has 6 choices, the 2™4 man has 5 choices, the 3" man has 4 

choices, the 4" has 3 choices, the 5‘ man has 2 choices and the sixth man only one 

choice. 

Therefore, the total number of possible seating arrangements is 

6x5x4x3x2x1=720. 

A coin is tossed and a die is rolled. Find the number of outcomes for the sequence of 

events. 

Solution 

For a coin, 2 possible outcomes: H and T. 

For a die, 6 possible outcomes :1, 2, 3, 4, 5 and 6. 

Now when coin is tossed and a die is rolled simultaneously, (2 x 6) = 12 possible 

outcomes. 

1. Abebech has got only clean clothes of 3 t-shirts and 5 pairs of jeans. How many 

different combinations can Abebech choose? 

2. Suppose that a man has 5 coats, 10 shirts and 8 different trousers. In how many 

different ways can a man dress? 

3. A paint manufacturer wishes to manufacture several different paints. The 

categories include: 

+ 
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Table 8.1 

Category Painting materials 

Colour Red, blue, white, black, green, brown, 

yellow 

Type Latex, oil 

Texture Flat, semigloss, high gloss 

Use Outdoor, indoor 

How many different kinds of paint can be made if you can select one colour, one 

type, one texture, and one use? 

4. There are 16 microcomputers in a computer center. Each microcomputer has 21 

ports. How many different ports to a microcomputer in the center are there? 

8.2.2 Addition Principle 

Before stating the addition principle, let us see the following examples: 

Suppose that you want to buy a computer from one of two makes A, and Ap, 

Suppose also that those makes have 12 and 18 different models, respectively. How 

many models are there altogether to choose from? 

Solution 

Since you can choose one of 12 models of make A; or one of 18 of Ao, there are 

altogether 12 + 18 = 30 models to choose from a given model. 

Choosing one from given models of the either make is an event and the choices for 

either event is the outcomes of the event. Thus, the event "selecting one from make 

A,", for example, has 12 outcomes. This shows the Addition Principle of Counting. 
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— Addition principle 

If A and B are mutually exclusive events (i.e., the occurrence of one excludes that 

of the other) where an event A can occur in m ways and another event B can 

happen in n ways, respectively, then the total number of outcomes for the event A 

or B isn + m ways. 

-—— Note 

Two events are said to be mutually exclusive, if both cannot occur 

simultaneously. 

If 4 red and 6 green marbles are placed in a bag. How many marbles are there to 

choose from? 

Solution 

Since the red and green marbles cannot be chosen together or at the same time, the 

number of outcomes is added together. So, there are 4 + 6 = 10 marbles to choose 

from. 

A question paper has two parts where one part contains 10 questions and the other 6 

questions. If a student has to choose only one question from either part, in how many 

ways can the student do it? 

Solution 

The student can choose one question in 10 + 6 = 16 ways. 

ey 



Unit 8: Probability 

Example 4 

Suppose that either a member of the Mathematics faculty or a student who is 

Mathematics major is chosen as a representative to a university committee. How 

many different choices are there for this representative if there are 37 members of the 

Mathematics faculty and 83 Mathematics majors and no one is both a faculty 

member and a student? 

Solution 

There are 37 ways to choose a member of the Mathematics faculty and there are 83 

ways to choose a student who is Mathematics major. Choosing a member of the 

Mathematics faculty is never the same as choosing a student who is Mathematics 

major because no one is both a faculty member and a student. By addition principle 

it follows that there are 37 + 83 = 120 possible ways to pick this representative. 

Tigist is selecting an outfit. She has 5 different pairs of pants, 4 different skirts and 

12 different T-shirts. How many outfits are possible? 

Solution 

Tigist cannot wear a pair of pants and a skirt at the same time. So, she can wear 

either “pants and T-shirt” or “skirt and T-shirt.” 

When she wears a pair of pants and a T-shirt, possible outfits are 

5 x 12=60 

When she wears a skirt and a T-shirt, possible outfits are 

4x 12=48 

Therefore, total possible outfits are 

5x 12+4x 12=(5 + 4) x 12= 108. 

ye 
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1. Suppose there are 5 chicken dishes and 8 beef dishes. How many selections does a 

customer have? 

2. There are 5 vegetarian entrée options and 7 meat entrée options on a dinner menu. 

What is the total number of entrée options? 

3. Consider the following road system from P to Q. - 7 4 

In how many different ways could one travel from c D E 

P _—a Q 

Pee a ste 

4. Aster will draw one card from a standard deck of r 

playing cards. How many ways can she choose: 

a. an even number? b. a king or a queen? 

c. a heart, a diamond or a club? d. a king or a black? 

Permutations and Combinations 

Factorial 

Activity 8.2 

1. What knowledge do you have about factorial of a number? 

2. Compute a. 5! b.9! 

Definition 8.1 

Factorial of a number denoted by n! is the product of all positive integers less 

than or equal to n: 
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Compute 

a. 4! b. 7! o 2 
8! 

Solution 

According to the definition 7.1 above: 

a. 4! =4x3x2 x1 =24. 

b. 7!=7x6 x5 x4 x3x2x1 = 5040. 

10! 10x9x8! 
c. = 90. 

8! 8! 

d. 45! _ 45 x 44 RAS XH = 85, 140. 

42! 42! 

eo, BLA 8X7x6x5! _ 69 

“5i2! 2! 

45! 8! 

" 42! “512! 

8.3.1 Permutation 

Permutations (1) 

Activity 8.3 

1. Compute the following: 

7! 11! 

(7-5)! b. (11-3)! 
a. Cc. 

9! 

(9-2)! 

2. Consider a business owner who has a choice of 5 locations in which to 

establish her business. She decides to rank each location according to certain 

criteria, such as price of the store and parking facilities. Discuss the number of 

different ways she can rank the 5 locations. 

From Activity 8.3, you can define permutation formally as follows. 
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Definition 8.2 

The arrangement of n objects in a specific order using r objects at a time is called 

This formula can be derived this way. Suppose there are five balls of different 

colours. You want to pick up three of them and line them up. How many different 

ways will you have to arrange the three balls? This answer is denoted as sP3. Let’s 

calculate this. You pick up the first ball. You will have 5 choices. Then for second 

ball, you will have 4 balls to choose from. Similarly, for the third ball, you will have 

3 remaining balls to choose from. Then the number of all possible ways is calculated 

as 

sP3=5X 4x3 =60 

This is in fact the same as 

_5xX4x3x2x1 5! 5! 
sP3 = = T= 

2x1 2) G3)! 

This was the case where n= 5 and r = 3. From this you can generalize that 

n! 

(n-r)! 
nPr = 

—— Note 

The number of permutations of a set of n objects taken all together is denoted by 

P (a, n) or nPn and is equal to n!. 

Thus, P (n, n) =n! 

Compute the following permutation: 

a. P (7, 4) b. P (9, 6) c. P (14, 4) 
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Solution 

a. P(7, 4) = a = 840. 

b. P(9, 6) = = = 60,480. 

c. P (14, 4) = a = 24,024. 

1. Find the factorial of each of the following numbers: 

a. 5! b. 8! c. 13! 

2. Compute the following permutation: 

a. P (5, 1) b. P (5, 2) c. P (5, 3) d. P (5, 5) 

Permutation (2) 

Five students are contesting an election for 5 places in the executive committee of 

environmental protection club in their school. In how many ways can their names be 

listed on the ballot paper? 

Solution 

You have to arrange 5 names in 5 places. Therefore, the number of ways of listing 

their names on the ballot paper, P (5, 5) = 5! = 120. 

Example 4 

Suppose you have letters A, B, C, and D: 

a) How many permutations are there taking all the four? 

b) How many permutations are there taking two letters at a time? 
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Solution 

a. Here, n = 4, i.e., there are four distinct objects. 

=> There are 4! = 24 permutations. 

b. Here, n= 4, r=2 

=>There are 4P) = = 12 permutations. 
4! 

(4-2)! 

1. A mathematics debating team consists of 4 speakers: 

a. In how many ways can all 4 speakers be arranged in a row for a photo? 

b. How many ways can the leader and vice - leader be chosen? 

2. 3 different statistics books, 5 different mathematics books, and 3 different physics 

books are arranged on a shelf. How many different arrangements are possible if; 

a. The books in each particular subject must all stand together 

b. Only the statistics books must stand together 

3. R, S, T, U, V and W are six students. In how many ways can they be seated in a 

row if: 

a. there are no restrictions on the seating. 

b. Rand S must sit beside each other. 

c. U, V and W must sit beside each other. 

d. R and W must sit at the end of each row. 

Permutations with Repetition 

When you arrange four letters, A, B, C, and D, you will have 4P4=4 x3 X2xX1= 

24 different ways of arrangements. However, if you have four letters of A, B, C and 

C, how many different ways of arrangements will you have? 

Suppose you can differentiate two C’s as C; and C2. Then, the total number of ways 

of arrangements is 24. In this calculation, ABC;C:; and ABCC; are different 

et g——— 
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arrangements, but in fact you cannot differentiate those two permutations: ABCC and 

ABCC are the same arrangement. Similarly, BC;AC) and BC,AC; are the same 

arrangement, BCAC. Thus, when there are two C’s, the total number of 

permutations, 24, indicates duplications. For instance, you have counted ABCC twice 

as ABC;C? and ABC2C;. Since C; and C) can be arranged in 2! = 2 ways (C;C2 and 

C,C;), the total number of 24 should be divided by 2 to obtain the correct total 

number of arrangements, which is 12. 

When there are some same objects included in the objects, the total number of 

arrangements of the objects should be counted avoiding duplications. 

Definition 8.3 

The number of arrangements of n objects in which nj are alike, ny are alike, ..., 

How many different permutations can be made from the letters in the word “ADDIS” 

? 

Solution 

Here n = 5 of which there are two D’s. 

So, 1 is A, 2 are D, 1 is I and 1 is S. 

=>n,=1, ng =2, ng=1, ny=1 

Using definition 8.3, there are 

5! 5! _ 5X 4x 3X 2x1 
= 60 permutations. 

ny! Xn2!xngxng! 1!x2!x1!x1! 2x1 
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Example 6 

How many different permutations can be made from the letters in the word ‘““ADDIS” 

if the rearrange letters which start from S? 

Solution 

If you fix the first letter to be S, then you have four remaining letters, A, D, D, and I, 

to arrange. You have to think of the permutations of them. Since there are 2 D’s, 

using definition 8.3, you have 

—— — = 12 permutations: 

They are: 

SADDI SDADI SIADD 

SADID SDAID SIDAD 

SAIDD SDDAI SIDDA 

SDDIA 

SDIAD 

SDIDA 

1. Determine how many different permutations are possible using the word ABABA. 

2. Find how many ways you can rearrange the letters of BANANA; if 

a. there is no restriction. 

b. the rearranged letters start with N. 

3. How many different permutations can be made from the letters in the word 

“MATHEMATICS”? 

4. How many different permutations can be formed from the letters of the word 

MATHEMATICS which start from C? 

+ 
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5. How many permutations can be made from the letters in the word 

MATHEMATICS which start with M? 

Circular Permutations 

Activity 8.4 

Discuss the difference between arrangements of objects in a straight line and 

around a circle. 

Suppose you have three students named A, B, and C. You have already determined 

that they can be seated in a straight line in 3! or 6 ways. your next problem is to see 

in how many ways these students can be seated in a circle. You draw a diagram. 

A B B At 

Cc 

It happens that there are only two ways we can seat three students in a circle, relative 

to each other’s positions. This kind of permutation is called a circular permutation 

which depends on the relative positions of the students after you fix the position of 

one student. In such cases, no matter where the first student sits, the permutation is 

not affected. Each student can shift as many places as they like, and the permutation 

will not be changed. You are interested in the position of each student in relation to 

the others. Thus, in circular permutations, the first student is considered a place 

holder, and where he/she sits does not matter. 

Definition 8.4 
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Example 7 

In how many different ways can five people be seated at a round table? 

Solution 

The number of ways will be (5 — 1)! or 24. 

Example 8 

In how many ways 6 boys and 5 girls dine at a round circular table, if no two girls are 

to sit together. 

Solution 

First let us allot the seats to boys. Now 6 boys can have (6—1)! circular permutation, 

i.e., the number of permutations in which boys can take their G ann, 

seats is 5! = 120. Next the 5 girls occupy seats marked(G). There : ‘a 8 
i ; 

are 6 spaces between the boys, which can be occupied by 5 girls Be we 

in 6Ps = 720 ways. Hence total number of ways is ¢ se we : 

5! X 6Ps= 120 x 720 = 86,400. 

Example 9 

Find the number of ways in which 5 people A, B, C, D, and E can be seated at a 

round table, such that 

a. A and B always sit together. 

b. C and D never sit together. 
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Solution 

a. If you wish to make seat A and B together in all arrangements, you can consider 

these two as one unit, along with 3 others. So, effectively you have to arrange 4 

people in a circle, the number of ways being (4 — 1)! or 6. Let’s take a look at these 

arrangements: 

oc & # Ss 

bs » ¢ e@ @ ® 
But in each of these arrangements, A and B can themselves interchange places in 2 

ways as shown in the figures below. 

-@ wm 2 ‘ -@ -@ -@° 

oe" -@' eS. 

Therefore, the total number of ways will be 6 X 2 or 12. 

b. The number of ways in this case would be obtained by removing all those cases 

(from the total possible) in which C and D are together. The total number of ways 

will be (5 — 1)! or 24. Similar to (a) above, the number of cases in which C and D are 

seated together, will be 12. Therefore, the required number of ways will be 24 — 12 or 

12. 

1. Calculate circular permutation of 4 persons sitting around a round table. 

2. In how many ways can four couples be seated at a round table if the men and 

women want to sit alternately? 

3. In how many ways 8 boys and 3 girls can sit around a circular table, so that no two 

girls sit together? 
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8.3.2 Combination 

Combinations (1) 

Activity 8.5 

1. Compute the following: 

P(7,3) P( 14,7) P(n,r) P(nn) 

3! b. 7! c r! d. n! 

2. Suppose a dress designer wishes to select two colours of material to design a 

new dress, and he has on hand four colours. Discuss how many different 

possibilities can there be in this situation? 

From Activity 8.5, you have observed that combination can be obtained by dividing 

permutation by factorial of r objects selected from n objects. 

Given the letters A, B, C, and D, list the permutations and combinations for selecting 

two letters. 

Solution 

The permutations are: 

AB BA CA DA 

AC BC CB DB 

AD BD CD DC 

In permutations, AB is different from BA. But in combinations, AB is the same as 

BA since the order of the objects does not matter in combinations. Therefore, if 

duplicates are removed from a list of permutations, what is left is a list of 

combinations, as shown: 

AB BA CA DA 

AC BC CB DB 

AD BD CD DE 
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Hence, the combinations of A, B, C, and D are AB, AC, AD, BC, BD, and CD. 

(Alternatively, BA could be listed and AB crossed out, etc.). This example leads us 

to the definition of combinations. 

Definition 8.5 

The number of combinations of r objects selected from n objects without 

To arrive at a formula for nCr, observe that the r objects in nPr can be arranged 

among themselves in r! ways. 

n! 
nPr n! 

Thus, C (n, r) === =? = 
r! ~ (n-n)! r! 

Hence, the number of possible combinations of n objects taken r at a time is given by 

the formula 

C(a, N=G where 0 <r < n. — i 

From this, you can see that the number of ways that a committee of three members 

can be selected from four individuals is given by 

C4, 3) = =4 ways. 
1!3! 

Compute the following: 

a. C(7,3) b. C(11,5) c. C (13, 10) 
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Solution 

b. CCL, 5)= —_ x5! “axa essing = 462. 

e (13, 10)= (13- cor 10! SE EeEaEs ~~ = 286. 

1. Compute each of the following. 

a. C (5, 2) b. C (5, 3) c. CQ, 1) d. C (11, 9) e. C (n,n) 

2. C (5, 2) =C (5, 3). Explain in words why this happens. 

3. If C (n, 3) =C (n, 4), find n. 

Combinations (2) 

In an examination paper, there are 10 questions. In how many different ways can a 

student choose six questions in all? 

Solution 

The student is to choose 6 questions from the 10 questions. Their order does not 

matter. 

Hence, he/she can do it in C (10, 6) ways. This means, C (10, 6) = 1" _ = 910, 
(10-6)! 6! 

Example 4 

In HIV/AIDS club there are 7 women and 5 men. A committee of 3 women and 2 

men is to be chosen. How many different possibilities are there? 
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Solution 

Here, you must select 3 women from 7 women, which can be done in 7C3, or 35, 

ways. Next, 2 men must be selected from 5 men, which can be done in sCo, or 10 

ways. 

Finally, by the fundamental counting rule, the total number of different ways is 

35 x10 = 350, since you are choosing both men and women separately. Using the 

formula gives 

My 5 8359, 
1€3 X sC2 = (7-3)! 3! > (5-2)!2! 

In how many ways can Bekele invite at least one of his friends out of 6 friends to an 

art exhibition? 

Solution 

At least one means that he can invite either one, two, three, four, five or all 6. 

Therefore, the total number of ways in which he can invite at least one of his friends 

is given by (Addition principle) 

C (6, 1) + C (6, 2) + C (6, 3) + C (6, 4) + C (6, 5) + C (6, 6) 

=6+15+20+15+6+1=63. 

1. Select 5 students from a class of 25 to write solutions to a homework problem on 

the board. If it doesn't matter who does which question, how many ways can these 

5 students be picked? 

2. A newspaper editor has received 8 books to review. He decides that he can use 3 

reviews in his newspaper. How many different ways can these 3 reviews be 

selected? 
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3. A committee of 5 students has to be formed from 8 boys and 4 girls. In how many 

ways can this be done when the committee consists of: 

a. exactly 3 girls? b. at least 3 boys? c. at most 3 girls? 

4. There are 7 women and 5 men in mathematics department: 

a. In how many ways can a committee of 4 people be selected? 

b. In how many ways can this committee be selected if there must be 2 men and 2 

women on the committee? 

c. In how many ways can this committee be selected if there must be at least 2 

women on the committee? 

Binomial Theorem 

Pascal’s Triangle 

Activity 8.6 

1. Expand (a + b)°, (a + b)' and (a + b)’. Discuss the pattern in the expansions 

and its corresponding coefficients? 

2. What is the coefficient of a*b’ after expanding (2a + b)°? 

From Activity 8.6, imagine the pattern in the expansions and its corresponding 

coefficients. Again, the expansion form of (a + b)” where n=0, 1, 2 is 

(at+by’=1 

(a+b)'=a+b 

(a+b) =a’ + 2ab + b” 

In these expansions, you observe that the total number of terms in the expansion is 

one more than the index. For example, in the expansion of (a + b)” number of terms 

is 3 whereas the index of (a + b)’ is 2. Powers of the first quantity ‘a’ go on 

decreasing by | whereas the powers of the second quantity ‘b’ increases by 1, in the 

successive terms. In each term of the expansion, the sum of the indices of a and b is 

the same and is equal to the index of a + b. 
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Thus, arranging the coefficients in these expansions in the form of triangle defines 

Pascal’s Triangle. 

Definition 8.6 _ — 

Pascal's triangle is a triangular arrangement of numbers that gives the 

coefficients in the expansion of any binomial expression, such as (a + b)” for 

n=0,1,...,n 

Note 

Pascal's triangle can be used to visualize many properties of the binomial 

coefficient and the binomial theorem. 

Exercise 8.10 

Using the Pascal’s triangle, find the coefficients in the expansion of (a + b)" 

a. whenn=5. b. when n= 6. 

Binomial theorem 

For any positive integer n, the binomial expansion of (a + b) is given by 

(at+b)"=(R)a" + ({)a™1b + (Ra? b? + a" b' +...4+ ()b” 
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Expand (a+ b)* 

(a+ b)*= (*)at + (Ha3b + (G)a? b> + ®) ab?+ ({)a4 

=a*+4a3b + 6a2b° +4 ab? + bt. 

Find the coefficient of a°b* in the expansion of (a + b) 5 

(a + b)§= (8)a5 + (S)a*b + (3)a3b’ + (8) ab? + (G) abt + (2)b> 

Thus, the coefficient of ab’ = @) = = =10. 

Expand (a — 2b)‘ using Pascal’s triangle. 

Solution 

Pascal’s triangle 

1 

1 1 

1 2 1 

1 3 3 1 

1 4 6 4 1 

Hence, (a—2b)*= a‘ + 4(a*) (2b) + 6a°(—2b)* + 4(a)(—2b)* + (—2b)* 

=a'— 8a’ b + 24a’ b’— 32ab* + 16b* 
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Exercise 8.11 

1. Expand each of the following using the Binomial Theorem: 

a. (a+b)? b. (a+ b)® c. (a — 3b)’ 

2. Without writing all the expanded terms, answer the following: 

a. What is the coefficient of a°b*in the expansion of (a + b)*? 

b. What is the coefficient of ab’ in the expansion of (a + b)°? 

c. What is the coefficient of the term containing a‘b’in (2a + b)°? 

3. Expand (x — 3)* using pascal’s triangle. 

Random Experiments and Their Outcomes 

Random Experiments (1) 

Activity 8.7 

Find the sample spaces for each of the following random experiments: 

a. Tossing a coin 

b. Tossing a pair of coins 

c. Rolling a die 

From Activity 8.7, you have observed that if the experiment is repeated under 

identical conditions, it does not necessarily produce the same results every time but 

the outcome in a trial is one of the several possible outcomes which can be defined as 

random experiment or probability experiment. 

Definition 8.7 
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Example 1 

1. Tossing a fair coin is a random experiment. 

2. Rolling of a die is a random experiment. 

3. Drawing a card from a pack of cards is a random experiment. 

Definition 8.8 

Sample space is the set of all possible outcomes of a random experiment 

Example 2 

Find the sample spaces for drawing one card from an ordinary deck of cards. 

Solution 

There are 4 suits (hearts, clubs, diamonds, and spades) and 13 cards for each suit (ace 

through King). Thus, there are 52 outcomes in the sample space as shown below. 

yi 3 4 38 6 7 8 9 10 

9 3 

+4 + 

BF 
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Example 3 

Find the possible outcomes of selecting a 4-digit PIN from 0, 1, 2, 3, 4, 5, 6, 7, 8, and 
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Solution 

There are 10 possible values for each digit of the PIN. 

So, 10 x 10 x 10 x 10 = 10* = 10,000. 

Example 4 

A box contains 24 different balls. Find the number of possible outcomes when you 

select three balls from the box. 

Solution 

There are C (24, 3) = 2,024 number of possible outcomes. 

Exercise 8.12 

1. Find the sample space for the gender of the children if a family has four 

children. 

2. A fair die is thrown. How many favourable outcomes are there for getting an 

even number. 

» Find the sample space for drawing one card from an ordinary deck of cards. 

- Find the possible outcomes of the football match between St. Gorge and 

Ethiopia Coffee (for each team, draw, loss or win). 

Random Experiments (2) 

Each of 5 cards has one of the letters A, B, C, D and E on them. The cards are 

shuffled. Find number of different arrangements (possible outcomes). 

Solution 

Number of different arrangements = 5!=5 x4x3x2x 1. 
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—— Note 

Outcomes of a random experiment are said to be equally likely when each 

element has equal chance of being chosen. 

Example 6 

In tossing coin, any one of the outcomes H or T, has an equal chance of appearing at 

the top. Thus, they are considered as equally likely. 

—— Note 

In a random experiment, the outcomes which insure the occurrence of a particular 

result is called favourable outcomes to that particular result. 

Example 7 

a. There are four blue marbles and one red marble in a jar. You pick up one 

marble from the jar. What is the number of favourable outcomes to get a red 

marble only. 

b. If you draw one slip from a box that contains 12 slips of paper numbered 1 to 12, 

how many favourable outcomes are there for choosing a slip with an even 

number on it? 

c. In picking a playing card from a pack of 52 cards, what is the number of 

favourable outcomes to get a picture card? 

Solution 

a. There is | favourable outcome. This is red marble. 

b. There are 6 favourable outcomes. These are 2, 4, 6, 8,10 and 12. 

c. There are 12 favourable outcomes. These are 4 Jacks, 4 Queens and 4 Kings. 
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Exercise 8.13 

1, What is meant by equally likely? 

2. Two balls are to be selected with replacement from a bag that contains one red, 

one blue, one green and one orange ball. Use the counting principle to determine 

the number of favourable outcomes to get blue. 

Each of 5 cards has one of the letters A, B, C, D, and D on them. The cards are 

shuffled. What is the number of favourable outcomes that the letters A and B are 

together? 

In a certain state’s lottery, 48 balls numbered 1 through 48 are placed in a 

machine and six of them are drawn at random. If the six numbers drawn match 

the numbers that a player had chosen, the player wins 1,000,000 birrs. In this 

lottery, the order the numbers are drawn in doesn’t matter. Find the number of 

favorable outcomes of the lottery drawn that you win one-million-birr prize if 

you purchase a single lottery ticket. 

2. List some events of the following experiments: 

Events and Sample Space 

Activity 8.8 

1. What does an event mean? 

a. Tossing a coin three times. 

b. Selecting a number at random from rolling a die. 

c. Drawing a ball from a bag containing 4 red and 6 white balls. 

For Activity 8.8, remember that a subset of the sample space associated with a 

random experiment is called an event. It is denoted by E or other uppercase letters. 
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The four faces of a regular tetrahedron are numbered 1, 2, 

3 and 4. If it is thrown and the number on the bottom face 

(on which it stands) is registered, then list all the possible 

events of this experiment. 

Solution 

The sample space = {1, 2, 3, 4}. 

Suppose our experiment is tossing a fair coin. The sample space for this experiment 

is S = {H, T}. This sample space has a total of four possible events: a head is thrown 

({H}), a tail is thrown ({T}), a head and a tail is thrown ({H}M{T}= {} =@ because 

this event is impossible) and a head or a tail is thrown ({H}U{T} = {H, T} =S 

because this always happens). 

Thus, the list of the possible events is @, {H}, {T}, and {H, T}. 

— Note 

We can determine the possible number of events that can be associated with an 

experiment whose sample space is S. As events are subsets of a sample space, 

and any set with m elements has 2™ subsets, the number of events associated with 

a sample space with m elements is 2”. 

Suppose our experiment is recording the gender of three children of three families. 

Where B and G standing for boy and girl. List events of the first result is a boy. 
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Solution 

The sample space is S = {BBB, BBG, BGB, BGG, GBB, GBG, GGB, GGG}. 

E = {BBB, BBG, BGB, BGG} is an event. 

Example 4 

Consider the random experiment of throwing a die. List an event of getting a 

number(s) which is(are) less than 3. 

Solution 

The sample space = {1, 2, 3, 4, 5, 6}. 

The possible events = {1, 2}. 

A committee of 5 people is to be selected from a group of 5 men and 6 women. What 

is the number of an event that the committee contains 2 men and 3 women? 

Solution 

Number of possible committee compositions = C (11, 5) = 462 

Number of an event that the committee contains 2 men and 3 women is 

C (5, 2) x C (6, 3) = 200. 

Exercise 8.14 

1. Suppose you throw a fair die once. List an event of getting an odd number. 

2. Suppose you throw a fair die twice and record the numbers. List an event of 

getting an odd number twice. 

3. Three students are to be chosen from a class of 8 girls and 10 boys. What is the 

number of an event that the three selected students are two girls and one boy? 
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8.6.1 Types of Events 

Various Events (1) 

Activity 8.9 

What do you know about types of events? 

Definition 8.9 

1. Simple Event (Elementary Event) is an event containing only one sample 

element. 

Suppose you randomly select one student from your class and observe whether the 

student selected each time is a man or a woman. The occurrence of man is a simple 

event. 

2. Compound Event 

An event that contains more than one sample element is called a compound event. 

When a die is rolled, if you are interested in the event of “getting an odd number", 

then the event will be a compound event, i.e., {1, 3, 5}. 

3. Impossible event 

An event that cannot happen is called an impossible event. 

If a die is thrown, then S = {1, 2, 3, 4, 5, 6}. Let E be the event of getting number 8, 

then E is an impossible event and denoted by E = @. 
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4. Certain or sure Event: 

You know that every set is subset of itself. Thus, sample space (S) is a subset of itself 

and hence S is an event. This is called a Sure or certain event. 

Example 4 

Ifa die is thrown, then S = {1, 2, 3, 4, 5, 6}. Let E be the event of getting a 

number < 6, then E = 1, 2, 3, 4, 5 or 6 is a sure or certain event. 

5. Occurrence or Non-occurrence of an event 

An event is said to occur if the outcome is associated to the event’s sample space. 

Otherwise, it is a non-occurrence event. 

If a die is thrown, then S = {1, 2, 3, 4, 5, 6}. Let E be the event of getting an even 

number, then E = {2, 4, 6}. When you throw the die, if the outcome is 4, as 4 € E, 

then you say that E has occurred. If in another trial, the outcome is 3, then as 3 € E, 

you say that E has not occurred (not E). 

Exercise 8.15 

You draw a card from a pack of 52 playing cards: 

a. How many possible events are there? 

b. Is the event that you draw 9 of spade a simple event or a compound event? 

c. Is the event that you draw any card of spade a simple event or a compound event? 

d. How do you call the event of drawing the card of 0 of heart? 

Various Events (2) 

6. Algebra of events 

In a random experiment, let S be sample space, and let E; and E, be the events in S. 
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a. Complement of an Event Ey, denoted by E,' (not E;) consists of all events in 

the sample space that are not in E). 

Example 6 

In drawing a marble from a jar containing 6 red, 4 blue and 2 green marbles, let E be 

the event of green marble. Give the complement of the event. 

Solution 

Not E=E '= 6 red and 4 blue marbles. 

Example 7 

Let a die be rolled once. Let E be the event of a prime number appearing 

at the top; i.e., E = {2, 3, 5}. Give the complement of the event. 

Solution 

"= {1, 4, 6}. 

Note: E'=S-—E= {a:a €S anda¢ E}. 

a. Event E;or E, =E, UE, is an event that occurs when either one of E; or E2 or 

both occur. 

Example 8 

In tossing 3 coins, let E; = having exactly one Head; i.e., {TTH, THT, HTT} and 

E, = having exactly one tail; i.e, {HHT, HTH, THH}, list events of E; U Ep. 

Solution 

E, U Ep = {exactly one Head or exactly one tail}. 

= {TTH, THT, HTT, HHT, HTH, THH}. 

Event E; and E2 = E,N E> is an event that occurs only when both E; and Ep occurs. 
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Example 9 

In throwing two dice, 

Let E; = first die has 5 = {(5, 1), (5, 2), (5, 3), (5, 4), (5, 5), (5, 6)}. 

E, = sum on both dies is 6 = {(1, 5), (2, 4), (3, 3), (4, 2), (5, 1)}. 

List events of E;N E> 

Solution 

Events of E; N Es = {(5, 1)}. 

7. Exhaustive Events 

A set of events is said to be exhaustive events if the performance of the experiment 

always results in the occurrence of at least one of them. Thus, if a set of events E,, 

Ep, ..., En are subsets of a sample space, S, they are said to be exhaustive, 

if E; UE, U..., VE, =S. 

Example 10 

Ifa die is thrown, give instances of exhaustive events. 

Solution 

The sample space is S = {1, 2, 3, 4, 5, 6}. From this, the events E; = {2, 4}, 

Eo= {2, 4, 6} E3= {1, 3, 5} are exhaustive events. 

Since E; U E) U E3= {2, 4} U {2, 4, 6} U {1, 3, 5} = {1, 2, 3, 4,5, 6} =S. 

8. Mutually Exclusive Events 

Two events E; and E) are said to be mutually exclusive events if the occurrence of 

any one of them excludes the occurrence of the other event. Thus, they cannot occur 

simultaneously. 
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Say whether or not the following are mutually exclusive events. 

a. When acoin is tossed once, the events {H} and {T}. 

b. When a die is thrown, E; = getting an even number. 

E = getting | and 3. 

c. When a die is rolled, E; = getting an odd number. 

E = getting a prime number. 

d. When a card is drawn, the events of Kings and Aces. 

Solution 

a. Either you get head or tail but we cannot get both at the same time. Thus, {H} 

and {T} are mutually exclusive events. Since E;} ME, = @. 

b. E, and E, are mutually exclusive because E; M Ex = {2, 4,6} 9 {1,3} = @. 

c. E, and E, are not mutually exclusive because 5 is odd and prime at the same 

time. 

d. Kings and Aces are mutually exclusive events. 

9. Exhaustive and Mutually Exclusive Events 

If S is a sample space associated with a random experiment and if Ej, EF), ..., E, are 

subsets of S such that 

a. E, N E= @ fori #/ and, 

b. E, UE, U... UE,= S then the collection of the events E;, Ez,..., E, forms a 

mutually exclusive and exhaustive set of events. 

If a die is thrown, the events {2, 4, 6}, and {1, 3, 5} are mutually exclusive and 

exhaustive events. But, the events {1, 2}, {2,3}, {4, 5, 6} are not because 

{1,2} 9 {2,3} = {2} #0. 
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10. Independent Events 

Events are said to be independent, if the occurrence or non-occurrence of one does 

not affect the occurrence or non-occurrence of the other. 

In a simultaneous throw of two coins, the event of getting a tail on the first coin and 

the event of getting a tail on the second coin are independent. 

Example 14 

a. Landing on heads after tossing a coin and rolling a 5 on a single 6-sided die. 

b. Choosing a marble from a jar and landing on heads after tossing a coin. 

c. Choosing a3 from a deck of cards, replacing it, and then choosing an ace as the 

second card. 

d. Rolling a 4 on a single 6-sided die, and then rolling a 1 on a second roll of the 

die. 

11. Dependent Events 

Events are said to be dependent, if the occurrence or non- occurrence of one event 

affects the occurrence or non-occurrence of the other. 

If a card is drawn from a well shuffled a pack of cards and the card is not replaced, 

then the result of drawing a second card is dependent on the first draw. 
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Exercise 8.16 

When two dice thrown, consider following events: 

E, = getting a prime number and __ E> = getting an even number. 

a. List E; and Ep. 

b. Are E; and E> exhaustive events? 

c. Are E; and E, mutually exclusive events? 

Probability of an Event 

8.7.1 Revision on Probability 

In this unit, you will revise the classical and the experimental approach of an event 

before you proceed to the next section as discussed in grade 9 such as: 

1. Classical (mathematical) approach, and 

2. Empirical (relative frequency) approach before you proceed to the next section. 

1. Classical (Mathematical) Approach (1): Simple cases 

Definition 8.10 ee 

In the classical approach to probability, the probability of an event occurring E is 

defined as the number of elements of the sample space included in the event, 

divided by the total number of elements in the sample space, when all outcomes 

A fair die is tossed once. Find the probability of getting: 

a. Number 5. b. a number greater than or equal to 4. 

c. number 7. 
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Solution 

First identify the sample space, say S 

S = {1 ,2, 3,4, 5, 6} 

=> n(S)=6 

a. Let E be the event of number 5 

E= {5} 

= n(E)=1 

=n) _1 Thus, P(E) = nS) 6 

b. Let E be the events of a number greater than or equal to 4 

E= {4, 5, 6} 

=> n(E) =3 

c. Let E be the events of number 7 

E=@ 

=> n(E)=0 

Exercise 8.17 

1. Ifa die is rolled once, find the probability of getting an even number. 

2. Ifa die is rolled twice, then find the following probabilities. 

a. The probability of getting the sum 2. 

b. The probability of getting the sum greater than 6. 

c. The probability of getting the sum greater than 9 or an odd. 
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Classical (mathematical) Approach (2): Cases using Permutations 

and Combinations 

There are cases in which permutations and combinations are needed to calculate the 

number of outcomes. 

There are 4 blue balls and 3 red balls in a bag. You pick up 3 balls at random. Find 

the probability of getting 2 blue balls and 1 red ball. 

Solution 

First, calculate the total number of possible outcomes. You pick up 3 balls from 7 

balls (their order does not matter), so the number of possible outcomes is given by 

7! _ 7X6X5X4X3X2x1 

(7-3)!*3! (4X3x%2x1)x(3X2X1) 
=7x5=35. 703 = 

Second, calculate the number of possible outcomes where 2 blue balls and 1 red ball 

are chosen. Since you select 2 blue balls from 4 (their order does not matter), there 

are 4C> possible outcomes for blue balls. For red balls, there are 3C; possible 

outcomes. Since picking up blue balls and picking up red balls are independent, the 

number of possible outcomes of picking up 2 blue balls and 1 red ball is given by 

4! 3! 

Co X3C1_ 18 
Therefore, the probability is given by as 

Exercise 8.18 

1. A box of 10 candles consists of 3 defective and 7 non-defective candles. If 5 of 

these candles are selected at random, what is the probability in which: 

a. 3 will be defective? 

b. 4 will be non-defective? 

c. all will be non-defective? 
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2. If 3 books are picked at random from a shelf containing 4 math books, 3 books of 

chemistry, and a dictionary, what is the probability that: 

a. the dictionary is selected? 

b. 2 math and 1 book of chemistry are selected? 

3. Three cars are chosen at random from a certain car station containing 8 defective 

and 12 non-defective cars. What is the probability that? 

a. all are defective? 

b. all are non-defective? 

c. two are defective and the other is non- defective? 

2. Empirical (relative frequency) approach 

This approach is based on the observations obtained from random experiment. The 

empirical frequency of an event E is the relative frequency of event E. 

frequency of E _ fg 
Thus, P(E) = 

total number of observations n°” 

A travel agent determines that in every 70 reservations she makes 14 will be for a 

cruise. What is the probability that the next reservation she makes will be for a 

cruise? 

Solution 

Let E be the event of cruise 

P(E)= £ = * =0220. 
E 

n 70 

Example 4 

If records show that 30 out of 50,000 bulbs produced are defective, find the 

probability of a newly produced bulb to be defective. 

a ———— _ 
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Solution 

Let E be the event that the newly produced bulb is defective. 

300 
= 0.0006. 

50,000 
P(E)= == 

Exercise 8.19 

1. Ina sample of 50 people, 21 had type O blood, 22 had type A blood, 5 had type B 

blood, and 2 had type AB blood. Find the following probabilities: 

a. A person has type O blood. 

b. A person has type A or type B blood. 

c. A person has neither type A nor type O blood. 

d. A person does not have type AB blood. 

2. Ten of the 500 randomly selected cars manufactured at a certain auto factory are 

found to be lemons (defective). Assuming that the lemons are manufactured 

randomly, what is the probability that the next car manufactured at this auto 

factory is a lemon? 

8.7.2 The Axiomatic Approach of Probability 

This approach includes both the classical and empirical definitions of probability. 

Let A be a random experiment and S be a sample space associated with A. With each 

event E a real number called the probability of E, denoted by P(E), that satisfies the 

following properties called axioms of probability or postulates of probability: 

1. P(E) >0. 

2. P(S) = 1, if E=S (the sure or certain event). 

3. P(E, UE.) =P(E,) + P(E.) If E, and E, are mutually exclusive events. 

4. 0 < P(E) <1; i-e., the probability of an event is always between 0 and 1. 

5. P(@) = 0 if E=@ (the impossible event) 

eg 



Unit 8: Probability 

6. IFEUE'=S then P(E UE')=P(S) = 1, and P (E')=1- P(E), 

where E'=S - E. (not E); i-e., the sum of the probability of occurrence event (E) 

and non-occurrence event (E')is 1, (P(E) + P(E") = 1). 

Note 

Probability (P) is a function whose domain is the set of subsets of S (Sample 

space) and whose range is the set of real numbers between 0 and 1(both 

inclusive). 

A box contains 8 white balls. One ball is drawn at random. Find the probability of 

getting: 

a. white ball b. red ball 

Solution 

a. The box contains all white balls. Hence, we are sure that white will occur. 

Then, the probability of getting a white ball is one. 

Thus, P(w) = "2 =5 = 1. 

b. The box contains no red balls. It is impossible to get a red ball and the 

probability is zero. 

A bag contains 5 red, 7 black, and 6 white marbles. One marble is drawn at random. 

What is the probability that the marble is 

a. black b. not black 

4 —_— 
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Solution 

a. P(black) =<. 

b. P (not black) = 1— P(black) 

Thus, P(black) + P(not black) = + == 1, 

If one card is drawn from a deck, find the probability of picking these results: 

a. King b. Not king c. King and Queen d. King or Queen 

Solution 

Number of ways king can happen, n(king) = 4 (there are 4 kings) 

Number of ways Queen can happen, n(Queen) = 4 (there are 4 Queens) 

Total number of outcomes, n(S) = 52 (there are 52 cards in total) 

: _ n(king) 4 _~ 1 
a. P(king) = aS) 52 ef 

ins)= 1-2 =-1-1=-2 b. P(Notking)= 1-5 = 1-5 =7 

c. Acard cannot be a king and a Queen at the same time. The chance of picking 

a King and a Queen at the same time is zero (or none). 

Hence, P (a king and a Queen) = = =0 

d. P (aking or a Queen) = P (a king) + P (a Queen) 

_1 1 2 

1 3 13° 

Example 4 

Which of the following cannot be valid assignments of probabilities for outcomes of 

sample space S= { a1, @z, A3,Q4, As Ag a7 } 

YQ 
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ay a2 a3 a4 as ae az 

a | 0.2 0.001 | 0.09 0.03 | 0.01 0.008 | 0.3 

1 1 1 1 1 1 1 

bl 6 6 6 6 6 6 6 

c |0.1 0.2 0.3 0.4 0.5 0.6 0.7 

d |-—0.7 | 0.007 | 0.3 0.4 —0.2 | 0.1 0.3 

1 2 3 4 5 

e | 13 | 13 13. | 13 | 13 | 13 13 

Solution 

a. Valid because all properties are satisfied. 

b. not valid because the sum of the properties is 2 which is greater than 1. 

c. not valid, because the sum of all the probabilities is 2.8 which is greater than 1 

Le.,0< P(E) < 1 is not satisfied. 

d. not valid, because probabilities of w; and ws are negative and 

hence 0< P(E) < 1 is violated. 

e. not valid, because the sum of all the probabilities, = is greater than 1. 

Exercise 8.20 

1. If one card is drawn from a deck, find the probability of getting these results: 

a. A queen b. A club c. not a club 

d. A 6 ora spade e. A red card and a 7 

2. If two dice are rolled one time, find the probability of getting these results: 

a. A sum of 9 b. A sum of 7 or 11 

c. A sum less than 9 d. A sum greater than or equal to 10 

9 ——_ 
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8.7.3 Odds in Favour of and Odds Against an Event 

Activity 8.10 

1. Find the smallest share if you divide the number below by the ratio 2: 3 

a. 20 b. 35 c. 42 

2. Find the largest share if you divide the number below by the ratio 2: 3 

a. 20 b. 35 c. 42 

From Activity 8.10, you can formally define odds in favor of and odds against an 

event as follows: 

Definition 8.11 

If P and P' are probability of the occurrence and non- occurrence of an events 

—— Note 

If the probability of an event occurring is P, then the probability of the event not 

occurring (P'') is 1— P. 

If a race horse runs 100 races and wins 25 times and loses the other 75 times, what 

are the probability of winning and the odds of the horse winning? 

Solution 

The probability of winning is = = 0.25 and the probability of losing is = 0.75. 

The odds in favor of winning is 0.25: 0.75 === 0.333. 

BQ _ 
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The odds against certain events are 6: 8. Find the probability of its occurrence. 

Solution 

Let E be the event. Then we are given that n (E ') = 6 and n(E) = 8 

Thus, n(S) =n (E’) + n(E) =6+ 8=14 

Thus, P(E) = —= = — = = 

In throwing a die, 

a. Find the odds in favor of getting 3 dots? 

b. Find odds against getting 3 dots? 

Solution 

Let S be possible outcomes in throwing a die, 

Let E be event of getting 3 dots. 

Let E' be event not getting 3 dots. 

You are given that n(S) = 6, n(E) = 1 andn (E') =(6- 1) =5 

Therefore, odds in favor of getting “3 dots” is : ori: 5. 

b. the Odds against = mE) 5.4=5 
n(E) 1 

Therefore, the odds against getting “3 dots” is 5: 1 or =. 

Exercise 8.21 

Find the odds in favor of and against each event: 

a. Rolling a die and getting a number less than 3. 

i ‘an 
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b. Drawing a card and getting a red card. 

c. Tossing two coins and getting two tails. 

8.7.4 The Rules of Addition of Probability 

Activity 8.11 

Consider two events E; and E2, what condition should be applied to the rule: 

P(E, UE,) =P(E,) + P(E2 ) — P(E; NE) and P(E, UE, )=P(E,) + 

P(E,). Discuss and verify using venn diagram? 

From Activity 8.11, you have observed that, if E;, E,..., En form a set of exhaustive 

events of a sample space S, then E; U E) U...U E, =S. Moreover, the probability of 

an event E, i.e., P(E) is given by 

number of outcomes favoring E _ n(E) 
P(E) = total of outcomes inthe sampling sapce _n(S) 

Having this concept, we can easily calculate probabilities of two events by making 

the use of the addition rule stated below. 

Rule 1: If E, and E, are any two events, then, 

P(E, UE, ) =P(E,) + P(E, ) — P(E, NE) and 

Rule 2: If two events are mutually exclusive, (i.c., E; NE, = @) then 

P(E, M Ez) =0 so that P(E, UE, )= P(E,) + P(E). 

Moreover, you can verify this rule using venn diagram as follows 

P(E, and E,) 

P(S)=1 P(S)=1 

(a) Mutually exclusive events (b) Non-mutually exclusive events 

P(E, or E,)= P(E,) +P(E,) P(E,or E,)= P(E,) +P(E,)-P(E, 9 E,) 
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a. Find the probability of getting an odd number or 4 in one roll of a die. 

b. Find the probability of getting Head or Tail in tossing a coin once. 

c. Adie is rolled once. Find the probability that it is even or it is divisible by 3. 

Solution 

a. S= {1, 2, 3, 4, 5, 6}, 

Let E; be event of getting an odd number, 

E, be event of getting 4; 

then E; and E) are mutually exclusive events. 

Thus, P (E; U E2) =P (E)) + P (Bx) == + 2=2=5. 

b. Let E; = getting Head. 

E, = getting Tail. 

The events are mutually exclusive 

=1. Thus, P (Ey or E) = P(E;) + P(E2) = + 
NIB NIB 

ce. S= {1, 2, 3, 4, 5, 6} 

Let E; = getting an even number = {2, 4, 6}. 

E = getting a number divisible by 3 = {3, 6}; 

then E; and E; are not mutually exclusive, because E;N E2 = {6} 

Therefore, P (E; or Er) = P(E;) + P(E2) — P (Ei N E2) 

alw a a w 

Two dice are rolled. Find the probability of getting: 

a. A sum of 8, 9, or 10 b. Doubles or a sum of 7 

c. A sum greater than 9 or a sum of 12 

a Y—_—— 
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Solution 

Die 1 Die2 

1 2 3 4 5 6 

1 d, 1) C, 2) d, 3) d, 4) d, 5) d, 6) 

2 (2, 1) (2, 2) (2, 3) (2, 4) (2, 5) (2, 6) 

3 (3, 1) (3, 2) (3, 3) (3,4) (3, 5) (3, 6) 

4 (4, 1) (4, 2) (4, 3) (4, 4) (4, 5) (4, 6) 

5 (5, 1) (5, 2) (5, 3) (5, 4) (5, 5) (5, 6) 

6 (6, 1) (6, 2) (6, 3) (6, 4) (6, 5) (6, 6) 

From the above table 

a. n(S) = 36 

Let E; = getting a sum of 8 = {(2, 6), (3, 5), (4, 4), (5, 3), (6, 2)}. 

E> = getting a sum of 9 = {(3, 6), (4, 5), (5, 4), (6, 3)}. 

E; = getting a sum of 10 = {(5, 5), (6, 4), (4, 6)}; 

then E;, E2 and E; are mutually exclusive because E; N E2 = E; N E3 = Ex N E3 = @ 

Therefore, P (E; or Ez or E3) = P(E1) + P(E2) + P(Es) 

5 4 3 12 1 =—+4+— — =— = 
36 360 36 36 3 

b. n(S) = 36 

Let E; = getting Doubles = {(1, 1), (2, 2), (3, 3), (4, 4), (5, 5), (6, 6)}. 

E> = getting a sum of 7 = {(1, 6), (2, 5), (3, 4), (4, 3), (5, 2), (6, 1)}; 

then E; and E, are mutually exclusive because E; N E2 = @ 

Therefore, P (E; or Er) = P(E) + P(E2) 

c. n(S) = 36 

Let E; = getting a sum greater than 9 = {(4,6), (5,5), (5,6), (6,4). (6,5), (6,6)} 

E> = getting a sum of 12 = {(6, 6)}; 

then E, and E; are not mutually exclusive because E; N E2 = {(6, 6)} 

Therefore, P (E; or Ey) = P(E) + P(E2) — P (E; N E) 

1 

6 

1 6 1 

“jet 6 6 

ss ‘sae 
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Note 

The probability rules can be extended to three or more events. 

1. For three mutually exclusive events E;, E2, and Es, 

P (E; U Ep U E3) = P(E}) + P(E2) + P(Es) 

2. For three events that are not mutually exclusive, 

P(E; U Ey U E3) = P(E;) + P(E2) + P(E3) — P (Ei N Ex) — P(E) N E3) — 

P(EiN E3) + P(E; NE2N Es). 

Exercise 8.22 

1. Two dice are rolled. Find the probability of getting: 

a. asum of 3, 6, or 11 b. doubles or a sum of 8 

c. asum greater than 8 or a sum divisible by 4 

2. At a convention there are 7 mathematics instructors, 5 computer science 

instructors, 3 statistics instructors, and 4 science instructors. If an instructor is 

selected, then find the probability of getting a science instructor or a math 

instructor. 

3. A single card is drawn at random from an ordinary deck of cards. Find the 

probability that it is either an ace or a black card. 

4. In throwing a die, consider the following events. 

E, =the number that shows up is odd 

E, = the number that shows up is prime 

E; = the number that shows up is less than 4 

Determine the event E; N E2 

b. Determine the number of elements in E, N E3 

c. Determine the number of elements in E; N E2 N E3 

d. Determine P (E; N E3) 

e. Determine P (Ej U E2 U E3) 

9g — _— 
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8.7.5 The Rule of Multiplication of Probability 

Independent and Dependent Events 

Activity 8.12 

1. What knowledge do you have about rules of addition of probability? 

2. Consider two events E; and E>. Discuss what condition should be applied to 

the rule: 

P (E; and Ey) = P (E,N E2) = P(E) * P(E2) and P (E, Ey) = P(E) « P (E\ E)), 

whenever P(E)) # 0. 

The multiplication rule can be used to find the probability of two or more events in 

sequence. It is based on the concepts of independence or dependence of events 

discussed earlier. Let us take a brief revision of independent and dependent events. 

When the occurrence of the first event does not affect the occurrence of the second 

event in such a way that the probability is not changed, the events are called 

independent whereas when the occurrence of the first event affects the occurrence of 

the second event in such a way that the probability is changed, the events are called 

dependent. 

A jar contains 4 black and 3 white balls. You draw two balls one after the other with 

replacement (the second is drawn after the first is replaced). Find the probability that 

the first ball is black and the second ball is also black. 

Solution 

Let event E; be the first ball is black. 

Let event E> be the second ball is black; 

then, P(E;) = = and P(E) =< 

16 

49° 

YQ 

P(E, 9 Ea) = P(E) x P(Ex) == x = 
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Suppose you repeat the above experiment without replacement (the second ball is 

drawn without the first ball being replaced). 

Solution 

P(E) = P (the first ball is black.) = 
NTS 

If the first ball is black, then P(E2) = - (One black ball has been removed.) 

If the first ball is not black, then P(E2) = 
als WIN 

A box contains 3 red balls, 2 blue balls, and 5 white balls. A ball is selected and its 

colour is noted. Then it is replaced. A second ball is selected and its colour is noted. 

Find the probability of each of the following: 

a. Selecting 2 blue balls. 

b. Selecting 1 blue ball and then 1 white ball. 

c. Selecting 1 red ball and then 1 blue ball. 

Solution 

a. Let E; = Selecting blue in the first draw. 

E> = Selecting blue in the second draw. 

Since, the balls are replaced after each draw, the events are independent. 

P(E, NE:)=P(E}) x P(E:) == xX S==. 

b. Let E; = Selecting blue in the first draw. 

E = Selecting white in the second draw. 

Since, the balls are replaced after each draw, the events are independent. 

5 
P(E, 9 Ep) = P(E) X P(E») == x oie? 

468 
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c. Let E; = Selecting red in the first draw. 

E2 = Selecting blue in the second draw. 

Since, the balls are replaced after each draw, the events are independent. 

P(E, N Ep) = P(E;) X P(E) => x == 
10°10 50° 

Exercise 8.23 

1. A jar contains 6 red balls, 3 green balls, 5 white balls and 7 yellow balls. Two 

balls are chosen from the jar, with replacement. What is the probability that both 

balls chosen are green? 

2. A die is rolled and a coin is tossed. Find the probability of getting a prime number 

on the die and a head in the coin. 

Conditional Probability 

Identifying dependence or independence is most important in using the multiplication 

rule of probability. When occurrence of one event depends on the occurrence of 

another event, you say the second event is conditioned by the first event. This leads 

into what is called conditional probability. 

The conditional probability of an event E> in relationship to an event E; is the 

probability that event E, occurs after event E, has already occurred. The notation for 

conditional probability is P (E2\ E)). This notation does not mean that E> is divided 

by Ej; rather, it means the probability that event E, occurs given that event E, has 

already occurred. If the occurrence or non -occurrence of E; does not affect the 

probability of E:, or if Ey and E, are independent, then 

P (E2\E}) = P (E2). This defines multiplication rule of probability. These are: 

+ Q—_— 
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Rule 1: When two events are independent, the probability of both occurring, 

denoted by P (E; and E) or P (E; N Ez) or P (E; Ep) is given by: 

P (E, N Ep) = P(E) X P(E) 

Rule 2: When two events are dependent, the probability of both occurring is 

given by: 

P (E; N Ex) = P(E;) X P (E2\ Ei), whenever P(E) # 0 

= P(E2) X P (E;\ Ex) whenever P(E2) # 0 

Example 4 

A bag contains 6 red, 5 blue, and 4 yellow balls. Two balls are drawn, but the first 

ball is drawn without replacement. Find the following: 

a. P (red, then blue) 

b. P (blue, then blue) 

Solution 

a. Let E; = getting red in the first draw. 

E> = getting blue in the second draw 

Since, the balls are not replaced, so events are dependent. 

P(E NE;)=P(E}) x P (E\ Ei) == x =5, 

b. Let E; = getting blue in the first draw. 

E = getting blue in the second draw 

Since, the balls are not replaced, so events are dependent. 

P(E M Ex) =P(E}) x P (Ex \ Ei) == xX ===. 

3 ——__ 
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—— Note 

1. Multiplication rule 1 can be extended to three or more independent events by 

using the formula 

P(E, N ExNE3n...N Ey) =P(E)) x P(E:) x P(E3) Xx... x P(E). 

2. Multiplication rule 2 can be extended to three or more dependent events by 

using the formula 

P(EiN ExNE3n...n Ex) = P(E) x P (E)\ Ei) x P (E3\E, M E>) X wae 

x P (Ex\ Ey NEN...N E x1). 

A jar contains 3 red, 5 green, 2 blue and 6 yellow marbles. Three marbles are drawn 

one after the other. Find the probability of getting a green marble on the first draw, a 

yellow marble on the second draw and a red marble on the third draw; if 

a. each marble is drawn, but then is replaced back before the next draw. 

b. the marbles are drawn without replacement. 

Solution 

Let E; = getting green, in the first draw, 

E> = getting yellow in the second draw, 

E; = getting red in the third draw. 

a. The marbles are replaced after each draw. The events are independent. 

5 6 3 45 
P(E; M Ey 1 E3) = P(Bi) x P(E2) x P(Es) = XX ~ 048° 

b. The marbles are not replaced after each draw. The events are dependent. 

5 
P(E 9 Ey 9 Es) = P(E)) x P (Ea\E}) X P (Es\ (Ei N Ez) == X =X = ==. 

BB 
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Exercise 8.24 

1. If 2 cards are selected from a standard deck of 52 cards without replacement, find 

these probabilities: 

a. Both are spades. b. Both are the same suit. c. Both are kings. 

2. Three cards are drawn from an ordinary deck and not replaced. Find the 

probability of these events: 

a. Getting 3 jacks b. Getting an ace, a king, and a queen in order 

c. Getting a club, a spade, and a heart in order d. Getting 3 clubs 

Sequential Events 

In the previous section, you saw how to determine probability of independent or 

dependent events using multiplication rules of probability. It is also possible to show 

events that are sequential using tree diagrams and tables, and calculate probabilities 

from these. 

Example 6 

A fair coin is tossed three times. Find the probability that all outcomes will be heads. 

Solution 

xX-=xX 
NIB NIB NIB 

ll 
olE 

Using the multiplication rule (HHH) = P(H) x P(H) x P(H) = 

You can use a tree diagram and/or table to show the possible outcomes. 

Using tree diagram 



Unit 8: Probability 

Outcome | Outcome Outcome 

of Ist toss of 2nd toss | of 3rd toss 
m 

G4 

eae Squential Events | Probability of Sequential Events 

HHH 

mag A 

4 4 4 =x 

Therefore, the probability that all outcomes are head is : 

Exercise 8.25 

1. A fair die is rolled three times. Find the probability that all outcomes will be 6 

dots. 

2. If 2 cards are selected from a standard deck of 52 cards without replacement, 

find these probabilities: 

a. both are Aces. b. both are hearts. 

Real-life Application of Probability 

Probability theory is widely used in the area of studies such as statistics, finance, 

insurance policy, traffic signals, medical decisions, and weather forecasting. Now, 

you will discuss real-life applications involving probability as follows. 

os ‘” Ae 
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A traffic light at a certain road crossing starts green at 06: 30 hours and continues to 

be green till 06: 32 hours and again turns green at 06: 36 hours and continues green 

till 06: 38 hours. This cycle is repeated throughout the day. If a person’s arrival time 

at this crossing is random and uniform over the interval 18: 20 to 18: 35 hours, then 

find the probability that he has to wait the signal. 

Solution 

In every 6 minutes, the light remains green for 2 minutes and red for 4 minutes. So, 

in the interval, 18: 20 hours-18: 35 hours; i.e., 15 minutes, the light will remain green 

for - x 15 =5 minutes and red for 10 minutes. Thus, the probability that he has to 

wait at the signal = = = : = 67%. 

The source of federal government revenue for a specific year is 50% from individual 

income taxes, 32% from social insurance payroll taxes, 10% from corporate income 

taxes, 3% from excise taxes and 5% from other. 

If a revenue source is selected at random, what is the probability that it comes from 

individual or corporate income taxes? 

Solution 

P (revenue comes from individual or corporate income taxes) = P (revenue comes 

from individual) + P (revenue comes from corporate income taxes) 

=0.5+0.1 

= 0.60. 

YQ 
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On New Year’s Eve, the probability of a person driving while intoxicated is 0.32, the 

probability of a person having a driving accident is 0.09, and the probability of a 

person having a driving accident while intoxicated is 0.06. What is the probability of 

a person driving while intoxicated or having a driving accident? 

Solution 

P (intoxicated or accident) = P(intoxicated) + P(accident) — P (intoxicated and 

accident) = 0.32 + 0.09 — 0.06 = 0.35. 

Exercise 8.26 

1. If the probability that a person lives in an industrialized country of the world is = 

find the probability that a person does not live in an industrialized country. 

2. The top-10 selling computer software titles last year consisted of 3 for doing taxes, 

5 antivirus or security programs, and 2 “other.” Choose one title at random: 

a. What is the probability that it is not used for doing taxes? 

b. What is the probability that it is used for taxes or is one of the “other” 

programs? 

3. In a group of 40 people, 10 are healthy and every person of the remaining 30 has 

either high blood pressure, a high level of cholesterol or both. 

a. If 15 have high blood pressure and 25 have high level of cholesterol, how many 

people have blood pressure and a high level of cholesterol? 

b. If a person is selected randomly from this group, what is the probability that 

he\she 

i) has high blood pressure only? ii) has high level of cholesterol only? 

iii) has high blood pressure and high level of cholesterol? 

iv) has either high pressure or high level of cholesterol? 

+ Q——__ 
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1. A company screens job application for illegal drug use at a certain stage in 

their hiring process. The specific test they use has a false positive rate of 2% 

and a false negative rate of 1%. Suppose that 5% of all their applicants are 

actually using illegal drug and we randomly select an applicant. Given the 

applicant tests positive, what is the probability that they are actually on 

drugs? 

2. A problem is given to three students D, E, F whose respective chances of 

solving it are “ . and = respectively. What is the probability that the 

problem is solved? 

3. Three bags contain 3 red, 7 black; 8 red, 2 black; and 4 red and 6 black balls, 

respectively. One of the bags is selected at random and a ball is drawn from 

it. If the ball drawn is red, find the probability of that it is drawn from the 

third bag. 

4. A bag contains 20 marbles of equal size of which 12 are red, x is blue and the 

rest are white. 

a. If the probability of selecting a blue marble is : , find x. 

b. A marble is drawn and then replaced. A second marble is drawn. Find the 

probability that neither marble is red. 



. Addition Principle of counting 

If an operation can be performed in m different ways and another operation can 

occur in n different ways and the two operations are mutually exclusive, (the 

performance of one excludes the other) then either of the two can be performed in 

m + n ways. 

2. Multiplication Principle of counting 

If an event can occur in m different ways and for every such choice another event 

can occur in n different ways, then both events can occur in the given order in m 

x n different ways. 

3. Ifn is a natural number, then n factorial, denoted by n! is defined by 

n!=nxX(n—-l) X(n—-2) X..x2x1(O!=1). 

4. Permutations are the number of arrangements of 1 objects taking r of them at a 

n! 

(n-r)!” 
time, and denoted by nPr or P (n, r) wherenPr = P (n,r)= 

whereO <r <n. 

5. The number of combinations of n things taking r at a time is given by 

_— gn) — P@r _ n! 

nCr= () Tr @enirt! 

6. The Binomial Theorem (a + b)" = (R)a" +(a"1b + (an? bv? 

+ (ar bit... +b". 

7. Probability of an event is defined as follows: 

If an experiment results in n equally likely outcomes and m <n is the number of 

the ways favourable for event E, then P (E) = = . 

8. Addition rule of probability 

Rule 1. If E, and E, are any two events, then, 

P(E; UE, )=P(E,) + P(E, )— P(E, M E2) and 

YQ 



P(E;) * P(E). 

P(E) * P (E2\ E;), whenever P(E) #0 

P(E2) * P (E;\ E) whenever P(E) #0. 

denoted by P (E; and E2) or P (E; NEz2) or P (Ei* E) is given by 

P(E; 9 Es) 

P(E; M Es) 

Rule 2: When two events are dependent, the probability of both occurring is 

given by 

Rule 1: When two events are independent, the probability of both occurring, 

P(E, UE2 ) = P(E,) + P(E2). 

Rule 2. If two events are mutually exclusive; (i.e., E; NE; = @) then 

P(E, NEZ) =0 so that 

9. Multiplication rule of probability 



Review Exercise 

1. A student can choose a computer project from one of three lists. The three lists 

contain 23, 15 and 19 possible projects, respectively. No project is on more than 

one list. How many possible projects are there to choose from? 

2. Compute each of the following: 

a. sP2 b. 12Pi0 

c. gCz d. 12Ci0 

3. A committee of 7 students has to be formed from 9 boys and 5 girls. In how many 

ways can this be done when the committee contains: 

a. exactly three girls? 

b. at least three girls? 

c. 2 girls and 5 boys? 

4. 7 boys and 6 girls are to be seated around a table. Find the number of ways that 

this can be done in each of the following cases: 

a. there is no restriction 

b. no girls are adjacent 

c. all girls form a single block 

d. a particular girl G is adjacent to two particular B; and By 

5. A bag contains 6 red, 5 blue, and 4 yellow balls. 2 balls are drawn, but the first 

ball is drawn without replacement. Find the following: 

a. P (blue, then red). b. P (red, then red). c. P (yellow, then red) 

6. In a pack of 52 cards, a card is drawn at random without replacement. Find the 

probability of drawing a queen followed by a jack. 

7. Suppose that a group of 15 students contain eight boys (B) and seven girls (G). If 

two students are chosen randomly without replacement, find the probability that 

the two students chosen are both boys using multiplication rule? 

+ —_——__ 








